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Preface 


Many books have already been written about the perturbation theory of 
differential equations with a small parameter. Therefore, we would like to 
give some reasons why the reader should bother with still another book on 
this topic. 

Speaking for the present only about ordinary differential equations and 
their applications, we notice that methods of solutions are so numerous 
and diverse that this part of applied mathematics appears as an aggregate 
of poorly connected methods. The majority of these methods require some 
previous guessing of a structure of the desired asymptotics. 

The Poincaré method of normal forms and the Bogolyubov—Krylov— 
Mitropolsky averaging methods, well known in the literature, should be 
mentioned specifically in connection with what will follow. These methods 
do not assume an immediate search for solutions in some special form, but 
make use of changes of variables close to the identity transformation which 
bring the initial system to a certain normal form. Applicability of these 
methods is restricted by special forms of the initial systems. 

We may further notice that the known solved problems can be divided 
(however, rather conditionally) into two types: “regular,” with the asymp- 
totics sufficiently simple to be constructed in the whole domain of variation 
of variables; and “singular,” ones whose characteristic feature is the pres- 
ence of singular manifolds on which the qualitative behavior of a trajectory 
changes so that one has to construct different asymptotics in various subdo- 
mains and “match” the developments that have been obtained. The widely 
known example of “singular” problems, which henceforth will be called 
“reconstruction problems,” are problems with turning points. 

In “singular” problems two questions arise: how to find the asymptotics 
near the singular manifold or equations which define it, and how to “match” 
these asymptotics with the one found “far from” the singular manifold. 
We have not found in the literature general approaches to the solution 
of these problems. (The first question is rigorously put only in the works 
devoted to linear equations; in particular, we note the so-called shearing 
transformation.) The character of the asymptotics is usually guessed and 
the “matching” procedure is a collection of a not-too-clear recipe, see, e.g., 
[38]. 

All this makes it possible to explain our goals: 


(a) To develop, making use of a change of variables, a formalism general- 
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izing the Poincaré-Bogolyubov-Krylov-Mitropolsky notion of a nor- 
mal form; and to give a “standard” method for calculating the asymp- 
totics (without, in particular, having to guess their form). 


In the basis of this formalism lie the following considerations: 


1. Instead of a nonlinear system we study a linear first order operator in 
partial derivatives for which the initial system is a characteristic one. 
The corresponding linear problem arises for a perturbed operator of 
the form X = Xo +€X,, where Хо and X, are first order operators 
such that “all is known” about Xo. 


When Хо and X) are matrix operators, we deal with the well-studied 
classical theory consisting of reducing the matrix of X to the normal 
(Jordan) form under a transformation close to the identity. 


2. The linear algebraic formulation of the theory mentioned above, the 
main tool being an appropriate generalization of notions of eigen- 
vectors (eigenfunctions) and eigenvalues (from the viewpoint of me- 
chanics these eigenfunctions can be considered as a generalization of 
action-angle coordinates), is extended to the “general” case of nonlin- 
ear equations. It provides an effective computational apparatus and 
a better understanding of the structure of a solution. 


(b) To propose an effective approach to reconstruction problems(singular 
perturbation problems) and a satisfactory matching procedure. 


A systematic linear algebraic approach enables us to define a recon- 
struction problem as a problem such that in a vicinity of the singular 
manifold the standard procedure of reduction to normal form fails (sin- 
gularities arise) and the operator should be reconstructed in the form 
X = v(e)(Xo + 6(Е)Х, +...) under a singular (not close to the identity) 
transformation. “2 ig В 

The standard scheme is applicable to the new operator Х = Хо+6(=)Х1. 
Methods of search for such a transformation are developed both from the 
algebraic and the “trajectory” viewpoints. 

The matching problem is considered as a problem of establishing rela- 
tionships between constants of integration entering both asymptotics using 
the existence of the unique asymptotic development in the “overlapping” 
domain, where both asymptotics fit. 


(c) To discuss a possibility of its minimization, taking into account a 
quite large volume of computations in considered problems. 


(d) To show possible ways of extending the proposed formalism to equa- 
tions involving partial derivatives. 
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Due to the immense diversity of problems where perturbation theory 
is used, the authors did not even try to present a rigorous mathematical 
theory. We tried to find, as has been said earlier, only a suitable formalism, 
having in mind that proofs of validity of the results it obtains should be 
carried out separately in each concrete problem (in the framework of the 
uniform formal approach). 

While reading the “theoretical” part one should consider it as a for- 
mal recipe to be performed under appropriate conditions; in particular, all 
functions are supposed to be sufficiently smooth (if it is not stated to the 
contrary), i.e., bounded in the given domain along with their derivatives of 
the needed orders. 

It ought to be said that even under the formal approach, the authors 
could not fulfill the above program completely because of its vastness. The 
reader will easily note quite a number of drawbacks and open questions. 
However, we hope that the progress we have obtained can justify the ap- 
pearance of this book. 

The book is arranged as follows. In Chapter 1, matrix perturbation the- 
ory is presented, first for a diagonal Xo, then for an arbitrary (Jordan) case; 
and a shearing transformation of Turritin [46] is given (in a form conve- 
nient for our purposes) as a special case of a reconstruction. In Chapter 2, 
results of Chapter 1 are generalized to the case of nonlinear equations, and 
a generalization of a shearing transformation (considered also as a special 
case of a reconstruction) to the case of polynomial perturbations is given. 
In Chapter 3, we give quite a few examples of solution of (most “regu- 
lar”) problems and consider them in detail. Chapter 4 deals with problems 
of reconstruction and contains several examples. In Chapter 5, problems 
involving partial derivatives are discussed. 

The reader who wishes to get as quickly as possible to the core of the 
proposed algebraic approach may read first only those parts of Chapters 1 
and 2 which refer to the diagonal Хо and can then pass immediately to 
Examples 3.1 and 3.2. But for patient consecutive study of the “theory” 
of Chapters 1 and 2, we advise reference to corresponding examples of 
Chapter 3 as often as possible (the reason for each example is usually 
given) since examples constitute an essential part of the book. We do not 
advise reading Chapter 4 without previous detailed study of Chapters 1-3. 

Another comment about examples is appropriate here. Though examples 
are necessary to understand the “theory,” they are given with purely illus- 
trative intentions. Most of them are already known problems solved here 
otherwise; the authors did not try to obtain here new results regarding 
completeness of the study or its elegance. That is why we did not try to 
give an exhaustive bibliography, restricting ourselves to citing the literature 
which is directly involved. 

We hope that, though somewhat overloaded with “theory,” the book will 
be helpful to those who are interested in applications. 
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The book requires only a standard mathematical background for engi- 
neers and does not require reference to the special literature. 

Let us review the contents of the book. Chapter 1 contains in a con- 
venient form an exposition of the matrix perturbation theory that is the 
model for constructing the general theory. The uses of Sections 1.4 and 1.5 
will arise later. Section 1.4 contains a model for general formulations of 
perturbation theory (see Chapter 2) and Section 1.5 is needed only for re- 
construction problems and contains an account of the well-known “shearing 
transformation” generalized, in what follows, to the nonlinear case. 

In Chapter 2, main definitions are introduced and almost all “theoretical 
material” is gathered. In Sections 2.1 and 2.2 we give a general formula- 
tion of perturbation theory problems in the linear case and a notion of 
the canonical form of an operator. Section 2.3 deals with generalizations 
of notions of an eigenfunction and an eigenvalue for first order operators, 
notions which serve as the basis for the computational apparatus of Sec- 
tion 2.3. Exposition of the Jordan case, following the notion of an extended 
basis, can be omitted at the first reading. In Section 2.4 we elucidate how 
one should deal with eigenfunctions to reduce an operator to the canonical 
form. At the first reading one should note the sentences clarifying formula 
(2.4.1) and the simple variant of the proof of Theorem 2.4.3, then turn to 
formulas (2.4.7) and (2.4.8). It is worthwhile to look through Section 2.6, 
where the relation with N.N. Bogolyubov’s ideas is established, and then 
turn to problems from the beginning of Chapter 3. 

Section 2.5 supplies the background necessary for reconstruction prob- 
lems as contains both a theorem on the normal form of an operator with 
respect to a nilpotent one and its generalization. This theorem provides a 
generalization of a shearing transformation and the basic idea of the al- 
gebraic reconstruction needed. Section 2.5 is the most “mathematicized” 
part of our survey. 

Section 2.7 is devoted to problems of motion near a stationary manifold. 
This problem (called “the reduction of information problem”) is often en- 
countered in different problems of physics. One example is the problem of 
deduction of hydrodynamical equations from the Boltzmann equation; 1.е., 
Hilbert and Chapman-Enskog methods. In Section 2.8 the case of Hamil- 
tonian systems is briefly discussed. 

Chapter 3 contains examples of differing complexity. Their purpose is 
indicated in the text. Nevertheless, notice that we advise looking through 
Examples 3.1 and 3.2 as soon as possible since they embody notions in- 
troduced earlier. In Example 3.9 the search for eigenfunctions is first dis- 
cussed. In the preceding problems the leading part is linear and eigenfunc- 
tions were determined without any difficulty. Besides, in this example we 
discuss a certain specific technique of solving problems with a boundary 
layer. Section 3.10 is devoted to a (theoretical) discussion of some prob- 
lems connected with a system with a parameter. The nature of a solution 
might steeply change for “resonance” values of a parameter. A notion of 
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the uniform normal form of the system is introduced. Arguments given are 
well-known to specialists (perhaps only the notion of a 0-point is not very 
customary); however, we decided to formulate them in a compact form. In 
this Section (in Section 3.4) the computational aspect of obtaining some 
partial solutions, which in mathematical literature are connected with the 
so-called “center manifold theorem” or the Lyapunov—Schmidt reduction 
[14], is discussed. Similar problems of bifurcational type arise, e.g., when 
attempting to find a periodic solution corresponding to the Hopf theorem. 

Examples 3.11 and 3.12 illustrate the uniform normal form. In Sec- 
tion 3.13 the Hopf theorem is considered. In Sections 3.13-3.16 more general 
computational aspects of bifurcation theory are discussed. 

In Chapter 4 we consider problems connected with reconstruction. They 
are conditionally divided into two types. In problems of the first type it is 
supposed that the operator is already reduced to the normal form and the 
question arises which operator should be considered as the leading one in 
similar situations. Until Chapter 5 this question does not arise since the 
previously developed methods were sufficient. The known problems of this 
type in the theory of linear ordinary differential equations are problems with 
a nilpotent leading operator. In the theory of linear equations a method to 
solve these problems was developed: the so-called shearing transformation 
[46], whose characteristic feature is the degeneracy of the corresponding 
change of variables as the parameter tends to 0. The goal of the shearing 
transformation is the decreasing of a number of Jordan cells in the new 
leading operator as compared with the initial one. 

The linear formulation of nonlinear perturbation problems enables us 
to generalize the method to certain nonlinear problems using results of 
Chapter 2. 

In problems of the second type there are singular surfaces in whose vicin- 
ity certain coefficients of the initial operators or of the changes of variables 
operators lose their smoothness (boundedness). In reconstruction problems 
of this type it is again possible to make use of algebraic methods. It should 
be noted in particular that this possibility arises because in the vicinity of 
singular surfaces the leading linear first order operator becomes degener- 
ate (e.g., it often becomes nilpotent). Sections 4.3 and 4.4 are devoted to 
problems of this kind. 

An additional problem of “matching” asymptotics constructed far from 
and near a singular surface arises. Since the matching process is very cum- 
bersome, it is advisable to develop the most economic matching method. 
Section 4.5 is devoted to this problem. The rest of the chapter contains 
examples. 

Chapter 5 deals with equations involving partial derivatives. Partial dif- 
ferential equations are in principle more complicated and possibilities for 
“theoretization” abruptly diminish. That is why Chapter 5 is somewhat 
eclectic. In Section 5.1 we introduce, in a convenient form, a language of 
functional derivatives necessary to extend the formalism developed earlier 
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to the case of partial differential equations. 
In Section 5.2 we consider an important case of the equation 


oe = (и, 2) + €a1(, и), 

where ap is а vector function depending оп an unknown vector и and а 
spatial variable x, and a, (2, и) is a partial differential operator acting on 
u. A characteristic property of these problems is the fact that if the operator 
a; in the right-hand side is removed, an ordinary differential equation with 
spatial variable x аз a parameter results. 

Further, there are considered some problems included here because of 
their importance and owing to the authors’ tastes. In particular, we discuss 
the known Whitman method and an “algorithmic” part of the Maslov 
method for solving many-dimensional problems of geometric optics. 

In conclusion, notice that we have not discussed boundary problems. 
However, while for ordinary differential equations a “general” solution is 
sought, the boundary problems can be considered as being not to principal; 
and for partial differential equations the situation differs completely and 
too much is still obscure. 
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Matrix Perturbation Theory 


1.1 Perturbation Theory for a Linear Operator 


Х = Хо teX, +Е?Х. +... (1.1.1) 


which acts in the n-dimensional (complex) vector space В. 

Here & is a small parameter and matrices of operators, X;, where i = 0, 
1, ..., are defined in the fixed basis е1,...,е» and do not depend on =. 

The perturbation theory of the operator (1.1.1) consists of methods of 
obtaining asymptotic (as = —+ 0) expansion of eigenvalues and coordinates 
of vectors of the Jordan basis of X in the basis e),...,¢€,. This is usually 
done by a direct search for the mentioned values under certain assumptions 
on the form of the asymptotics. For example, suppose the “leading” opera- 


tor Хо possesses an eigenbasis €1,...,€n (from the very beginning we will 
assume that the matrix of X is defined using this basis) and corresponding 
eigenvalues А1,..., Ал are mutually distinct. Then eigenvalues \j,..., А» 
and eigenvectors ej,...,e7, of X are sought in the form 
А; = №; ter +20 +..., e* =е; + ее) + Е?е 4. ey 
where 
el м. ae, for 7 =1,2,...,n 
l<vsn 


The process of the consecutive (with respect to the powers of e) search 
for coefficients is easily performed. In this process all the coefficients are 
defined via arithmetic operations so that the only transcendent problem is 
that of the initial reduction of the matrix of Xo to the diagonal form. 

The situation becomes more complicated when some of Л1,..., А» coin- 
cide. In this case we suppose that Лу, and ет, are in the form 


№, = An tery tEAM +... ef, = YI bj ej, че tere +. 
l<r<m 
where 
ey) = ys ae, for sj, =1,2,...,mj;, 
1<и<п 


e,, corresponds to A,, and т, is the multiplicity of 4. 
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Unlike the previous case, the problem of determining the corrections to 
the eigenvalues (even the first corrections x) turns out to be transcedent: 
it is necessary to “split” eigenvalues. 

Still more difficult is the case when the matrix of the leading operator 
possesses Jordan cells. One has to consider expansions involving fractional 
powers of Е. 

Due to the importance of the matrix theory which serves as a model for 
the consideration to follow we discuss it below in complete generality in an 
equivalent formulation, convenient for our purposes: find an operator С(Е) 
such that the matrix of the operator 


M=C XC (1.1.2) 


is in Jordan form (in the same basis e1,...,¢€n for which the matrix is X 
is defined). 
We will start from the assumption that C is of the form 


CH=E+eCi +е?С. +... (1.1.3) 


where Ё is the identity operator and the matrices of the operators C; in 
the basis е1,..., еп do not depend оп в. We will try to find the simplest 
form of the matrix of 


М = Хо +еМ, + е? М» +... (1.1.4) 


which may be obtained by an appropriate choice of C’. (We assume that 
the matrix of Xo is already in Jordan form.) 


Remark 1.1.1 From the above it is clear that, generally speaking, it will 
not be possible to obtain the Jordan form for the matrix of M by making 
use of (1.1.3). However, we will see later how we should modify (1.1.3) 
naturally (in a sense) to achieve this goal. 


First we give some formulas and definitions which will often be used. 


1.2 Main Formulas 
Let us write the operator (1.1.3) in the form 

CxS =E+St5S+--, (1.2.1) 
where S = €5,+e7S2+--- and the matrices of the operators 5;, j = 1,2,..., 


in the basis е1,..., еп do not depend оп =. Later we will see the usefulness 
of such a form of S. 
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Put М = e—5Xe%. The following Hausdorff formula holds: 
M=X+(X,5]+ 1х, +, (1.2.2) 
where brackets indicate the commutator of two operators: 
[А, В] = AB - BA. 


The validity of (1.2.2) may be justified as follows. Put M(t) = e~*5 Xe*S, 
where # is a parameter; clearly M(1) = М, М(0) = X. Then 


ео = ~Se Xe" +e XESS = —SM(t) + M(t)S 
= (M(t), 5], 
d* M(t) 


dt2 = [[М ($), $1, S],.... 


Making use of these formulas, and expanding M(t) in a Taylor series at 
to = 0 we get the Hausdorff formula at t = 1. Note also this simple but 
important property of the commutator: 


C7 [A, В]С = [C71 AC, C7! BC}. 


Let us substitute in (1.2.2) the series (1.1.1), (1.2.1) for X and S, respec- 
tively and collect summands with the same powers of ¢. We will obtain the 
following formulas for operators Му, where Мо = Xo and j = 1,2,...: 


М; = [Хо, 51] + Xo, 


1.2.3 
Mz = [Хо, 52] + Х2 + [X1, $1] + $[[Xo, 51], Si],.--. ( ) 

These formulas are recursive: 
М; = [Xo, 8] + Yj (1.2.3) 


where У, = Х, and У; for j > 1 are known if 51,...,95;—1 are known. It 
is clear now that our first concern will be mainly with the case j = 1 in 
(1.2.3). 

Let us introduce some more definitions. The operator Y’ will be referred 
to as the derivative of the operator У with respect to the operator Хо if 


у’ = [X,Y]. (1.2.4) 


In what follows, the operator with respect to which the differentiation is 
performed will not be mentioned explicitly. This will not cause a misunder- 
standing since the expression Y’ will be used only for differentiation with 
respect to the leading operator Хо. Note also a simple rule for differentia- 
tion of the commutator: 


[А, В}! = [A’, В] +[A, В'] (1.2.5) 
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(the Jacobi identity). Further, we say that the height of У equals и if the 
p-th derivative of У vanishes while the (j—1)-th does not. If no derivative 
of Y is zero, then Y will be referred to as unbounded in height. Clearly, the 
operator of height 1 commutes with Xo. An operator Y representable in 
the form У = Z’, where Z is a linear operator, will be called integrable, 
and nonintegrable otherwise. Finally, an operator will be referred to as 
diagonal if it possesses a basic system of eigenvectors. 


1.3 Diagonal Leading Operator 


This special case is of particular significance in spite of its simplicity. It is 
the only case studied in this section. 

Let A4,..., Ax for k < n be (all) distinct eigenvalues of Хо and mj,...,Mx 
their multiplicities; 1.е., та +... + тк =n. In the eigenbasis the matrix of 
Xo is of the form 


Ay 0 
Xo = в ’ 
0 Ак 
where A, = \,€, and &, is the square т, Xm, unit matrix Юг 3 =1,..., К. 


Let us split the matrix of Y (in the same basis) into cells ypg corresponding 
to cells A, of the matrix А so that the cell ура is situated on the intersection 
of rows and columns whose numbers coincide with the numbers of rows and 
columns, respectively, of the cell Aj; 1.е., the cell ура has тр rows and mg 


columns. We will write У = ||ура||, where p,q =1,2,...,К. Let us compute 
У’ = [Хо, У]. The matrix У’ of this operator in a similar cell notation 
is of the form У’ = |}(Ap — Aq) ¥pq||. From here we deduce several simple 
corollaries. 


(1) The operator У commutes with Xo if and only if its matrix in the 
canonical basis of Xo is quasidiagonal; 7.e., 


Yul 0 
Y= oe , 
0 Ykk 
where Yss, 3 =1,...,k, are arbitrary square cells of order т. 


The invariant reformulation of (1) is the following statement. 

Let В, be the linear span of the eigenvectors of Хо corresponding to the 
eigenvalue Л, so that А. is a Xo-invariant subspace, 1.е., х Е А, implies 
Хоз Е В, and В is the direct sum of subspaces R,, where s = l,...,k. 
Then 


(1') The necessary and sufficient condition of permutability of Y and Xo 
is Y -invariance of Ry. 
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(2) When Xo is diagonal, any operator is either unbounded in height or is 
of height 1, i.e., commutes with Хо. In fact, У” = 0 implies Y' = 0. 


(3) The operator У is integrable if and only if diagonal cells узз of its 
matrix are zero. [У is integrable, then a solution of Y = Z' is given 
as follows: out-of-diagonal cells of the matrix ||Zpq|| are equal to 


1 
Яра = \__ y УР forp#q (1.3.1) 
р q 


while diagonal ones are arbitrary. (Z is defined up to a summand 
permutable with Xo.) 


(4) Any operator is uniquely representable in the form of the sum of an 
integrable operator and a height 1 operator (permutable with Хо). 


Since Corollary (4) has an invariant formulation, we give a method to 
decompose Y into permutable and integrable parts which does not require 
basic eigenvectors of Хо. 

Suppose the matrices of Хо and У are defined with respect to a common 
basis. Let us compute Y’, Y”,..., У”). Since there are no more than n? 
linearly independent n x п matrices there exist numbers wo,...,Wn2 not all 
equal to zero and such that 


woY +щУ' +--+ wr V(r) = 0. (1.3.2) 


This equation will be called the commutation relation. (It holds for any 
Хо.) For a diagonal Хо we may assume without loss of generality that 
either wo # 0 or w, 4 0. In fact, if wo =w , = 0, then by Corollary (2) we 
may make w, # 0 by integrating (1.3.2) as many times as necessary and 
relabeling the coefficients w. If wo #0, then У is integrable; i.e., 

1 ' Ge 
You 757 wi¥ +427 fees + 2У ) у 
0 
If wo = 0 and w, # 0, then, by (1.3.2), 
Y=Y+ Сы И, 
1 


and , 
Y-Y= {oat +... + шву} 
1 


is integrable. 

Now, turning to the formula for Mj (see (1.2.3) and (1.2.4)), we get М: = 
51 +X). We may represent X; as the sum of an integrable operator and 
an operator permutable with Хо and eliminate the integrable part of М\ 
by the choice of S,. Under such a choice of S, the operator М! commutes 
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with Хо, i.e., Mj = 0. Quite similarly, making use of the recursive formulas 
(1.2.3’), we may get М; = 0, М; = 0, ...so that 


М’ =0. (1.3.3) 


The operator М! is uniquely defined. Operators Мо, Мз,... are not 
uniquely defined due to the ambiguity in the choice of the summand per- 
mutable with Хо in operators 91, 52, .... 


Remark 1.3.1 Formulas for the operators М;, where М; = 0, constructed 
above may be written in the form [similar to (1.2.3)] 


М2 — [Мь, 51 + Mi, 
Mz = [Mi, 52] + № + [№, 51] + $[[Mi, 51], 51],..., 


where §;, j = 1,2,..., are permutable with Хо and parts of 5; and opera- 
tors Nj, 1 =1,2,..., are uniquely defined. (We skip the proof.) 


We have therefore arrived at the notion of the normal form of (1.1.1) with 
respect to Хо in the case of a diagonal Хо: the operator М = e~5Xe% = 
Хо +eM, + Е?М. +... will be referred to as the normal form of X (with 
respect to Хо) if Му, Mz,... commute with Хо. For the perturbation theory 
problem in this case we understand the problem of reducing X to the 
normal form (with accuracy up to any needed power of =). 

By Corollary (1), the equality (1.3.3) shows that the problem of reducing 
the matrix of X to Jordan form breaks into several (k) problems of lesser 
dimension in subspaces k,, where s =1,..., К. Let us consider two extreme 
cases: 


1. All eigenvalues of the leading operator Xo are distinct (k = n; the 
simple spectrum). Then the matrix of the operator M is diagonal in 
the basis e1,...,¢, and the problem is solved. 


2. All eigenvalues of Xo coincide (k = 1; the spectrum is completely 
degenerate). Then any operator commutes with Хо and М, = X1. 
The problem is reduced to the study of X; +eX2+---, as was evident 
beforehand. 


In the intermediate case (1 < k < n; the spectrum is partially degener- 
ate) the spectrum of the leading operator Xo in В, Юг т. 4 0 is completely 
degenerate and the operator М: becomes the new leading operator on В, 
(see also Remark 1.3.1). Thus, having studied only the leading operator 
we can obtain only the above-mentioned reduction to problems of lesser 
dimension. ` 


Remark 1.3.2 We call attention to the last circumstance since it models 
the prevailing situation when working with some problems of nonlinear 
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differential equations with a small parameter. In most of these problems 
degeneracy of the spectrum is typical. 

The reduction of the matrix of the new leading operator M, to diagonal 
form is a new transcendent problem mentioned in Section 1.1. 


1.4 General Case. The Normal Form of the 
Matrix of the Operator M 


In this section we will give only formulations of main statements for an 
arbitrary Хо. The proofs may be found in the next chapter which contains 
more general propositions, those presented here included as a special case. 

Let, as before, A1,..., Ак be all different eigenvalues of the leading opera- 
tor Хо and let та,..., тк be their respective multiplicities; m,+---+m, = 
п. As is known, R, splits into the direct sum of subspaces А, of dimension 
m, for j = 1,...,k defined by the condition 


if e€R,, then (Xo—.£)e=0, (1.4.1) 


where p = p(e) > 1 is an integer. (This statement may be considered as 
a “part” of the theorem on reduction of a matrix of an operator to the 
Jordan form. It remains only to pick in each R, an appropriate, Jordan, 
basis.) As we have just shown in the case of a diagonal Хо, i-e., р = 1, by an 
appropriate choice of S the reduction problem for X splits into problems 
onto subspaces R,. The same reduction holds as well in the general case and 
the permutability property (1.3.3) is replaced by a more general condition 
of boundedness in height, 


MM =0  forp>1. (1.4.2) 


Respectively, in the general case of an arbitrary Хо, by a normal form 
of X (with respect to Хо) we will mean, by definition, an operator М = 
e~SXe5 = Xo + ЕМ, + Е? М. +--+ such that Му, Мо, ... are bounded in 
height. 

The possibility of such a reduction is justified by the following lemmas. 


Lemma 1.4.1 The operator У is bounded in height if and only if R,, where 
$=1,2,...,k, are Y-invariant subspaces (see proof in Theorem 2.4.1). 


Lemma 1.4.2 The operator S, which gives (1.4.2), does exist. 


Proof of this statement is easily obtained by making use of the commu- 
tation relations (1.3.2); the only differences in the arguments as compared 
with Section 1.3 are that it is no longer possible to arrive at the same 
conclusion about coefficients wo and w 1, and the first index of the nonzero 
coefficient, w,,, is 4, which is, generally speaking, greater than 1. For a more 
“economic” method of constructing S [similar to (1.3.1)] see Theorem 2.4.3. 
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We can proceed now with the study of the general case of considering 
problems onto R,. As is known [and transparently from (1.4.1)], Xo is 
representable on А, in the form of the sum of a diagonal operator and 
a nilpotent one, i.e., an operator whose sufficiently large powers vanish. 
[Equality (1.4.1) shows that Хо — Л, Е is nilpotent in R,.] The diagonal 
part of Хо on В, does not affect further simplification of X, as we have 
already seen, and we may without loss of generality put A, = 0. Thus we 
come to the study of the case when the leading operator Хо in (1.1.1) is 
nilpotent. It is well known that the space А», where the nilpotent operator 
Хо acts, splits into the direct sum of subspaces А, of dimension 45 for 
s=1,2,...,r such that У\4, = п, and so that in each of В, a (Jordan) 
basis е(8),...,е(8) exists satisfying 


Хое(® =0, Хое® =e, ..., Хое(*) = р 


In the basis 


Ge. 


2 
ef), (2) 


2 
0), ef re eer ae 
the matrix of Xo possesses the Jordan canonical form 


Ha 0 
0 На, 


where На, , for s = 1,...,r, is а Jordan cell of order 4 with eigenvalue zero. 
(In what follows we assume 41 > --- > q,.) Let us suppose that the basis 
€1,--.,€n in which the matrix of X is defined is a canonical Jordan basis 
of Хо. For nilpotent Хо any operator is bounded in height (as is evident 
since Y‘) is a linear combination of operators Xey xP ‚ wherea+ В = р, 
and it is not difficult to establish that the maximal possible height equals 
2max, 4, — 1). The main goal of the constructions to follow is to represent 
an arbitrary operator Y in the form 


Y=V¥4+2', (1.4.4) 


where Y is an operator of the minimal possible height. Such a representation 
is surely not unique: if, for instance, the maximal height of Y is 2max, q,—1, 
then the same is true of Y for any Z. Nevertheless, as we will see later, 
minimal height is an invariant notion. 

The invariant formulation of the problem is as follows. Linear operators 
acting in R, span the linear space T, where the operator ДР of differentia- 
tion, DY = Y’ for У ЕТ, is a linear nilpotent operator. Therefore T is the 
direct sum of subspaces 7?) each having a (Jordan) basis 


р аи (1.4.5) 
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satisfying DY” = У®, DY{?) = 0. (Here и is the height of УР.) The 
operator YS? for v < Ир is evidently integrable, and y{e ) is not integrable. 
Splitting the operator Y with respect to the basis (1.4.5), we can clearly 


obtain р 
Yay ey. (1.4.6) 
р 


where the с are constants. The form (1.4.6) of У is referred to as normal. 

It is possible to choose S so that M takes the normal form (1.4.6). The 
matrix of Y [in the normal form (1.4.6)] in the basis {e{°), ... , e§°)} depends, 
of course, on the choice of bases (1.4.5), whereas the height of Y is an 
invariant. In the sequel we give a concrete method for construction of a 
basis in Т. This basis is used hereafter. 

Each operator У Е T may be considered as a sum of operators Y (4%) 
that map А; into Е; in agreement with the splitting of the matrix of Y 
into cells ||agp|| = Ад;а, corresponding to cells Hy,, На; in Xo. 

Thus 


¥ (445) е® = ys Ape?) forp=1,...,49, (1.4.7) 
1<9<а; 
and 
ручей = о. (арна+1 — @р-1,4)е(), where @p,9;+1 = 40,4 = 0. 
15459; 
(1.4.8) 


Denote by Y‘%9)(q) the “diagonal” operator such that apg = 0 юг а-—р # 
a, where —(4; —1) За < а; —1, and note that DY (%4%)(q) is an operator 
of the form Y(%9)(q@ — 1). 

Making use of (1.4.8) it is easy to verify the following three statements. 


1. For —(4; — 1) < a < max(q; — g;,0) — 1, the “diagonal” operator is 
integrable. 


2. For 
тах(4; — gi,0) <а< 4; -1, (1.4.9) 


a “diagonal” operator is integrable if and only if the sum У of its 
matrix elements is zero. 


3. Among operators Y‘%%)(a) for а as in (1.4.9) and D = 1 there is 
one, Y,\"%)(q), of minimal height м, where 


и =2а+9:-4;+1. (1.4.10) 


The following statements are less elementary. 


Lemma 1.4.3 Operators Y‘%45)(a) constitute a complete set of generating 
elements уз introduced т (1.4.5). 


10 1. Matrix Perturbation Theory 


Lemma 1.4.4 Elements ap.p+a of the matrix of ¥{%%) (a) are positive. 


Proofs of these lemmas as well as those of statements (1), (2) and (3) 
will be given later; in Chapter 2 we consider a much more general problem 
of reducing a (nonlinear) operator to the normal form with respect to a 
nilpotent Хо. 


1.5 Nilpotent Leading Operator. The 
Reconstruction Problem 


Let us assume that the operators Х; in (1.1.1), where j = 1,2,..., are in 
normal form. In this case one cannot “simplify” X by using an operator C 
of the form (1.1.3) or (1.2.1) which tends to the identity аз = + 0. On the 
other hand, the simple example 


0 1 0 0 
= (во) += (1 о) 
shows that for a nilpotent leading operator the parameter = is introduced 
in a sense incorrectly; in this example the leading and the perturbation 


operators are “equivalent” for the problem does not actually contain a 
small parameter since X is equivalent to 


МЕ 0 
0 —\/’ 

In what follows we aim to extricate in a “пабага]” way the summands 
in the perturbation which are “equivalent” to the leading operator and 
which, when added to it, will constitute the “proper” leading operator. 
This procedure of finding a “correct” leading operator will constitute the 
meaning of the notion “reconstruction.” Let Y be an operator of height 
и whose matrix is in the normal form; i.e., У is a linear combination of 
operators Y‘%*)(q) with the common и defined in Section 1.4. Consider 
the operator 

Хо + AY, (1.5.1) 


where A is а small parameter. 
Making use of the operator P(5), where 6 is also a small parameter, 
whose matrix P(6) in the chosen basis is of the form 


Da 0 
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where а р 


62-9:/2 


0 69:/2 


we construct the operator 
P(6)7}(Xo + AY)P(6) (1.5.3) 


equivalent to (1.5.1). The transformation with the operator P(6) defined 
by (1.5.2) is a trivial modification of the so-called shearing transformation 
[46]. It is easy to see [with the help of (1.4.10) and (1.5.2)] that the operator 
(1.5.3) is 

6X9 + 6@-#)/2 ду (1.5.3/) 


where only the “diagonality” of the cells of the matrix has been used. The 
specific form of the elements of this matrix will be needed later in Theorem 
1.5.1. Now, if 

6 = A*/ite (1.5.4) 


so that A = 6(+#)/2, then the operator (1.5.3) takes the form 
6(X0 +Y). (1.5.3”) 


Thus operators Хо and У are “equivalent.” Taking (1.5.4) into account 
we may say that the operator AY is added to Xo and that its weight is 
A?/G+#), The greater the height р, the greater the weight of У. Now 
consider the case У = Y; + Yo, where УИ, Yo are in the normal form with 
heights 41 and из where и1 > pg. Then, putting 


АВ, 
we get 
P-1(Xo + AY)P =6 {Xo aay ok Дачия) / аи) у, | , 


The operator Xo + У! becomes the new leading operator with a new small 
parameter, 
A (41 —#2)/(+H1) 


What has been said above may render unnecessary the investigation 
of different variants of reconstruction of (1.1.1) depending on heights of 
operators constituting X. We note that the new leading operator clearly 
depends only on a finite number of terms, the latter being of the form Хо 
+ Y, where Y is an operator in the normal form of any height and the new 
perturbation operator depends on some power of Е. 

The problem of finding a new leading operator is independent of pertur- 
bation theory. 
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This problem being resolved, we find ourselves in a situation analogous to 
the one just considered, and one may wonder if this process will terminate. 
But before we discuss this question, let us consider the same problem from 
the viewpoint of the theory of differential equations. 

Let us consider 45/4 = (Хо + ДУ)х, where Хо is assumed to be in 
the Jordan form. If t varies over a finite interval, then it is possible to 
obtain a solution in the form 5 = 50 + Ди: + A2u2 +--+. However, the 
larger |t| is, the greater is the number of terms needed to obtain any given 
accuracy. Therefore, the initial variables of the problem, х = (21,...,2n), 
are inconvenient when $ is large and we should find some new variables 
better suited for computations in this case. 

Suppose that to the Jordan cell На, in (1.4.3) variables 2‘ = (2{,...,24,) 
correspond. The leading system 41/4 = Xoxz can be rewritten in the form 


Consider a solution of a single equation when |t| >> 1. It is convenient to 
set { = 67 and assume that т ~ 1, 6 > 1. It is easy to see that 21 is 
proportional to 6*—!. Hence it is natural to introduce new variables 


$ — gk+yui, 
xy, = OTM yy), 


(the reason for introducing the additional multiple 6“‘+! is that the trans- 
formation 

Te = ONY, 
does not change the leading equation; i.e., the operator corresponding to 
this transformation commutes with Хо). In the new variables, the system 
takes the form 


И 
oh =yi_,+A > Gore ТИР, 
8,p 

First, suppose that all numbers Aé#1—#i—*+e+! are “small.” Then it is 
possible to rewrite the system in the form 4у/4т = Хоу + Hy, where H is 
a “small” operator as compared with Xo. Let us make more precise what 
we mean by this. Put у = e7*°z. (The search for solutions in such a form 
is an operator generalization of the variation of parameters method. In 
quantum mechanics this trick is known under the name of “passage to the 
mixed representation” and is widely used.) Then 


dz = 
— = e~7%0 e7TXoz, 


dr 


Since Н is small, then юг т ~ 1 (so that a solution of the leading equa- 
tion may be considered as finite) we solve the equation for z by iterations 
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[in variables у and assuming that initial values are of order O(1)]. Then z 
changes slowly; i.e., for the computation of y we may make use of pertur- 
bation theory. This is the meaning of the phrase “the operator H is small 
as compared with Хо.” If at least one of the numbers 


Abts Hi k+e+1 


is not small, then the perturbation theory is not applicable; the behavior 
of a solution of the complete equation differs essentially from those of the 
leading problem. Thus the order of ¢ such that the perturbation theory is 
still applicable is bounded by 6(A), i.e., by the smallest of those 6 >> 1 for 
which 

Apts -Е+Р+Т — O(1). 


For |t| ~ 6 the leading equation should be the new one; this may be 
obtained by putting 6 = 6(A). 

In these considerations Y has not been reduced to the normal form, 
which shows that the process of reconstruction is not unique. The process 
described above is preferable because of its algebraic (invariant) nature. 
Now let us return to the starting point. Consider the reconstructed prob- 
lem with the new leading operator Хо + У. The following cases will be 
encountered. 


1. The operator Хо +Y has at least two different eigenvalues. Then we 
obtain a new reduction problem. 


2. The spectrum of Хо +Y is completely degenerate but Хо +Y is not 
nilpotent. Then we get the process similar to that in the case of diag- 
onal Хо; i.e., from X we extract the diagonal operator of the “main” 
order. 


3. The operator Xo + Y is nilpotent. In this case we start a new re- 
construction process and the question is whether the procedure ever 
stops. The answer is affirmative. Each reconstruction yields a certain 
step toward the solution, as the following theorem shows. 


Theorem 1.5.1 If Xo + Y is nilpotent and р: >... > рь are dimensions 
of its invariant subspaces, then the first of the p,’s different from the cor- 
responding number qs, where 41 > ++: > qr, satisfies ps > qs, and if Y is 
nonzero then such a number exists. | 


PROOF 


If theorem is false, then _ 
(Xo + Yo)" =0, (1.5.5) 


where Хо and Y are matrices of operators Хо, Y in the canonical basis of 
Xu (cf. Section 1.4). 
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In what follows we consider every matrix A(dim А = dim Хо) as a block- 
matrix (Ада), where Аша; corresponds to blocks (cells) На;, На; of Xo 
[cf. (4.3) as in 83 and 84]. 

We call Ада; a senior block if шах(4, 4;) = q1. _ 

If it could be shown that from (1.5.5) follows that senior blocks of У are 
zeros, then one would have to consider matrices of lesser dimension, which 
would finish the proof. 

Let us enumerate diagonals of cells Ag,,,, starting from the upper right- 
hand corner and call a diagonal free if its elements are zeros, together with 
all elements of preceding diagonals. We note that cells Yz,,, possess no less 
than max(q,q;) — 1 free diagonals and so have a “triangular” form (cf. 
Section 1.4). 


Хх СМ < 


4: < 4; Gi = 9; G >94; (1.5.6) 
[In (1.5.6) diagonals which are not necessarily free are shown schematically]. 
Let us consider now the left-hand side of (1.5.5) as a sum of diverse 
matrices 
NGI es KEV Rs, 
ate tat hte + B= a, Prt t+Be>1 (15.7) 
(Xg" = 0). 


Supposing that senior cells of Y have no less than 41 — 1 +k (k > 0) free 
diagonals we want to show that senior cells of matrix (1.5.7) possess no less 
than 91 -1+k—(a,+---+ as) free diagonals. But first, we shall prove 
that our theorem follows from this estimate. 

Indeed, consider a fixed senior cell in the left-hand side of (1.5.5) and its 
(К + 1)-th diagonal. Using representation of this cell as a sum of matrices 
(1.5.7), we see that in nonlinear with respect to Y summands this diagonal 
is free because 01 +... + В, > 2, and this gives aj +... + а. <q, — 2. Let 
us consider now the (linear with respect to У) terms Xf?YX9?, a1+as5 < 
4-1. 

One obtains the cell (Хо А) ,а; from Ада, by moving its lines one step 
upwards, and one obtaining cell (AXo)q,q, by moving the Ада; columns 
one step to the right. 

This shows that elements of (k+1)-th diagonal are sums of some elements 
of (91 +k)-th diagonal of a corresponding senior cell У. The appearing equa- 
tions have only a trivial solution (C4,g,a = 0) as it follows from Lemma 4.4 
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that elements of (41 + &)-th diagonal are positive (disregarding to common 
factor C4,9;0) and the beforementioned construction shows that at least in 
the summand ХУ +YX#~? the (К + 1)-th diagonal can not be free. 
Because k > 0 is arbitrary one gets that senior cells of Y have to be zeros. 

Now we have to prove that our estimate is correct. The fundamental 
property of “triangular” cells (1.5.6) is as follows: if Ag,q;, Bg,q, are two 
cells and one of them has the form (1.5.6) and the second one has no less 
than и free diagonals, then the product Aj,q,By,q; has no less than и free 
diagonals. From this we conclude that if ть; is a number of free diagonals 
of Ag,q;, then: (a) the cells of i-th block-line of matrix AY have no less 
than min; m;; free diagonals and (b) the cells of the j-th block-column of 
YA have no less than min; m,; free diagonals. 

Considering now the matrix (1.5.7) as a product (...(((A1A2)A3)A4)...) 
where Ар denotes Хо ог У we conclude that our estimate of the number of 
free diagonals is correct for the senior block-line. Indeed each multiplication 
by Y (when one У had already occurred) does not change our estimate, 
and each multiplication by Хо diminishes its maximum by one. For the 
senior block-column, one obtains the estimate in a similar way, considering 
(1.5.7) in the form (...(B4(B3(B2B1)))...) where Вр is У or Хо. 

The theorem is proved. 


2 


Systems of Ordinary 
Differential Equations with a 
Small Parameter 


In this chapter we construct an analogue of the matrix perturbation theory 
for systems of the form 


dz; 
Zar = agi (x) + гал: (т) + €7a9i(z) + --- = fi(a5€), 
where x = (41,...,2%n), i =1,...,”, or, in vector notation, 
= 42 2 
Е a ao(x) + ва1(х) + Е“а2(т) +--+ = (1:5). 


We will consider this system in a given domain D and suppose that the 
right-hand sides of the system satisfy certain quite restrictive requirements 
stated below. Examples given in the following chapters show that in prob- 
lems of interest these requirements are often satisfied in practice. We will 
also see that right-hand sides of the systems themselves and the formulation 
of the problems usually motivate the choice of D. 


2.1 Passage to the Linear Problem. Change of 
Variables Operator 
The contents of this section do not depend on the presence of a small 
parameter, which will be omitted here. Consider the system 
ах 


at = f(z) (2.1.1) 
and, connected with it, the first order linear partial differential operator 
д 
= (т) = =(f, 2.1.2 
X= DP flags = 69) (2.1.2) 


such that (2.1.1) is its characteristic system. Here and hereafter (unless it 
is mentioned to the contrary) all functions considered are assumed to be 
sufficiently smooth and bounded in D together with all of their derivatives. 
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Let x'(t,2) be a solution of the system (2.1.1) with the initial value 
z'(0,2) = x € D. (We find it convenient to denote by z the initial values 
which, in what follows, will be considered as independent variables.) For 
any F(x) we have, by (2.1.1), 


OP =) _ (= У fle ее (2.1.3) 
1<i<n 
Put С(Ь г) = F(a'(t,x)). Then by (2.1.3) and (2.1.2) we have 


2 
0G = XF(z) 9°С 


< (0, 1) = F(z), OL = ; Or 


= X?F(z), 


t=0 


Summing the Taylor series for G(t, x) obtained with the help of these for- 
mulas, we get 


F(z’) = G(t,2) = e'* F(z). (2.1.4) 
In particular, if we put F(x) = 2;, where i = 1,...,n, then 
a = eX, (2.1.5) 


Differentiating both parts of (2.1.4) in ¢ we get the following equation for 
the function G(t, x): 
OG 


= = XG, (2.1.6) 


where G(0,x) = F(z) is the initial value. Thus the integration of the sys- 
tem (2.1.1) is equivalent to the integration of one linear partial differential 
equation, (2.1.6). This well-known fact enables us to reduce the formal per- 
turbation theory of a nonlinear system to the perturbation theory of a first 
order linear operator. Suppose 5 is a first order operator. Let us substitute 
т’ from (2.1.5) into (2.1.4) and denote tX by 5, where ¢ is a parameter. 
We get 
Р(ебт) = e F(a). (2.1.7) 
Let us apply the operator e~* to both parts of (2.1.6), where 5 does not 
depend on t. Since e~5 and 0/0t commute, and due to (2.1.7), we get 
OH (t, т) 
Ot 
where H(t, т) = G(t,e~°x), М = e~5Xe%. Equation (2.1.8) is a first order 
equation like (2.1.6). In fact, M is an operator of the form (2.1.2.), and, 


due to the Hausdorff formula (1.2.2) and since the commutator of two first 
order operators is a first order operator, we have 


[(a, 7), (6, V)] = ((a, V)b - (b, У)а,У). (2.1.9) 


= MH(t,z), (2.1.8) 
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In fact, 
д д 
а; (5), ble) ) ate) 
(=. On; 1<i<n Oni 
0b; (x да; (т Oh(2x 
= os (252) GS в м) a 
1si<n \1<i<n j j i 


Equation (2.1.8) can be considered as a change of variables 
a = еЭх (2.1.10) 
in (2.1.6), where the old notation, x, is used for the new variables since 
H(t,2') = H(t,e°x) = e° H(t, 2) = e°G(t,e-* x) = G(t, 2). 


If we choose some S and solve (2.1.8) instead of (2.1.6), then the operator 
е-5 should be applied in order to get a corresponding solution of (2.1.6). 
The operator еб is naturally referred to as the change of variables operator. 


2.2 General Formulation of the Perturbation 
Theory Problem 


Let us return to the system with a small parameter. The equation of the 
form (2.1.6) for it is 


«да 
et = XG, (2.2.1) 
where 
X= Xo + eX, +=ЁХ. +..., X; = (a;(x), У), j =0,1,.... 
The operator e* transforms (2.2.1) into an equation of the form (2.1.8), 
OH 
а. = ‚с. 
ier MH, (2.2.2) 


where М = e-5Xe*, 5 = (s(z;€), У), and 5 = =51 +€7S2 +--+, where the 
5S,’s do not depend on Е. 

Now, using formulas and definitions of Section 1.2, we are able to start 
the construction of an analogue of the matrix perturbation theory. 


Remark 2.2.1 Since the system (2.1.1), = (45 /4#) = Xz is equivalent to 
the equation 


42 
et = = Ма, (2.2.3) 


we intend to try to simplify the operator М as much as possible. 
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The direct analogue of the algebraic perturbation theory is the following 
requirement on the choice of the change of variables: find S so that 


MY“) =0 for uj >1 (2.2.4) 


(see 1.4.2). This requirement will be taken as a definition of the perturba- 
tion theory problem and it constitutes a direct generalization of the matrix 
perturbation theory considered above. 


Remark 2.2.2 The hasty thought that we may try to require, for instance, 
М; = 0 (since the equation 51 + Х! = 0 is locally solvable) must imme- 
diately be rejected since we need a global (in D) simplification of M. So, 
in order to obtain in D the property (2.2.4), S must satisfy very restric- 
tive conditions. This remark will clarify to an extent the naturalness of the 
restrictions introduced below. 

Thus, under the general perturbation theory problem we understand by 
definition, as in the matrix theory, the problem of reducing the operator X 
in (2.2.1) to a “canonical” form as in (2.2.4). Then there arises the necessity 
of the study of a new “canonical” operator (system); see (1.1.3), the case 
of the spectrum with multiplicities. 


Remark 2.2.3 Let us accentuate once more the difference of linear sys- 
tems from the matrix case. The nature of the new problem (for the operator 
М!) and means of its investigation in the matrix case are known before- 
hand. In nonlinear systems such a problem is new in principle (as compared 
with Xo, which is, surely, always supposed to be known). The perturba- 
tion theory of nonlinear systems consists at first of a method of obtaining 
new equations simplified as compared with the exact problem. Their solu- 
tion is (in general) not connected any longer with the presence of a small 
parameter and must be considered as a new problem. 


2.3 Canonical Form of First Order Operator Хо 


Since we discuss a linear operator, we introduce the notion of eigenvectors 
and their generalization in the sense of (1.4.1) almost as for matrices. The 
difference is that it is now not natural to assume A = const. We only need 
that it must be constant with respect to Xo. We will say that a (single- 
valued in D) function y(z) corresponds to the eigenvalue A(x) of Xo if 
for all х Е D we have ХоЛ(т) = 0 and (Хо — A(xz))? v(x) = 0 Юг suffi- 
ciently large integers р > 1. When р = 1, 1е., Хоф = Ар, the function ф 
will be referred to as the eigenfunction of Xo corresponding to A(x). Ап 
eigenfunction w(x) corresponding to the function which is identically zero, 
i.e., Xqw(x) = 0, will be referred to an an invariant of Xo. Invariants are 
constants with respect to Хо; i.e., Xo(wF) = wXoF, and any function in 
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invariants is an invariant itself. An eigenvalue is an invariant. Thus, invari- 
ants and eigenvalues (as invariants) play a twofold role: that of a number 
and of an eigenfunction. The product of eigenfunctions is an eigenfunction 
corresponding to the sum of their eigenvalues. So are functions v(x) for 
p > 1, as follows from the binomial formula [where C*, = m!/k!(m — k)!], 


(Хо - Ar — №2)" (фир) = So CR(Xo -Ar)yr(Xo — A2)™ "ya, 
0<k<m 


valid since Л is a constant with respect to Xo. 

Let z1(2),..., 2n(a) be asystem of functions such that in D we may pass 
to new variables 21,..., z, without affecting the smoothness of operators 
being considered. Such a system is referred to as basic. 

In variables 21,..., Zn, the linear operator Y is of the form 


д д 
У = (=). Shee ite (=), 


where coefficients are expressed in terms of 2; 1.е., Ул; = yi(z). Now sup- 
pose that there is a basic system consisting of eigenfunctions and invariants 
of Хо; ie., 


ф1(5),...,Фь(), wi(x),...,Wm(x) fork+m=n, 
where \,;(2) = 0 in D fori =1,...,k. Let us suppose also that the eigen- 


values \;(x) are functions in basic invariants \,;(x) = А! (и) = A;. Then in 
basic variables the operator Xo takes the form 


д д 
X = Aygiz— +... НА. 
171 dpi + + р 
An operator reducible to such a form is naturally referred to аз a diagonal 
operator and the form (2.3.1) is called canonical. (In this form Л; looks like 
а, genuine constant.) 


(2.3.1) 


Remark 2.3.1 If we consider now Equation (2.2.1) in the zeroth approx- 
imation, 


4 =0 fori =1,...,m, 
al; ‘ 
ete = Hii for j=1,...,k, 


then we get 
Ай 
w,(a(t)) = const, pj(a(t)) = const - exp ces 


where A; = const along the trajectory. The variables w and ‹р generalize 
mechanical action-angle coordinates. 
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Denote “vectors” 


( ) (5 Sez) 
Ф1,..., Pk), брт’ ``’ OK ’ 


and the diagonal matrix with eigenvalues A], ..., Ак by ф, Vy, and A. 
Then (2.3.1) may be written in the form 
Хо = (Ay, Vy). (2.3.1') 


Before we pass to the general Jordan case, we note the following. We have 
required 4 to be functions in w only. The tase when A depends on ф is quite 
possible. For example, two basic functions may correspond to eigenvalues of 
opposite signs. Then their product is ап invariant and may serve as a new 
eigenfunction. This situation not only destroys the introduced canonical 
form but, as we will see later, entangles the procedure of the construction 
of 5. Now we will exclude, in a sense, this case by means of the following 
notion of an extension of an operator. 

The system dz;/dt = Yz;, where i = 1,..., п, may be extended trivially 
by considering how some additional functions z,41(z), ..., 2n+p(z) which 
depend оп z = (21,..., 2) vary on its trajectories. For this we must adjoin 
the equations for z,4;,j =1,...,p, to the initial equations. If we consider 
all new variables z 4s independent ones, then the new system arises. How- 
ever, when initial conditions match, 1.е., 2(0) = 20, 2Zn4jlt20 = 2n+j (Zo), 
we will not obtain anything new. 

Accordingly, let us adjoin to the basic system new functions z,41(z),..-, 
Zn+p(Z), and consider the operator 


9 д Ге) 
р ( 2) 5». + + ( 2) >. + Е ( 2и+1(2))5—_ 
д 
++ 
( 2+ (1) 
where now all variables 21,..., Zn4p are assumed to be independent and Y z; 
for i = 1,...,2-+ р are expressed in terms of z1,...,2n+p in any “conve- 


nient” fashion. Such an operator У» will be referred to as extended operator 
Ур. Evidently, when additional functions z,41,..-,2n+p are invariants of 
У, coefficients of the extended operator У, coincide with those of Y on the 
manifold zn41 = 2n41(Z),+-+)2ntp = 2n+p(z). The system of functions 21, 
.++y ту 2nt1) +++5 Фор is referred to as an extended basic system. . 

Now suppose фл(2), ..., ga();wi (a), -.-4 (2); (2), «+5 Ae(@) is 
an extended basic system of the diagonal operator Xo and express the 
coefficients in terms of these variables: Хоф; = A;y;. The extended operator 
Xo coincides with (2.3.1), where А; no longer depends on ¢ (пог оп w) and 
is in the canonical form. 

Let us now pass to the Jordan case. Suppose there is a basic system of 
functions 1, ..., фи corresponding to eigenvalues 41, ..., An of Хо. Let 
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us find for the function y;, where 7 =1,..., п, the minimal number р; such 
that (Xo — 4;)?!¢; = 0 and construct by the standard procedure the series 
of functions corresponding to А;, putting 


Фи = Yi, 
Xopio = А:фю + Ya, 
Xopi = A191 + Yi2; 


XoPi,p—1 = AiPi,p-1- 
The system of functions 


P10) P1ly +++ Plypr—1 +3 POs Paty +++) Фпри- 13 Ady + +9 An (2.3.2) 


will be referred to as an extended Jordan basis. The extended operator Xo 
in this system is representable in the form 


Xo = (7+, У»), (2.3.3) 


where J is the Jordan matrix with blocks of size р; хр; for? = 1,...,n and 
the Л; are eigenvalues. This form will be called canonical and the operator 
reducible to it in the above sense will be referred to as a Jordan one. 

In addition, we introduce the notion of a quasilinear operator. If there 
exists an extended basic system 21, ..-, п; 2nt1) +++» 2n+p Such that 


Xo = (92 У.), (2.3.4) 


where 22 = ||; (2)|| is the matrix whose elements are invariants of Xo, then 
Xo is said to be quasilinear. For instance, a Jordan operator is quasilinear. 


2.4 An Algebraic Formulation of the Perturbation 
Theory Problem 


Suppose the leading operator Xo is Jordan. Under an algebraic formula- 
tion we will understand the following requirements for the choice of S [cf. 
(1.1.4)]: find S such that М transforms any function corresponding to an 
eigenvalue of Xo into a function corresponding to the same eigenvalue; i.e., 


(Хо — A(z))Pp(z) = 0 implies (Xo — A(x))?My(z) =0 (2.4.1) 


for sufficiently large g for any x Е D. The following generalization of Lemma 
1.4.1 holds. 
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Theorem 2.4.1 If Xo is in Jordan form, then У is bounded in height if 
and only if 


(Xo — A(x))? (x) =0 implies (Xo —X(x))1Y v(x) =0 (2.4.1') 
for sufficiently large q; i.e., (2.3.3) and (2.4.1) are equivalent. 


PROOF 


First, note that if ¢ = v(x) corresponds to А = A(x), then so does (Хо — 
A)*~p, where a > 0 is any integer; conversely, if (Xo — A)“y corresponds to 
Х, then so does ф. Suppose (2.4.1') is satisfied. Let us show that Y) = 0 
for a sufficiently large р. Consider Хо = Xo — AE, where Е is the identity 
operator. Denote ee у the derivative of У with respect to this operator; 
1е., 7 = [Хо, У] = У’ + (УЛ)Е. Note that Y™ is a linear combination of 
operators of the sae 


Хоу XP = (Xo — AE)°Y(Xo — AE)’, 


where а + В = uw. Further, it is easy to verify that YY) = УФ + 
p(X#"(YX))E. But by definition A corresponds to zero and due to (2.4.1’) 
so does УЛ. Therefore, Y) = У for a sufficiently large р. 

Further, (Xo — ЛЕ)Вр = 0 for sufficiently large @ by the definition of ф, 
and У(Хо — AE)*y corresponds to Л due to (2.4.1’) for any В. Therefore 
(Хо -ЛЕ)“У (Xo -ЛЕ)Вф = 0 for sufficiently large р = a+; i.e, Yo = 
0 for any y. Thus, Y“)y = 0 for any and sufficiently large р. Since there 
is a basic system consisting of functions y, we have Y“) = 0, Now let 
У) = 0, for some д > 1. Let us show that (2.4.1’) is satisfied. It suffices 
to prove the following: if (2.4.1’) is satisfied for an operator Z’, then it also 
holds for Z. (For the operator Y‘#) = 0 this condition is clearly verified.) 
For any function h = h(x) we have 


Z'h = XoZh — ZXoh = (Xo — A)Zh— 2(Хо — ЛЬ — (Zh. 


Note that ZA corresponds to zero; in fact, Z’X = Xo(ZA) and since Z’) 
corresponds to zero, then so does ZX. Let (Xo — Л)Рр = 0. Put hy = (Xo — 
Л)Р-1р. Then Z'hy = (Xo—-A)Zhy —(ZA)hi. Since Z’h corresponds to А, hy 
corresponds to A, and ZA corresponds to zero, we get that Z’hy+(ZA)hy = 
(Xo — A)Zhi corresponds to Л. Hence Zh; corresponds to А. Further, set 
he = (Xo - Л)Р-2ф. Then Zhe = (Xo - Л) 212 — Zhi —(ZA)hz and we find 
similarly that Zh2 corresponds to А. Continuing this process we see that 
Zh, = Zy corresponds to A. This completes the proof. 

Returning once more to the proof of the first part of the theorem, we 
note that Y) = 0 holds if (2.4.1’) is true only for basic functions and 
corresponding eigenvalues, provided that for any basic ф the function (Xo — 
A)*y Юг s > 1 is also basic or zero. Since this condition is verified by an 
extended Jordan basis by its construction, the following theorem holds. 
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Theorem 2.4.2 To solve the perturbation problem, it suffices to find S so 
that the property (2.4.1') holds only for functions from the extented Jordan 
basis of Xo. 


The following theorem gives one of the practical methods for constructing 
S (see the proof). 


Theorem 2.4.3 Suppose Y satisfies the following: 


1. for any function p(x) from the extended basis of Хо corresponding to 
the eigenvalue \(x) we have 


Yo(z)= У) 4), (2.4.2) 


1<k<m 
where фь(х) corresponds to the eigenvalue ик(х) of Xo; 


2. either ик(х) = A(x) or ик(х) A A(z) for alla Е D. Then the equation 
(in M and S) М = [Хо, $]+У, where М satisfies (2.4.1'), is solvable. 


The complete proof of this simple fact will be given later. It looks some- 
what cumbersome because it is stated too generally. Therefore we will 
present it first for the case when the basis consists only of eigenfunctions 
and invariants, eigenvalues depend only on invariants of the basis, and in 
the decomposition (2.4.2), only invariants or eigenfunctions enter. 

The equation М = [Хо, 5] + У requires computation of М and S only 
on basic functions since M and S are first order operators. It is essential 
that we start by defining their values on invariants. By assumption Ye, = 
Wo +d, +--+, where e, and Фо are invariants whereas Хоф; = pi(e)v; 
and e = (€),...,€p) are basic invariants; y;(e) #0 in D. But then Me, = 
Xo Se, + wo + ay +.... Set 


бе, = — ~ wil wile). 


‘Then Me, = 40; 1.е., М transforms an invariant into an invariant. 
Now define My) when Хофрх = Ay. We have 


Moy = Хобфл - (SA)pa — Абфл + Yon. 


4 


But SA = >, (0A/de_)Se, and formulas for Se, imply that (SA)p) is a 
sum of eigenfunctions corresponding to the eigenvalues ^у such that y—A 4 0 
in D. Hence My) may be written in the form 


Мф» = Хобфл — AS~rt vat Do dy, (2.4.3) 


7 
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where the w., are eigenfunctions and фл corresponds to А whereas %.4 cor- 
responds to y so that Л — у 4 0 in D. Setting 


Spr = у` хе. 
af 


we get My, = ул and in this case the theorem is proved. The complete 
proof is as follows. 


PROOF 


First, consider an auxiliary equation 
Хоу —Ayt+y =0, (2.4.4) 


where у is an unknown function, у = (x) corresponding to an eigenvalue 
p(x) of Хо such that u(x) # A(x) for т € D and Л = X(z) is an invariant 
of Хо. Let р = minp, where (Хо — 4)? = 0. Let us construct the series 


pO = 4, 
yO = Xow — wo, 
BO = Xo — wh, 


XopP-Y — ppP-), 


Set 
у = WP + wy PO +... Нил, (2.4.5) 


where wo, ..., Wp-1 are invariants of Xo. Substituting this expression in 
(2.4.4), we get 


[wo(u — A) + Ty + far (и A) + wow 
++ [wp—1(H — A) + wp—a]p?-Y = 0. 


Putting 


1 ВЕ: зан: 

Е» А ahi р’ (2.4.6) 
we obtain one of the solutions of Equation (2.4.4). 

The solution (2.4.5), (2.4.6) is evidently a function corresponding to the 
eigenvalue p(x) of Xo since Хол = 0. Now let Q(z) be an arbitrary invari- 
ant that enters an extended basis of Хо. Then МО = Хо(59)+ УП. Under 
the hypotheses, УП is a sum of functions corresponding to eigenvalues of 
Хо which either are identically zero (since \ = 0 for 2) or vanish nowhere 
in D. Denote by (Y])o the sum of all summands in YN corresponding 


» Wo = 
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to zero eigenvalues. It also corresponds to zero. Putting MQ = (YQ)o 
we satisfy the requirements for М on 2. For SQ we have the equation 
Xo(SQ) + YQ — (YQ)o = 0, where YQ - (YQ)o does not contain sum- 
mands which correspond to zero. By the linearity of this equation we may 
find its solution, SQ, making use of the above auxiliary problem (Л = 0). It 
is essential to notice that SQ, like YQ, will satisfy (2.4.2) and (2.4.3); 1.е., 
they are the sum of functions corresponding to eigenvalues of Xo that do 
not vanish anywhere in D. But then to the solution just constructed any 
invariant may be added. We will not deal here with questions of nonunique- 
ness of S and М. 

In particular, this implies that the function y(#)SQ, where ф(х) corre- 
sponds to A(x), is representable as a sum of the type (2.4.2) whose sum- 
mands correspond to eigenvalues that do not coincide with (x) anywhere 
in D. This remark will be utilized immediately. 

Thus, operators 5 and М on invariants of the extended basis are known. 
Now let us find them on the basic eigenfunctions. 

Suppose ф = (2) is an eigenfunction with the eigenvalue Л = X(z). 
Then Мф = Хо(5ф) — ^(5ф) — p(SA) + Уф. Since Л is an invariant, then 
SX is known, hence so is —y(SA) + Уф. By the hypothesis of the theorem 
the second summand is the sum of functions corresponding to eigenvalues 
which either do not coincide with Л anywhere in D or coincide with A 
identically. According to the remark made above so is —‹(5^). Now we 
construct My and Sp as we have constructed МО and SQ. Like Уф, the 
function Sy will satisfy (2.4.2) and (2.4.3). 

After S and M on eigenfunctions are found, we pass to the construction of 
functions y(«) satisfying (Xo —A)2y = 0. From the series Хоф = Ay +o), 
Xop™ = Ap") we get 


Мф = Хо($ф) — A(S~) — 9(SA) — Sp - Уф. 


Since y™) is an eigenfunction, —5ф@) is known. Due to the above, —y(SA)— 
Sy + Y satisfies (2.4.2) and (2.4.3) аз Ур does. Thus the construction 
of My, Sy is performed by the same scheme as that of МО and 59. The 
case (Хо — A)? = 0 for any р is easily dealt with by induction. 


Remark 2.4.4 In problems that arise in practice we often encounter infi- 
nite series of the form (2.4.2). Theorem 2.4.3 supplies us with a method of 
reducing operators to the normal form and is a reformulation of the well- 
known Schroedinger perturbation theory. In examples we will show that 
this problem may often be solved by other means. 


Remark 2.4.5 The existence of the Jordan basis and decompositions with 
respect to eigenfunctions of Хо doubtless imposes severe restrictions. But, 
аз we have already mentioned, they are often satisfied. This is hardly so, 
however, with the requirement (2.4.3). In problems encountered in prac- 
tice this condition often fails on a submanifold in D which has the evident 
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meaning of the resonance set (small denominators). Problems connected 
with the construction of asymptotics in such cases are considered in Chap- 
ters 4-5. We will not discuss now what is gained by the above procedure 
in the general case and will only consider the following simple situation. 


Consider the case of a diagonal Хо when М transforms invariants into 
invariants and eigenfunctions y; of the basic system of Хо into the same 
functions up to a multiple which is an invariant of Хо. To simplify and 
avoid “extensions,” let us suppose that each invariant is a function of basic 
invariants и; only. Then 


Mu; = (Xo + eM, +...) = (ЕМ, +++ uy (2.4.7) 
= equi(w) +++: + Мф; = (Xo + eM, + ..-)ф; 
= Aj(w) yp; + (ЕМь +...) 
= [A;(w) + €hi;(w) + +. фь. 


The corresponding system is 


dw; 
oe — . а 
Е 4 Egii(w) + 
ad j 
Е a = [\j(w) + ehij(w) + Фу, 


where $ = 1,...,т; 1 = 1,...,k, and k+m = п. The system for the 
variables ил; is an analogue of an algebraic problem of lesser dimension 
(equations for ф; are similar analogues; they are one dimensional due only 
to our rigid requirements). If w;(t) are found, then y,(t) are found by 
quadratures. 


Remark 2.4.6 This example enables us to notice that even this simple 
case is similar to the presence of a Jordan cell in an algebraic problem 
notwithstanding the diagonality of Хо: indeed, for Л 4 const we have М” = 
0 instead of М’ = 0 as in the algebraic problem. 


Let us give one more proposition, an analogue of an invariant method 
for construction of S and M by commutation relations [see (1.3.2)]. 


Theorem 2.4.7 Let Xo be quasilinear and У, defined in the extended basic 
system 21, 66+) бт» Smt) +++» Фр» W11(Z), «++» Wntpntp(2) [see (2.3.4)), 
be of the form 
на 
O25 Ow; . 


where Рь and Qi; are polynomials in z whose coefficients are invariants of 
Хо. Then there exists a commutation relation 


wWOY + uM +... +. ФУ =0 forr>1 


where и(® are invariants of Хо, not all identically zero. 
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Corollary 2.4.8 If w = и) =... = и = 0 and w™ #0 for 
1<p<r-—1 then in the domain w) 4 0 we may construct S and М 
exactly as in Lemma 1.4.2; i.e., М4 = 0, where М = [Хо, 5] +У. 


PROOF 


The proof follows from the following simple considerations: 


1. Due to quasilinearity of Хо, the derivative of У P,(0/0z,) is an op- 
erator of the same form (и; are independent in the extended system) 
with coefficients whose degrees do not exceed the maximal degree of 
Ро; 


2. the derivative of 5° Qi;(0/0w;;) is an operator of the form 


Lg t+ Lg 


where the maximal degree of the polynomials Q7, does not exceed 
the maximal degree of the Q;,;’s. As for the degree of P*, though it 
is greater, generally speaking, by 1 than that of О, >> P*(0/0zs) is a 
first order operator; therefore the maximal degree of coefficients of the 
second derivative does not surpass that of P. It is worth mentioning 
the connection of Remark 2.4.6 with these arguments. 


2.5 The Normal Form of an Operator with 
Respect to a Nilpotent Ху. The 
Reconstruction Problem 


Here we give, for the nonlinear case, the generalization of the results of 
Chapter 1 for a nilpotent Хо. (It is a generalization of a shearing transfor- 
mation to the case when Ух; are polynomials in 2.) 

First, we present two algebraic theorems. Let Ру_1, where № = 1,2,..., 
be the linear space of homogeneous polynomials of degree N in n variables 
(п is fixed) and Хо a fixed first order operator that transforms Pp into 
Py and is nilpotent in А [е., for any z Е Po there is an integer m(z) 
such that хе). = 0]. Since Xo(uv) = uXov + vXou, it is easy to verify 
that Xo is silo tent in any Py—1. In Po, fix a Jordan basis with respect to 
Xo. Elements of a particular chain of this basis will be indexed symmetri- 
cally: е_к, е-к+1,..., €k—-1) €k, Where 2k is an integer and Хое. = €5-1, 
Хое-к = 0. For simplicity’s sake we skip the index that denotes the num- 
ber of the chain. Each element of Рм_1 will be considered henceforth as a 
homogeneous polynomial of degree N in the fixed basic variables (e). 
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Theorem 2.5.1 There exists in Py—, a Jordan (with respect to Xo) basis 
consisting of chains é,, €p_1, ..., E-p41, Ep, where Хоё. = 65-1, Хоё—, = 
0, such that under the transformation [т all chains of the basis(e)/ 


€q — Не forq=hk,...,—k, (2.5.1) 
where t is a parameter, we have 
é, — t%é,, (2.5.1) 
where s =r,...,—1, for all chains of the basis (é). 


Such bases (é) will be referred to as normal. 


Remark 2.5.2 For N = 1 the theorem is trivial: the basis (e) is evidently 
normal. 


PROOF 


First, we give a concrete method for constructing elements of the normal 
basis and then justify it. Introduce two new first order operators Zp and 
Z+, where Zo is the diagonal operator, Zoe, = ses, and 7+ is the nilpotent 
operator Йуе. = Crs€s41, where Cys = (К — $) (Е + 8 +1) for all chains 
ек,..., €-k, and Zie, = 0. For symmetry’s sake, set Хо = Z_, where 
Z_€s = €s-1, Z_e_; = 0. The operators 1, Zo, and 2+ clearly satisfy 


Е BS s2%o, ota oe. (2.5.2) 


The proof is based on this formula. Note also that since s is the eigenvalue 
to which e, corresponds with respect to Zo, then each monomial М from 
Py-1, i.e., a product of elements of (e), corresponds to the eigenvalues 5 
equal to the sum of eigenvalues of its multiples (e) since М = SM. But 
clearly М turns into #5 М under the transformation (2.5.1). Therefore the 
desired basis (ё) is normal if and only if Zé, = зё.. 

Denote by Р;, м! С Рм—1 the subspace of polynomials р corresponding 
to the eigenvalue г with respect to Zp such that 


Zop=rp, Z4p=0 for pe P,,w-1. (2.5.3) 


This means that the space P,,w—1 consists of all linear combinations of 
monomials р that correspond to г and such that Z,p = 0. As we will see 
later, P,.v-1 = 0 when г < 0 and P,.n-1 # 0 for r > 0. Therefore in 
computations we may restrict ourselves to г such that 0 <r < rmax. In 
each Р;, м1 # 0 choose а basis and for any é from this basis let us construct 
the chain é,, é,-1, ...in Рм-1 so that 


=, 65-1 = 2-6,, (2.5.3’) 
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where $ =r,r—1,.... A little later we will see that this chain terminates in 
é_,, which means that Z_.é_, = 0. We claim that elements of all chains é,., 
..., 6.» are linearly independent and constitute a normal basis in Py-1. 
Induction in s = r,r —1,... and (2.5.3), (2.5.2) easily imply that for р = 
é* = é, we have 


Zoées = 363, 7+6. = Crs€s41; (2.5.4) 
where e,, = (r—8)(r+s+1). The first formula in (2.5.4) shows that if (2) 
is a basis, then this basis is normal. Further, putting s = —r — 1 we have 


Z,é_,-1 = 0, and if é_,_; # 0 then (2.5.4) implies that é_,_2 4 0...since 
С, vanishes only for s = —r—1 and s = г. But the chain (2.5.3) cannot be 
infinite. Thus Z_é_, = 0. The linear span of (ё) coincides with Py_ since 
linear combinations of all é,’s exhaust all eigenvectors of 74 and é_,’s are 
generating elements with respect to й+. 

It remains to demonstrate the linear independence of (é). Let so be a 
fixed eigenvalue with respect to Zg such that —rmax < 30 < Tmax- From 
each chain é,,..., €_, for > [30| we pick the element é,,. Suppose that 


У‘аё„ = 0, (2.5.5) 


where the a’s are constants and sum runs over all picked é,,’s. 

Let us apply 21, where 7 > 0, to both parts of (2.5.5) and make use of 
the fact that C,,; > 0 for s < r [see (2.5.4)]. For y = rmax — 89 we deduce 
from (2.5.5) a linear relation between elements of the form é,,,.. Since 
the latter ones are linearly independent, the corresponding values of a’s 
should be zero. Setting ^ = rmax — 80 — 1, etc., we get that all a’s are zero. 
Now suppose that elements of (é) are linearly dependent. Then so must 
be elements of the form é,, for some зо since polynomials corresponding 
to different eigenvalues are linearly independent; but independence of é,,’s 
was just established. Theorem 2.5.1 is proved. 

Denote by Ty—1 the linear space of the first order operators that map Pp 
into Py_i, and define the operator DY = [Хо,У] = XoY — Y Xp in Tn-1 
(which is manifestly nilpotent). 


Theorem 2.5.3 In Тм_1, there is a Jordan basis with respect to О con- 
sisting of a series Ym, Ym-1, ..., Ут, Y-m, where РУз = Ув, 
РУ п = 0, and such that for all series Уз + t®Y,, where з = т,...,—т, 
under the transformation (2.5.1). 


Such a basis in Ty—, will be called normal. 


PROOF 


We carry out the direct construction of the normal basis. Let Pe) C Po 
be a subspace spanned by the fixed chain ex, ..., e-%; Pe | C Py-1 the 


subspace spanned by the fixed chain é,,..., 6_,; and let Tye) С Тм-! be 
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the subspace of operators Y‘¢®) which map pie) into PY). Assign to the 


operator 
eé 4 
у Je, = у` @зрёр, 
P 
where азр = const, the bilinear form 


wie) = У `(-1)*а.ре»ё,, 
$,Р 


where e, and ёр are considered formally as independent variables. This is 
a one-to-one correspondence. Then to the operator 


Dye, = У (ар — Ms-1,p)€p, 
p 
where @_,%~-1,p = 4s,r41 = 0, corresponds the form 
Xow?) = YO(-D "(e941 — Gs_1,p)€—sEp- 
3,p 
In the space of bilinear forms we will construct the Jordan basis with re- 


(eé) 


spect to Хо. Generating elements иж’ may be found from the condition 
Z,w{<?) = 0, where 


whe?) = У (-1)*5, (те вёл» for т 2 0. 


We have 
2428 = `(-1)*{(Е + 8)(k — 8+1, (т) 


8 


—(r—-m—s+1)(r+m+ 8)bs_1(m) }esy1é€mts = 0. 


Nontrivial solutions b,(m) of this equation exist only for |r—k| < т <r+k, 
where —k < 3 < г- т, and up to a constant multiple are equal to 


_ (r+m+s)i(k— 3)! 


bs(m) = (r—m-—s)\(k+s)! (2.5.6) 
This is a special case of the well-known Clebsch-Gordan formulas. 
“Diagonal” operators corresponding to weer) 
У е, = be(M)éstm, (2.5.7) 


are generating elements of а Jordan basis in sash with respect to D. [It is 
not difficult to notice that up to a multiple and reindexing of basic elements 
operators 29 for М =1 are “diagonal” operators of the minimal height 
yas (a) mentioned in (1.1.2).] It is easy to verify that this basis is normal 


if the basis (é) is normal. Theorem 2.5.3 is proved. 
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Remark 2.5.4 Coefficients (2.5.6) are positive. 


Remark 2.5.5 As is easy to verify, Хо +> t71.Xo under the transformation 
(2.5.1). If we consider Хо + АУз, where Yg is an element of a normal basis 
in Ty—1, then for t = A~1/1+5, where S #4 —1, we have 


Хо + AYs H AV1+5(Xy + Yo). 


Theorems 2.5.1 and 2.5.3 enable us to generalize the shearing transfor- 
mation to the case of nonlinear perturbations. 

Now let the leading operator Хо be a Jordan nilpotent operator and co- 
efficients of X, in the basic system of Xo be polynomials in basic variables. 

We want to give a definition of a canonical form with respect to Xo of 
an operator Хо + ¢X1 +=2Х. + .... This is equivalent to the following: let 
us consider an operator 


М; = (Xo, SjJ+ УФ), (2.5.8) 
where У(7 is given and 


У РС У` Ри. 


1<т<М 


It is always possible to choose 5; in such a way that М; is а linear 
combination of just-constructed generating elements from (2.5.7). 

Any sum of M,’s which are such linear combinations will be referred to 
as canonical. 


Remark 2.5.6 The height of Уж in (2.5.8) is w= 2m +1. 
Thus, the operator X = Xp + €X1 + e?X2+--: is equivalent to 
М =e~5Xe5 = Xo + eM, + =?М. 


and may be reduced (in any order), under the above conditions, to the 
canonical form (for each M;). 

In М, fix а summand Хо + ДУж, where A = ¢*, and in У» choose one of 
the canonical summands of M,. After applying the transformation (2.5.1) 
with 

f= ДИТ = ДАЛЬ = 5-1 (2.5.9) 


let us express M in the form M = 6M. Generally speaking, the decom- 
position of М with respect to powers of Е might contain negative powers. 
Evidently, the summand AY,, may be chosen so that negative powers van- 
ish. Such a choice of AYm will be referred to as the standard one. The 
summands in М with zero power of Е are not exhausted in the general 
case Бу Хо + Уж (see Remark 2.5.3). All summands in М corresponding 
to the zeroth power of ¢ may be interpreted as the new leading operator 
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(up to the multiple 6). The transformation (2.5.1), (2.5.9) corresponding to 
the standard choice of the summand AY,,, is a generalization of the shear- 
ing transformation (1.5.2). Let us emphasize that the canonical form and 
the shearing transformation are defined only by algebraic properties of the 
system. 


Remark 2.5.7 As in section 1.5, the parameter 6 = A?/!+# will be called 
the “weight” of AY,,, where т = и-1/2 (see Remark 2.5.4). The standard 
choice of ДУ, is then the choice of the summand of highest “weight.” 


Remark 2.5.8 One of the special features of the nonlinear case (N > 1) 
as compared with the linear one (N = 1) is that the number of summands 
of the given (in particular, maximal) weight might be infinite. In Chapter 3 
we give a (formal) example of such a case. 


Remark 2.5.9 It seems impossible to generalize the theorem on termi- 
nation of the reconstruction procedure (Theorem 1.5.1) to the nonlinear 
case. 


Now let us discuss previous results, keeping applications in mind. In 
the considered case (Хо is nilpotent, perturbations are polynomial) the 
perturbation theory problem is formally solved from the very beginning 
since X; are bounded in height; we try to gain more. So we choose the new 
leading operator with the help of the generalized shearing transformation 
and study if it is possible to fulfill again the perturbation procedure (with 
respect to the new leading operator). The procedure indicated here provides 
us with a regular method of choosing a new leading operator. Further, it 
is clear that its practical application is connected, generally speaking, with 
cumbersome computations which can often be avoided in a roundabout 
way. Let us consider a simple example. Let Х = Xp + ¢(Ym + У»), where 
Хо is nilpotent. Уж is a generating element of a normal basis, У.” is not 
a generating element of the normal basis, and $ > т. Clearly, we will 
single out a new leading operator by (2.5.1) with t = e~1/1+# (see Remark 
2.5.3) corresponding to the inclusion of Y;* into the new leading operator. 
If we act formally, we must first find 51 so that М: = Уж, 1е., Y;* is 
“killed.” Now the term with =? pops up and we must expand it with respect 
to the normal basis, etc. “Traces” of Y,* will appear in all orders with 
respect to powers of = and it is intuitively clear that the highest “weight” 
6 of canonical operators will nevertheless turn out to be =1/1+# since the 
commuting increases the degree and the height of polynomials-coefficients. 
(Strictly speaking, the equivalence of the two procedures is not established. 
We may even guess that canonization procedure in order to distinguish the 
operator of the maximal weight might lead to an infinite process; cf. Remark 
2.5.6). 

Experience in solving problems shows that for a nilpotent leading opera- 
tor (and not necessarily polynomial perturbation) it is often comparatively 
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simple to find the highest “weight” of summands of the perturbation. When 
we know 6, it is advisable to make use of the shearing transformation (2.5.1) 
with t = 6—} and take (X6~*)|-<o for the new leading operator. In this way 
we avoid the reduction to the canonical form. This unjustified trick is often 
successful and its application will be illustrated below. 

In the case of an arbitrary Хо the following consideration turns out to 
be helpful. The weight of AY, where A is a small parameter and Y is an 
operator of height pz with respect to Хо, is 6 = A?/1+# [as above, cf. (2.5.5)]. 
Let X = Хо+=Х! +. . . be reducible to the normal form М = Xp+eM+-:- 
where М} = 0 and р; are minimal (51 is chosen for 1 to be minimal, 
then 52 is chosen for м2 to be minimal, etc.). Let us collect in М — Хо 
all summands of the highest “weight” and denote them by М*. If now we 
succeed in reducing Хо + М* to the normal form (up to small summands) 
then we suggest taking its principal part for the new leading operator. Thus 
we assume, as in the case of a nilpotent operator, that only operators of 
the highest weight might affect the new leading operator. 


Remark 2.5.10 Trivial example: in the algebraic case of a diagonal Xo 
(Chapter 1) we have М" = 0; i.e., the height р; of М; is 1. Therefore the 
“weight” of Е? М; is 

6 = (ef )P/1 44s = = 


and eM, is a highest weight operator. The new leading operator 18 Хо + 
ЕМ\. 


In conclusion note that we were speaking of reconstruction (choosing 
of the new leading operator) in the comparatively simple case where Xo 
is not qualified as the leading operator in the sense that a solution of 
the perturbation theory (M (4) = 0) does not produce, for some reasons, 
sufficient progress in the study of X. Still more difficult to handle are 
cases when there exist in D singular manifolds (cf. Remark 2.4.2) which 
preclude us from constructing S on the whole of D, They will be considered 
separately in Chapter 5, where reconstruction is understood in a broader 
sense than here. 


2.6- A Connection with N. N. Bogolyubov’s Ideas 


Let us rewrite (2.1.4) and (2.1.8) once more in the following form: from 
F(a'(t,2)) = e'* F(z) it follows that 


F(e~S(e°(a'(t,e~S2)))) = e Se eS F(e*z2) (2.6.1) 
or, assuming 


е-5Хез =М, Е(е-5т) = С(т), x*(t,2) =e5zr'(t,e75r), (2.6.2) 
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where in the last formula e* is applied to 2’ (i.e., x’ is considered as inde- 
pendent), it follows that 


G(2"*(t,2)) = eG(2). (2.6.3) 


The last formula means that if x'(t,x) satisfies a system of differential 
equations defined by X, then 2x*(t,x) satisfies the system of differential 
equations defined by M. 

Now let us consider, for simplicity’s sake, the case when there is a basic 
system of invariants and eigenfunctions 


Xoei = 0, Хофк = Лк(е)фк, 
where i = 1,...,p,k=1,...,q, and М is of the form 


Ме; = emio(e) + €?mi(e) +... = mi(e), 
Мфеь = (№(е) + ЕЛьл(е) + €7Ax,2(€) + - +) GR = Лк(е)фь. 


Take е and ф as independent variables. Then we may write equations for е 
and ф corresponding to X in the form 


a @фь 


. “dt = Ar (EG, + cAgi(e’, yg’) + =? Ano (e’, yg’) ety 
de! (2.6.4) 
oa =еВи(е’, р’) +e? Bile.y’) ++. 
Besides, (2.6.2) implies that 
фь = Pe +ЕРы (е*, р") +7 Pho(e", p*) + --., (2.6.5) 
ef = ef + Он (е*, yp”) + £7 Qin(e*,y") +... 
and 
a IP} ack! * * 2 * * 
oS (Ax (e*) + ЕЛь1(е*) + €°Ak,2(€*) +++), 
(2.6.6) 


а de} * 2 * 
Е = emio(e") + =“ти1(е”) +.... 
Now we may pose the following problem: find functions Pxy, Qin, Ави, Тани 
so that (2.6.4) and (2.6.5) will imply that y* and е* satisfy (2.6.6). This is 
just Bogolyubov’s formulation of the problem. Note that if we do not know 
beforehand invariants and eigenfunctions of Xo or lack the corresponding 
algebraic formulation, then it is difficult to say in which form the desired 
canonical equations (2.6.6) should appear. 


Remark 2.6.1 There exists an ambiguity in the choice of A, M, P, and 
©. It completely matches the already encountered ambiguity of 5; and 
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additions to eigenvalues Ль1, Ax,2, .... Note also that, as in the search 
for S;, both the time interval and the domain are defined by the problem 
considered and play an important role. The change of variable performed 
in one domain D may turn out to be inapplicable in a wider domain D’ 
and since for a sufficiently large time a trajectory may leave D and come 
to О’, the ambiguity depends also on the time interval. 


2.7 The Motion Near the Stationary Manifold. 
Reduction of Information 


Consider the system 


ca = ao() + =а1(1) + .*., (2.7.1) 
where Х is a vector and а а vector function, and let the solution оЁао(х) = 0 
be 25(с), depending on р arbitrary constants с1,...,Ср. Suppose that the 
p-dimensional manifold D, = 20(с) which arises when с = (c,..., cp) runs 
over a p-dimensional domain D’ is such that it is possible to seek a solution 
in the form 

r= Eo(c) + Е?! (В) +... (2.7.2) 


when initial values of (2.7.1) belong to an n—dimensional domain ДР» за 

ficiently close to D,. Here we suppose that c = c(t) is a vector function in 

$, vectors %;(t) are bounded as $ — со, and the series (2.7.2) is an asymp- 

totic one in =. This section is devoted to the exposition of two principally 

different methods of defining c(t) and Z;(t) under the following condition: 
Condition. The matrix 


for c € D’ has exactly р linearly independent vectors 7;(c), where i = 
1,...,p, such that Ay; = 0 [and п — р linearly independent vectors 4, (с), 
where j = p+1,...,n, such that Ay; = 2, (с)4;] and Вел, (с) <a < 0. 


Remark 2.7.1 If D, were one point, Zo, then we would have the problem 
of motion in a neighborhood of the stationary point. The requirement of 
negativeness of real parts of eigenvalues of A would turn out to be the Lya- 
punov stability condition. In our case (р 72 0) the condition on eigenvalues 
should guarantee formally that the point will not leave the vicinity of Dp. 


Method A. First notice that since ao9(Zo(c)) = 0, then 


8ao(Zo) Fo _ _ 
8% дес, _ 0, where s = 1,...,p. (2.7.3) 
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Since vectors OZ o/Oc, should be linearly independent, then the condition 
implies that in what follows we may assume 
_ 0 
— де.’ 


Ws (2.7.4) 
where $ = 1,...,p. Now let us substitute (2.7.2) into (2.7.1), expand every- 


thing with respect to powers of = and compare the expressions obtained. 
We will have 


dt igre dt 0%o 
451 = дао Ps = (2.7.5) 
dt = бо? + 


where by = а1 (Zo) is known if Zp is known, 62 is expressed in terms of Zo 
and 21, etc. Since, by assumption, с. is a function in t, the first equation 
gives 


SS vee — bi (20) = Аа. (2.7.6) 


Let из denote by $. such р vectors s = 1,...,p, that А*ф. = 0, where 
А* is the transpose of A, and assume for the sake of definiteness that 


(va, 4в) = бав. Then (2.7.6) yields 


Se = (bs(0(0))s¥o) (2.7.7) 


If the c,’s are defined from (2.7.7), then the left-hand side of (2.7.6) is 
known and orthogonal to all ws for s = 1,...,p. Therefore, (2.7.6) makes 
it possible to define the vector Z(t) in the form 


21() =й+ So revs, (2.7.8) 


1<s<p 


where 91 is uniquely defined by the condition (J1, Ws) =0fors=1,...,p 
and г. are unknown functions in t. Substituting now 21(1) in the second 
equation in (2.7.5) we get 


dy dr. dy, dao. > 
dt + i, dt Ws +r dt — Это 2 + be. (2.7.9) 


That be is a known function in г, and ¢ makes it possible to repeat the 
process which gave us (2.7.7) and to get differential equations which define 
r,. Finding г, we define 22 from (2.7.9) in a form similar to that of 1; from 
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(2.7.8). Iterating the process, we get the formal asymptotic development of 
a solution in the form 


a(t) = xo(c(t)) + efi +=? +--+ у` (Ето 4 er) +...)ф,, (2.7.10) 
1<s<p 


where у = ef + =2у2 +... is orthogonal to qy,... ‚Фр. 

Now notice that the real parts of nonzero eigenvalues of A are negative 
and y belongs to the subspace spanned by the corresponding eigenvectors. 
Therefore we should expect that after a sufficiently large period of time 
(which in the scale that is of interest to the observer who solves the problem 
might be quite small) the vector y will turn infinitesimally small. In this 
connection it is desirable to investigate the problem in order to better study 
the role of the nonzero eigenvalues of A. Besides, as we have already seen, 
the solution in the form of the formal decomposition with respect to powers 
of ¢ usually exists in a very narrow domain of parameters. All these remarks 
justify the application of our standard method to this problem. 

Method B. Let us seek X in the form 


2 = 50(6) += SY. res, (2.7.11) 
p+1<s<n 
where с1,...,Ср and г, are desired functions in t and =. [We may always 


assume that X is normed so that in the representation 


х = 20(с) +Е У. Таз 


1<3<п 


we may “kill” the first р summands >, <s<p "ss, replacing с; by с; + ed; .] 
Substitute (2.7.11) into (2.7.1). Let us develop а; (2) with respect to powers 
of = and express the results as linear combinations of ~,. Comparison of 
coefficients of linearly independent vectors w,, where и = 1,...,n, gives 
equations for dce;/dt and dr,/dt in the form of power series in =. We get the 
following system of equations (from the very beginning we may seek the 
right-hand sides of 4с; /dt and dr,/dt in the suggested form) 


et =ebi(c) +e*di(c,r) +--+  wherei=1,...,p, (2.7.12) 
ot = Ат +, (с) + 4 (с, г) +: oy where s= pt 1, wee Ny (2.7.12') 


where right-hand sides are known and are polynomials in г. То the system 
(2.7.12) corresponds the operator Х = Xo + €X, +---, where 


Хо = У (Аьт, + bi) 
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Invariants and eigenfunctions of Хо are с;, where i = 1,...,p, and y, = 
г. + b,(c)/As(c), where s = p+1,...,n, respectively. Therefore, following 
the Bogolyubov scheme, we may search for a solution of the form 


с; = cf +eqia(p*,c") + e2g +i, 2(y",c") + ..., (2.7.13) 


Ys = фр" +epsi(p",c*) +E Deal" с*) + ..., (2.7.13') 


where c*, y* is а solution of the system 


dys 


dt = (As(c*) + EQs,1(C*) +. ‘jy, (2.7.14) 
dc} r ы Г 
в = Pile ) + Еть1(с*) + .... (2.7.14) 


Now it is clear that Юг t >> Е the functions ф* are exponentially small 
since ReA, < а < 0 and they can be dropped; after that only Equa- 
tion (2.7.14’) for c* and (2.7.13) will remain. But (2.7.13) gives y, = 
Eps,1(0,c*) + Е?р.,2(0, с*) +--+ if we drop ф*. Inverting (2.7.13) we obtain, 
on the other hand, equations of the form 


cp =e; +241 (с*) +2412 (с") + ---; 


hence г, is a function in C. Consequently, we see that for # >> Е all quantities 
are expressed only in terms of p parameters c which satisfy a system of 
differential equations. This produces a method of Reduction of Information. 
For t > Е it is possible to seek a solution of (2.7.1) in the form + = 


Eo(c) + €%1(c) + e*Z2(c) + ---, where с; satisfies 
ас; Рив, з 
в = bile) + ти (6) ++: and (2;,4;)=0 fori = 1,2,...,р 


This method was developed in a series of papers by М. М. Bogolyubov 
and other authors. We illustrated it for the case of ordinary differential 
equations only to avoid formal complications. The reader acquainted, for 
instance, with the deduction of hydrodynamical Euler and Navier-Stokes 
equations from the Boltzmann equation will easily recognize in our Method 
A the Hilbert method and in the reduction of information method that of 
Chapman-—Enskog. 

Let us look once more at the computation procedure. Substituting х = 
2(с) + e£(c) +... into (2.7.1) we get 


Oto 4+ + =2 От dey 
‘де, ‘dt Oc; dt 


сео) 
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where 61 is known if Zo is known, 65 is known if Zp) and 21 are known, etc. 
Taking the desired equations for c in the form 


dc; 
=m? + т +... 
and substituting them into the above equality we get 
Ото (0) дао _ до т) = Oz) m даб _ 
= — bi, bo | +-— 22, 
де" BEIT 9," ре ТА 


Recall that 0%o/Oc; = yi, then то = (61, i), which uniquely defines #1. 
Now we can analogously define mh ) and 22,..., etc. Since this problem 
is important, we will formulate it in a more general form, not restricting 
ourselves to ordinary differential equations. 
Let us consider the equation 
Ou д 
+A | =T(u) += Т (и. (2.7.15) 

Ot Ox 
Here u(t,x,y) is a vector function which depends on $, on the vector of 
variables X, and the vector of parameters у, and То and J) are nonlin- 
ear operators. The matrix A depends on X and у. Conditions on 7p are 
formulated below. First suppose that the general solution of 


Ть(и) =0 (2.7.16) 


is of the form @ = @(т,у;с1,..., ср), where с; are arbitrary constants. Let 
us see how to extend the reduction of information method to this case. Let 
us seek и in the form 


и = @(т, у; с) + eu, (2.7.17) 
where с; is a function in X and #. Substituting in (2.7.15) we have 
ди дс. ди да Ac, _ _ (6To(%) _ 
‘(ie at +4( + с, x) я e( ri eae od adi 


The first equation (to which we will restrict ourselves) is 


ди дс. ди дидс,\ _ T(t) _ 
де, Ot A (> де, 5: = ee Ui + T, (®). (2.7.18) 
Note that 515 (а) d 
ou _ @т = 
su qe lola + еш) ia 0. 


Now suppose that 


(a) 70 is a nonlinear operator which depends on X as оп a parameter 
and acts on the function f(z, у) as on the function in у only [e.g., 
To(u) = f k(x, у, z)u? (т, z) dz). 
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(b) There are exactly р linearly independent functions w(x, y,c) such 
that By; = 0 fori = 1,...,p, where В = 679(%)/6% (of course, В 
acts in the space of functions that only depend on y). 


(©) There exist only р functions #;(2, у, с) such that B*y; = 0 and the 
equation Bf = д is solvable if and only if (9, 4:) = 0 fori =1,...,p. 
(We do not define here the scalar product, assuming that in a concrete 
problem it naturally arises, but it has to be independent of y.) 


It is clear now that when these conditions are satisfied, we may repeat 
what has been said above. Instead of 4. we may take ди/дс., where в = 
1,...,p. It follows from (2.7.18) that 


ad 5 4 PA a 
a + (dng x) + (5.4 и =) = (4., T1(%)) fors=1,...,p. 


(2.7.19) 

[We suppose that (di, Wj) = 6;;.] We have obtained a differential equation 

for cs. When we know сз, we may determine @ uniquely from (2.7.18) if 

(%s,t%1) = 0 for s = 1,...,p. The process can be evidently iterated ad 

infinitum. As above, it is easy to modify this method and seek a solution 
of the form 

и=@(с) + =й1 (с) + ..-, (2.7.20) 


where с satisfies 


д 

= + Mo,s(c с) +ЕМ\,з(с) +. = 0. 
Here М; ›(с) are operators over с depending on X and ($,,1;) = 0. This 
is the reduction of information method. 


Remark 2.7.2 The case of ordinary differential equations considered above 
shows that it is necessary to require additionally that all points of the spec- 
trum of 670(&) /6(@) except zero would belong to the region Вел < a < 0. 
If only Re A < 0 is satisfied the usefulness of the resulting equations is 
doubtful and it is impossible, generally speaking, to seek a solution of the 
form (2.7.20). In the sequel several problems of the kind will be discussed. 


2.8 Hamiltonian Systems 


If the considered system is Hamiltonian, i.e., of the form 


› Е. ыы (2.8.1) 
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where у and m are canonically conjugate and the Hamiltonian is H = 
ho + chy +--+, then the corresponding operator is X = Хо + eX, + ..., 


eee dh; Of Oh; OF 
=> (быв - бин) 


or, in the notations used in mechanics, X;f = {hi, f}, where 


_ (of 99 _ Of Og 
(а of ot | 


is the Poisson bracket of f and g. 

In the reduction of e~5 Xe = X’ to normal form it is natural to remain 
in the class of Hamiltonian systems, 1.е., apply only canonical transforma- 
tions. This technique is well known. Let us write the Jacobi identity in the 
form 


{H, {G, F}} — {G, {H, F}} = ({H, G}, F}. (2.8.2) 


The operator of the Hamiltonian system with Hamiltonian H, which we 
will denote by Hp, is given by 


H,F = {H, F}. (2.8.3) 
Due to (2.8.3), the Jacobi identity (2.8.2) can be rewritten in the form 
Нр(СьЕ) — Gp(HpF) = {H, G}>F 


or 


[Hp, Gp] = {H, G}p; (2.8.4) 


1.е., the commutator of two Hamiltonian operators is a Hamiltonian oper- 
ator. But then if we assume that 5 is a Hamiltonian operator, ie., S = S,, 
we get, due to (2.8.3) and (2.8.4), 


1 
eS? Hye*? = Hy + [Hp, Sp] + > [НЬ, Sp], Sp) + °° 


= Hy + {H, Shp + 5H, 5}, Sp +> 
= {eS H},,. (2.8.5) 
Thus the system remains Hamiltonian and the new Hamiltonian is 
H’ = {e~5? H}. (2.8.6) 


Now consider the problem of reducing (ho + €h1)p to normal form. We will 
deal with the simplest case when €1,...,€p; Y1,---,q, where p+ 4 = п, 
constitute a basic system of invariants and eigenfunctions with respect to 
(ho)p respectively: 


(ho)pei = {ho,es} = 0, (ho)pyy = {ho oy} =АЖедфх ЛКе) я Хк(е) 
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for j # К. The Jacobi identity implies (ho)p{€a, pa} = {(ho)pea, ya} + 
{éa, (№)рфв} or 
(ho)p{ea, pat = Ав{еа, фа}. (2.8.7) 


Now let us show that to reduce (ho + ЕЙ )р to normal form it suffices to 
find S so that 
H! = e7%?(ho +ehy) = ю+ЕМ(Е) + .... (2.8.8) 


We must show that {Н’, ео} is invariant and {H’, ра} corresponds to Ав. 
But 


{H’,€a} = {ho, ea} + ={М(е), ea} + --. 
OM 
= © 2 де, {ва} +s 
{H’, yp} = {ho, ya} + e{M(e), фв} ees 
OM 
= МА >, {en va} +... 


These equations show the validity of our assertion. Thus it remains only 
to verify the possibility of defining S in order to satisfy (2.8.8). As always, 
we will consider only the equation {№,5} + № = M(e). But if hy = 
y(e) + ¥575(e)Ps, then for 


we will have {ho, S} + hi = 7(e). 


Remark 2.8.1 Variables e and » are not, generally speaking, canonically 
conjugate. 


Remark 2.8.2 As P. Dirac has shown, the system dx; /dt = a;(x) may be 
reduced to a Hamiltonian one if we double the number of variables. In fact, 


put 
H= > ai(z)yi 
1<:<п 

and let у; be the canonical conjugate of 2;. Then the Hamiltonian system 
is 

dx; = = OH dy; ot = OH 

dt _ ale) = ду: ’ dt ^ ae) = дх;. 
Such a reduction enables one to make computations in a uniform way. 
Consider, as before, the simple case of an operator 


OF 
Xo+eXi= Yo (еде, > 


1<9S¢ $; 
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+ Dd че.) + Без ; 


1<:<р &% l<j<q 


where e;, for i = 1,...,p, are invariants of Хо. Let us assign to invariants e; 
the canonically conjugate variables у; and to eigenfunctions y; the variables 
2. Then 


H=H+eH, = У. А е)фу2; +Е У. ау: + > b;2; |. (2.8.9) 


1<i<q 1<i<p 1<k<q 


The operator (Ho)pF is 


д 
(Ho)pF = {НЕ} = D7 Aj( о 
er 
; и - Ум 255, (2.8.10) 
1<8<р9<1<4 Уз 1<j<q 


It is clear from (2.8.10) that 


(Ho) pea = 0, 

(Но)рфв = Авфв, 

(Но)рав = oe (2.8.11) 
(Ho)p¥a = — о re 


fa 1<j<q 


ie., invariants of (Но)р are ео, eigenfunctions are yg, and zg and yq’s 
correspond to zero since the ф;2;’5 do. It is not difficult to see that the 


procedure of constructing Н’= Но-+ ЕН! +... = e~5?H produces Hj in 
the form 
Hy = >, ule, p)yi + у. г(е, p)z;, (2.8.12) 
1siSp 1<j<q 


where the u,(e, y)’s correspond to zero and г;(е,ф;) corresponds to Aj. 
It is necessary to have in mind, though, that the Dirac theorem does not 
eliminate the problem of finding eigenfunctions and invariants of Xo. 


3 


Examples 


We will begin with the now classical example of motion of the pendulum 
of variable length. This examples illustrates the simplest and at the same 
time the most essential methods of computation. 


3.1 Example: The Pendulum of Variable Length 


We consider a mathematical pendulum whose length slowly varies under 
a sufficiently smooth law ¢ = (et), where Е is a small parameter. It is 
intuitively clear that for a period of time of order 1 we will observe with 
accuracy of order 1 harmonic oscillations with frequency w = \/9/ё and 
total energy 

Е = 1142 (4? + wa’) 
(here sin а = a) which defines the amplitude of the motion. The dependence 
of E on w, which for large periods of time (~ 1/=) changes by a finite value, 
is of the main interest. Let us write the equation of motion. The kinetic 
energy of the pendulum is 

ae ery oe 

Т = 5mv* = 

The work of the external force over a virtual displacement permitted by 
constraints is 6A = mgé(€cosa) = —mgfsinaédd. The generalized force is 
Qa = —mglsina = —mgéla. Substituting T,Q. into the Lagrange equa- 
tions 


FIGURE 3.1. 
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а (т) O_o 
да да ** 
and dividing by mé? we get 
ee er 
A+ 25a + Go = 0 (3.1.1) 


Introduce и) instead of and write the law of dependence of @ on Е in the 
form 


сы = ewh(w), (3.1.2) 


where h(w) is a sufficiently smooth function. (The convenience of such a 
representation will soon be clear.) Then (3.1.1) will take the form & — 
4eh(w)a + w?a = 0. Putting & = 2, we get 


da dQ. 2 dw 
— = —=- 0, — =ewh(w). ade 
т ной wa + 4eh(w)Q, р ==“ (w) (3.1.3) 
Remark 3.1.1 The adding of (3.1.2) should not be considered as a specific 
trick; since w depends on ¢ [recall that и = w(et)], the system of the first 
two equations is nonautonomous. We could pass to an autonomous system 
adding d7/dt = Е so that т = et, w = w(T). Here w is more convenient than 
т. 


Thus we have obtained the system (3.1.3) in the standard form, for which 


=. a ar + eh(w) {40g + ug} : 
In this example we will restrict ourselves to the first approximation of 
perturbation theory, computing М: and 51 and showing three methods of 
solution; each of them in its own way illustrates the method proposed in 
this book. 

(1) The operator 


Х = Xo + eX, = 


8 2. O 
Xo = 5, —-W 5) 
possesses an evident invariant w and hence is quasilinear. Therefore its 
eigenfunctions are easy to find: ф = Q+iwa, ф = О — ша, where i? = —1, 
Л= iw, А = —iw. Variables w, ф, constitute a basic system in which Хо 
is of the canonical diagonal form 
Хо = wea - д. (3.1.4) 


In these variables Х\ is given Бу 


х, = hw) { (3 5+5 *) 5+ + (30459) 55 +55 |. (3.1.5) 
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Its coefficients are already expanded into a “series” of eigenfunctions and 
we may pass to the construction of М! and 51. Let us find Myw and Sjw. 
We have 


Мио = [XoSi]w + Xw = Xo(Siw) + wh(w). 


The function M,w should correspond to zero. Since wh(w) corresponds to 
zero, we may put Siw = 0, hence 


Mw = wh(w). (3.1.6) 
Remark 3.1.2 The choice Siw = 0 is convenient for two reasons: (1) in 
the following calculations the eigenvalue behaves like a constant; (2) the 
variable w, in which we are interested in this problem, remains unchanged. 
By (3.1.4)-(3.1.6), 

Е 5 3 ~ 

Xp = [Хоб ф + Хиф = Хо(51ф) — wip + ghlw)e + gh)¢. 
The function Муф should correspond to iw. Setting бр = A(w)¢@, we get 

3 eres 
мур = (ша) + увы) 9+ Зы) 


and choose A(w) so that the coefficient of ф vanishes: 


3t h(w 
=. 
‘Thus ЗЕ hw) Е 
thiw 
АЗЫ ый 
Sip =-F—B, Map = мые 
Replacing $ by —i, we get 
383i h(w 5 _ 
sg = 2M, MG = „Що 


Thus 


7 5.9 5.0. д _ 3ih(w) 9 д 
м = о (30> + 5 +6 ет" (- 295 +955). 


The system of equations of the first approximation, i.e., the ordinary system 
corresponding to Хо + eM, is 


“ = (i + зем) Ys г. = (-iw + 3eh(u) ф, “ = ewh(w). 
(3.1.7) 
It describes the motion of the pendulum up to a quantity of order Е during 
the time period 0 < ¢ $ 1/e and is easy to integrate. The right-hand sides 
of this system in the first two equations differ from exact values of фр and ф 
by values of order ¢?, and the third equation is exact. Starting from these 
facts it is easy to prove the validity of the above estimate. 


50 3. Examples 


Remark 3.1.3 Recall that old and new variables are denoted by the same 
signs. In this example we restrict ourselves to the accuracy 0(=); 1.е., we do 
not take into account summands of order =, and therefore there is no need 
to distinguish between old and new variables. 


The system (3.1.7) implies in particular that 


Ge oe 
а. = Ph 


1е., G/w> = const. Since фф = N? + wa? = a? + wa’, then yP/w4 
proportional to Е at the time $. We thus have the well-known fact that 
energy is proportional to the frequency: Е / = constant (this constant is 
called an adiabatic invariant). 

(2) We might have constructed М! and S; by making use of the commu- 
tation relation since all conditions of Theorem 2.4.7 are satisfied. Namely, 
computing subsequently X{ = [ХоХ1 |, Х!,,..., we have 


pe Oy a, 8: 
ху вы) {- 415. 2 "арт, 


д д 
Woo 2 м ee 
XI! = bw hw) {ae ag}, 


д д 
т 2 2 
Ху = 12u*h(w) 5 +w ans} р 


a д 
Уи 4 
Xj = —24w*h(w) {аа - ax}. 


The commutation relation is 
4? Xi + XV =0. (3.1.8) 


Now set Sy = (1/4w?)X{ so that М! = X1+(1/4w?)X{!. Then М! = 0 by 
(3.1.8). It is not difficult to verify that the result for M, coincides with the 
above, and that for 51 differs by —(h(w)/4w*)Xo, which is not surprising 
since S is defined up to a summand permutable with Xo. 

(3) Sometimes the following trick might be useful. Consider again the 


system 


dx 
ЕЛЬ 


for which Хо is diagonal. (The generalization to the Jordan case is trivial.) 
If we introduce the additional variable т via the equation e*(dr/dt) = 1, 
then the leading operator Хо will turn into Хо = Хо + (0/87) and the 
other operators will remain unchanged. Then Xo, which now depends on 
n+ 1 variables, has п invariants of the form g = фе-^". If we pass to 
variables g and т, then Хо takes the form Хо = д/дт. This operator 
possesses eigenfunctions of the form expw(g)r, functions corresponding 
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to zero of the form т”, and, more generally, functions corresponding to 
eigenvalues of the form P(r)expw(g)r, where Р(т) is a polynomial whose 
coefficients are functions of invariants g. If the coefficients of operators 
X;, where i = 1,2,..., are developed into series with respect to functions 
of the mentioned form, then we choose S to annihilate all summands of 
coefficients of M that do not correspond to zero (it should go without 
saying that the requirement of absence of resonances is sustained). In our 
example, invariants of Xo are w, 9 = ye, and д = ge”. Operators Xo 
and Х! in variables w, 9, and д are of the fori 


— д 5 3 ет q 9. 
Х! = Е + (Go+ 99 - от) Bg 
+ oe + 3 eT + д a 
597 99 97 ) AG 


де 247 д _ З9е? т д. 
4iw Og 4iw 09 


Setting 


= h(w) { 


we get 


д 5 : д Den i Me д 
М! = Ко) Е + (Go- iwar ) 59 + (5a + вы") я}. 


These operators are the same that were found in (1). The reader acquainted 
with the Bogolyubov—Krylov averaging method will easily recognize both 
this and the first methods as its direct generalization. 

The following well-known problem differs greatly from the previous one 
both in formulation and in properties of its solution. 


3.2 Example: A Second Order Linear Equation 


Let us consider the equation 
ey” + а(х)у’ +b(x)y=0, y(0)=a, y(1)=8, (3.2.1) 


where a(x) and 6(x) are smooth functions defined in [0,1]. Suppose that 
a(x) does not vanish and that = > 0. Put cy’ = z and adding e(dx/dt) = z 
let us pass from (3.2.1) to the autonomous system 


4х ау 42 _ 
em =, та —a(x)z — eb(x)y. 


The operator X for this system is 


д д д д 
Х =Х+Е)Х, = Бу - (т) 25. + (5 - ew) . 
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Invariants of Хо are x and w = 2 + a(x)y; its eigenfunction corresponding 


to Л = —a(zx) is z. In the basic system х, м, 2, the operator X is of the 
form 
д 9 а- 9 6b д 
Х =Х-+ЕХ,! =- я + [55+ рн wg}, 
(3.2.2) 


where for brevity’s sake a = a(x), 6 = b(x), а’ = да/ах. Operators of the 
first approximation are easy to find: 


Oz" (3.2.3) 


#— и —. 
a? Boo Oz 


Computations of the following approximations are similar in principle. We 
will find М2 to give the reader an idea of the volume and the technique of 
computation. It is convenient to express Мо in the form M2 = [Хо, 52] + 
(М, + X1), $1] [see (1.2.3’)]. Now, due to (3.2.2) and (3.2.3), 


В рае 


(м, + X1)$1) = (Su + fz) >: о @ = eo.) = 


where f and д are expressed in terms of а, 6, a’, b’, and a”. Then 


_ (@- дд 
Е a3 “aa Oz)? 


The system corresponding to М = Xo + eM, + Е? M2 + 0(Е3) is 


_d _ 

dt _ 
i 7 _ 

du a on + =? (а и, + 0(=3), 


42 _ 6—4 ab a 3 
Е az +e Ae | dam Le a3 + 0(=°) 


or 


Ww 
a 
dz _ (-2 +o a) 2+0(c), (3.2.4) 
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For definiteness’ sake we will assume that a(x) > 0 on [0, 1]. Set 
Ея 
nz) = || «Фа 


me) = [о 
a b(¢))b 
nia) = f° “Комо 


and express the solution of (3.2.4) in the form 


w* = Aa(x)e~7)(1 + T(x) + (=), 


d¢ 
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(3.2.5) 


2* = Be~M(®)/€eTo(®) (1 — eT,(x)) + O(e?), 


where A and B are constants. Note that due to the presence of a small 
parameter = in coefficients of derivatives of the initial system we lose accu- 
racy; finding two approximations we get an error ~ =2, not ~ ЕЗ. Therefore 
in the operator e~* which returns us to the old variables the operator 52 


may be ignored, putting e~* = Е — Sj. 
We are interested only in y. Since y = w — z/a, then by (3.2.3) 
a’—b b 


z-—w 
a3 аз 


Sy=- 


and the solution of the initial equation is 


— >* / 
ыы ве (ее + Su") +02) 
а аз 


y= 


[see (3.2.5)]. 
Inserting w*z*, and putting А = Ag+ ¢A1, В = Во + €B,, we get 


-T(2) _ Bol®) ,-n(2)/e о) 


ves a(c) 
й :| Aye" Bt) — FA) emcee 
+ Аое-®@) (ле + ae 
Во(т) е-® (2) /=е То(х) т а'(т) ~ b(x) 
+a) (по) 


+ 0(=?). 


Since e~(1/€)A(1) «5 =” for п > 0 we will satisfy the boundary conditions 


with accuracy 0(=2) putting 


Bo 


Ao ~ (0) 


=a, 
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В (0) Во а’ (0) eee (0) = 
A= GO +A O) * a a 
Ape = в, 
Aye) + Age 7001) (ло) ы a) cai 


In case a(x) < 0 let us replace the lower limit in h(x) [and, for symmetry, 
in (5), Ti(x)] by 1 so that h(x) > 0, as earlier. The equations for A and 
B will change accordingly. | 

Note that we have found a uniform asymptotic without applying the 
usual techniques of matching the so-called interior and exterior develop- 
ments. 

The procedure of returning to the old variables via e~° is trivial in princi- 
ple and is only connected with accuracy of computations (nontrivial effects 
are connected with the new system corresponding to М). In subsequent 
examples we will not, as a rule, return to the old variables. 

In the considered problems all expressions are linear combinations of a 
finite number of eigenfunctions. When this is not so, the development into 
an infinite series can often be avoided. The next example demonstrates this. 
Simultaneously it shows once more the connection with the Bogolyubov— 
Krylov method. 


FIGURE 3.2. 


3.3 Example: Р. Г. Kapitsa’s Problem: А 
Pendulum Suspended from an Oscillating 
Point 


Let us consider the mathematical pendulum whose suspension point 0’ 
oscillates with a small amplitude and high frequency (as compared with 
the length of the pendulum and the frequency of its oscillations), Let us 
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write the deviations of 0’ from a fixed point 0 in vertical and horizontal 
directions in the form h, = eff(t/e), hy = cfg(t/e), where # is the length 
of the pendulum, = > 0 a small parameter, and f(@) and g(6) (9 = t/e) are 
smooth periodic periodic functions in 0 with a common period which we 
will take to be equal to 1. (All quantities are assumed to be dimensionless.) 
It is possible to consider the case of an arbitrary ratio of periods and, 
generally, restrictions on f(@) and 9(9) can be weakened, as we will see 
later. 

Turning the frame of reference connected with 0’ into an inertial one by 
adding the inertia force {—mh,, —mh)}, we get an equation of motion 


&+ (.” + =/"@)) sina + 596) cosa = 0, (3.3.1) 


where и) = \/9/ is the frequency of small oscillations of the usual pen- 
dulum, {”(9) = d? f(6)/d0", 9"(0) = 429(0) /40?. An autonomous system 
equivalent to (3.3.1) is | 


The operator Х. is given by 


Х =Х-ЕХ! 
_ 9 аа и oO ee ne 
= 59 [f" (8) sina + 9 (9) сова] 5 +e N= — м sinaz |. 


Invariants of the leading operator Xo are a and e = 2 + f'(#)sina + 
9' (9) cos а, and @ is the function corresponding to 0. In the basic system of 
variables 9, a, e, operators Хо and X, are of the form 

aye 

~ 06’ 


X, = [е- f" (6) sina — 9'(9) cos ale 


Xo 


(3.3.2) 
+ {ef") cos a — [eg'(9) + w*} sina 


_ re sin 2a — f'(0)g'(0) cos 2a р 


Coefficients of 8/8a and 9/0 in X, are representable by Fourier series of 
the form }>,, kn(a,e) ехр(2п тд), where k,(a,e) are invariants of Хо and 
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exp(27in6) is the eigenfunction of Хо corresponding to the eigenvalue 27in. 
To reduce M, to the canonical form it is not necessary to actually calculate 
these series. It is only necessary to find free terms (those corresponding to 
п = 0). Then 51 is found by integration of the remainder along 9. Set 


1 1 
a= 5 | 9-64, b= | Га 
(free terms in decompositions $[f’?(@) — 9'2(0)] and f’(@)g9'(8)) and 


51 = [f(0) sina + 9(0) cos a] 2 


1 


+ | — ef (9) cos a + е9(9) sina 
т (/ (os pes -a) i) sin 2a 


6 
+ (/ 109 - ni) Cos 2ah 5. 


Then, due to (3.3.2), 


д 2. : д 
М; = ean 7 (w* sin a + asin 2a + bcos 2a) -— 


and М! = 0. Computations of other operators are similar. 


Remark 3.3.1 It is clear that trying to achieve М’ = 0 by the choice of 5 
we solve each time one and the same problem: how to represent a function 
F(6) in the form F(@) = c + dG(@)/d0, where с = const and G(@) is a 
bounded function such that 


ne oe i 
c= jim 5 |[ F(¢)d¢. 


The possibility of such a representation for all F(@) that arise is a weaker 
condition on f (6), 9(8) than the periodicity condition. 


The system of equations corresponding to Хо + €Mij, ie., 


4 _ 


м" = 1, 
da 
— = 3.3.3 
eq = 66, (3.3.3) 
de 2.: : 
€— = —e(w* sina + asin 2a + bcos 2a), 
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describes the motion of the pendulum with accuracy 0(=) during the time 
t <1. Rejecting the first (trivial) equation and eliminating e we may write 
instead of (3.3.3) this second order equation for the angle a: 


&+w* sina + asin 2a + bcos 2a = 0, 


where constants a and 6 defined above are, generally speaking, arbitrary 
(if, however, g = 0 so that only vertical oscillations take place, then a > 0 
and 6 = 0). Let us mention several interesting corollaries. 

(1) Unlike the usual pendulum, the pendulum with the oscillating point 
of suspension may have any given a priori steady equilibrium state a = apo. 
This takes place if a and 6 satisfy 


и sina + asin 2a9 + bcos 200 = 0, 


we COS Ap + 2a cos 200 — 2bsin 200 > 0. 
Small oscillations around this position are harmonic with frequency 
(w? cos a + 2acos 2a9 — 2bsin 2ap)*/?. 


(2) In the case of vertical oscillations of the suspension point ($ = 0, 
а > 0) for a < и? /2 the pendulum has only one steady point of equilibrium, 
like the usual one, but the frequency of small oscillations is higher and is 
equal to (w? + 2а)!/2. 

(3) For a > w?/2 the vertical oscillating of the suspension point stabilizes 
the upper (20 = 7) equilibrium. Practically, in this case (as in the general 
case of a sufficiently large a) a large dynamical load arises in the rod and in 
the oscillating support. P. L. Kapitsa showed that it is quite easy to realize 
stabilization of the pendulum in the upper or inclined position. 

In previous problems it was possible to get a clear understanding of the 
structure of М; and S,, finding only the first order approximation (М1, 51). 
This often helps in obtaining estimates as, for instance, in the following 
problem. 


3.4 Example: Van der Pol Oscillator with Small 
Damping 


du 2 du 
ge +1 == -и) (Е>0). 


The system is du/dt = v, ди /4 = —и + =(1 — и?) and the corresponding 
operator is 


a _, д д 2, 90 
Х = Xo + eX =95, une +=(1-ц ua. (3.4.1) 
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Eigenfunctions of Хо are р = v + iu, ф=и-—ш, and \ =i, \ = -+. In 
the basic system, ф and ¢ operators (3.4.1) are of the form 


. oO ._д 
Hoa ast 


Xy = (Wj + bi + Yai + W-3:) (5 + 55) ; 


11. - 1 Е 
4: = (5 = 5?) $ = vai = 8" ‚ фи = фз 
фи corresponds to р, and a bar stands for complex conjugation. It is easy 
to deduce, making use of the known technique, that 


д д 11 _ 9 д 
Mi= veg + O55 = (5-89) (v5 +%5). 

$ i: д 
S,=(-= 5 in =) 35 3.4.2 
1 (- ф 3 49-3 ap (3.4.2) 


д 
+(5 Wi - sy 3i + i) 5 Op 


We will not compute further approximations but will mention their evident 
properties. 

The arbitrariness of S makes it possible to choose S so that coefficients of 
all operators of 0/Oy and 0/O¢ are conjugate to each other. Each time these 
coefficients are linear combinations of eigenfunctions of the form (y¢)™y 
and (y¢)™¢, where фф is an invariant of Хо. These polynomials in фф 
have real coefficients in Mox41 and 52к and imaginary coefficients in Mo, 
and S2.41. Coefficients of М are of the form А(=, фф)ф, A(e, фф)ф, where 


iN(€, 9) = S~(ie)* Pk (ee) 
k>0 


and Рь(фф) a polynomials. In particular, since BMoy + фМ2ф = 0, the 
energy Е = $$ = 3(u* + 92) is defined by the equation dE/dt = =Е(1 - 
:Е) which follows from the system of the first order approximation, 


dp _(. 1 96 4$ _([_. 1 9$\\. 
ее г) a \ TEP 2-3 ] ] 
(3. 


and the energy equation holds with accuracy 0(=3), but not O(e?). The 
formula 
2Eve*' 


E(t) = ке’ 
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where Eo = E(0), which is derived from (3.4.3), holds with accuracy 0(¢) 
for t < 1/e?. Inserting yg = 2E(t) in the right-hand sides of (3.4.3) we 
get the principal term of the asymptotics for t >> 1/e (but not, strictly 
speaking, for t < 1/Е?) 


ф = 2/ Еофоей, ф=У 2/Еофое`*, (3.4.4) 
О) обе ше 


t t 
expe | ae те dt = expe / ы 1 it) dt = /2/Eo 
В о \2 8 


for t > 1/e. Thus after the time t >> 1/e the amplitude of oscillations 
becomes я 2. [It is known that for any fixed = there is a limit cycle. The 
trajectory defined by (3.4.4) is the limit position of the cycles as = — 0; 
1.е., the limit of limit cycles.] 

Sometimes studies of M and S similar to those carried out in the above 
problem make it possible to present a rather detailed structure of the de- 
sired solution and seek it in a corresponding form. 


3.5 Example: Duffing Oscillator 


Ф 3 
ie и Е” =0. (3.5.1) 
As in Example 3.4, let us pass to the system 
du, 
dt’ 
dv 3 
di =-uUu-EU, 


= _ д д 3 0 
Х = Xo +)! =v un eu ap’ 


In the basic system of eigenfunctions y = v +iu, ¢ = v — iu of Хо we have 
[2] [2] 
Xo =i( ф— —-Ф— 

a [2] д 
Хи = = (-493 + 3(ф6)ф — 3(фф)ф + 93) | — + = }- 
1= 5 (-Ф +3(9$)$ - 3(9$)+$ ›(5=+55) 
The structure of the operators М and 5 is almost the same as in Exam- 
ple 3.4. The difference is that polynomials contained in M have purely 


imaginary coefficients and those contained in 5 have real ones (in all ap- 
proximations). Since we have in this basic system that 


| д д 
М = iw(e, р) (vs : 255) 
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where (=, фф) is representable by a series in =, then in new variables 
the asymptotics are of the form u* = Acosw*t + Bsinw*t, where w* = 
1+ ew* + Е? +... and А, В, and w* only depend on initial conditions 
(w* = const since in any approximation we have an integral фф = const). 

Furthermore, it is not difficult to deduce, considering the form of X, 
and formulas (1.2.3'), that. coefficients of S,, where К = 1,2,..., are ho- 
mogeneous polynomials in y and ф of degree 2k + 1. Since the solution 
of the system corresponding to М is ф = фое" and ф = фе", then 
the operator giving the old variables, e~*, yields the formal Fourier series 
in frequencies (2k + 1)w. Therefore we conclude that the asymptotics are 
representable in the form 


и = acos(wt + 4) + В ск cos|(2k + 1)(wt + 4)|, (3.5.2) 
k>1 


where 
w=1+ У. ЕТ wm, Ch = O(e*), 
т>1 
and а and w are arbitrary constants (w and сь depend on а). Inserting 
(3.5.2) into (3.5.1) it is easy to compute, for instance, that 


21a? 41704 


_ ea? 
u=acos(wt +) +55 l-e=r te a 


) cos 3(wt + w) 


4 Ea? (1-5) cos 5wt +4) + oa cos Tut +4) + 0(¢ ‘); 


210 25 
3a? 15a4 123a® 
weltesr ев tO: 


Let us give an example of a comparatively cumbersome problem where in 
the solution of the perturbation theory problem eigenoperators will be used 
instead of eigenfunctions. 


3.6 Example: Drift of a Charged Particle in an 
Electromagnetic Field 


We will discuss very briefly the physical meaning of the problem. Details 
may be found, e.g., in Ref. [37]. 
The equations of motion of a charged particle in an electromagnetic field 

are of the form 

d(mv) _ e dr 

apo еЕ + ae x Bi, й =. (3.6.1) 
Here г, v, В = B(r,t), and Е = E(r,t) are vectors that define the position 
of the particle, its velocity, and magnetic and electric fields, respectively; 
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е is the charge of the particle and т is its mass; т = mo(1 ~ v?/c?)—1/?, 
where то is the rest mass and с is the speed of light. 

In the simplest case Е = 0 and В = const (т = constant) the system 
(3.6.1) is linear and is easily integrated. Evident integrals v2 = const, vy = 
(1/|B|)(B, V) = const, make it clear that the particle moves along a spiral 
line with constant speed Vj along force lines of the magnetic field and with 
constant angular speed of rotation around a fixed force line, 


e||B 
oj 98 


Е (3.6.2) 


(w is referred to as the cyclotron frequency). The radius of rotation (the 
so-called Larmor radius) accordingly equals V,/|w|, where У? = vj +07 = 
const. In an arbitrary field the notion of a local cyclotron frequency w and a 
local Larmor radius У, /|w| for |В| # 0 is introduced. If the magnetic field 
is “strong” (they say that the Larmor radius is small as compared with 
the characteristic value of nonhomogeneity of the field), then the motion 
of the particle may be considered as a swift rotation along a Larmor circle 
of a small (variable) radius which slowly drifts in space. The so-called drift 
equations describe the motion of the circle; more exactly, they describe the 
variation of r, v; and vj averaged with respect to the “period” of rotation. 

The idea of drift description of motion belongs to H. Alfwen [1]. The com- 
plete derivation of drift equations by the Bogolyubov—Krylov method was 
given by Bogolyubov and Mitropolski [10] and Braginski [11]. A detailed 
presentation is in [37]. 

Let us rewrite (3.6.1) in a more convenient form. We introduce the unit 
vector tangent to the force line of the magnetic field and the momentum 
vector instead of о: B 

с 


<= ТВТ p= ту. (3.6.3) 


Due to (3.6.2) and (3.6.3), Equations (3.6.1) can be rewritten as 


ldp е 1% _ 1 _ е|В| 
= ВР where w = =. 
The small parameter Е may be introduced by the formal transformation 
Br 1B (wr 1). We get 
dp е dr Е dt Е 
= х ЕЕ, a Е— SS - 3.6.4 
а. & В’ те. ee 
where the last equation is added in order to consider, as usual, an au- 
tonomous system. To the system (3.6.4) the operator X = Xo +ЕХ! cor- 
responds, where 


Хо = ([т x pl, Vp), X,;= (3.6.5) 
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[see (2.1.2); Ур is the gradient with respect to momenta, У is the gradient 
with respect to spatial variables]. The leading operator Xo possesses the 
full set of six invariants! (the total number of variables is seven): 


t, Г, р?, Р = (7, p) (3.6.6) 


(т, Е, |B|, and w are also invariants of Хо). Below we will present a method 
of constructing the change of variables operator 5 such that М = e~5 Xe% 
commutes with Хо; 1.е., 
M'=0. 6. 
Meanwhile, note that if g is any of the invariants in (3.6.6), then by (3.6.7) 
Mg is an invariant of Xo; 1.е., Mg is a function in the variables (3.6.6). 
Therefore in new variables dg/dt = Mg/Mt = fi(t,r, p?, pi). 
Thus in new variables we obtain the closed system of equations: 


dr _ Мг dip?) _ M(p’) а _ Mp 
dt МР dt Mt’ dt Mt’ 
The system (3.6.8) is the desired system of drift equations. 


(3.6.8) 


Remark 3.6.1 Since the system of (five) equations (3.6.8) is written in 
new variables, then p and r no longer define the momentum and position of 
the particle. The variables г, p?, and р|| define the averaged position of the 
particle, averaged energy and averaged parallel momentum. Considering 
(3.6.8), we “forget” about the change of variables, putting the particle into 
the “mean” position. Now the speed equals Mr/Mt (it is the drift speed), 
and р? and Р| Play the role of parameters. 


Computing a functional of real trajectory of the particle (e.g., of the 
flow of particles) it is impossible to use (3.6.8) only, ignoring the change of 
variables, though it is close to the identity. We should consider the full set of 
(six) equations corresponding to M and take the parameter transformation 
into account. 

For example, the known (see [29]) effect that the flow of particles does 
not coincide with the flow of “leading centers,” i.e., the flow of particles 
put onto the drift trajectories, is formally the result of identification of the 
old and new variables. Details are in [5] 


The Construction of S and M 


Let us find the commutation relation for X,. Making use of the formulas 


7? =1, 
Хор = [r x p], 
Хёр = гх Хор] = put - р, 
Хар = -Хор, (3.6.9) 


‘Each component of the vector г is an invariant. 
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and ordinary rules of vector analysis to compute derivatives of X; with 
respect to Хо [see also (2.1.9)], we get. 


er carey к - a (a р) Vp) — Вор. У 


ху = (Lip x [rx + тар, Хи x a] + ПВ, У) x 7] x 


= iy (Xor* р) 
ху = -х1 + (KBP. V)e х Bl + (Хор У)" х 7] x a], VP) 
Хх = -Xy + ac [(Xop, Ут x р] + [[(Xdp, У)т x т] x pl, УР), 
XY = Xi" — та UxXdp, V)r x a + (Хор, У) x 1] x ВУ) 
From here we deduce the commutation relation oie 
AX) + 5Xi + ХУ =0. (3.6.11) 


Making use of (3.6.11) we get eigenoperators H) defined by the condition 
= АН». We get the following formulas to be used especially in the 
second order approximation [the answer for М\ is evident from (3.6.11)]: 


Hy = 4X1, + 5X1 + XI", 
Ha; =4Х! + ХГУ +4 + XY"), 
Hayy = Х" + XIV 4 2i(Xi + ХХ"). 


The development of Х1 with respect to eigenoperators is 


1 
— (Hoi + H_2:). 


1 1 
X1 = io - (Hit Hi) + 24 


We have 


1 $ а 
М = 4 Но, 51 = —5(8: же Н-;) + Ags H_2;) + Si, (3.6.12) 


48 
where 5, is any operator which commutes with Xo. We will see later that it 
is convenient to take this arbitrariness into account. Making use of (3.6.12), 
the fact that [H, H,] corresponds to Л + р, and using the Jacobi identity, 
we find 


M, = - (MH) - (Hi, Hoa) + (Mi, 51] 


iw 
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(we do not write out 52), etc. Let us restrict ourselves to the approximation 
М = Xo + eM, + Е? Мо. Substitution for Но, Ну, and Ho; gives 


My = жа + 2X1", 
M2 = 156х +хиахи+х!" (3.6.13) 


+ вх! + XE XT 4 XIV) + (My, 51. 
To obtain drift equations (3.6.8) with the assumed accuracy it remains 
to choose S$; and to compute М on the invariant in (3.6.6). We will omit 
these computations and only sketch how we choose 51. Clearly, 5, should 
be chosen so that Mz would be “simplest.” Here we are speaking about 
iterating the perturbation theory procedure with the new leading operator 
М, [see (1.1.3)]. In order to perform this we have to know М; effectively 
(e.g., to construct a basic system of its eigenfunctions and invariants). For 
arbitrary В and Е it is impossible to study М, effectively and it remains 
to take 1 so that (3.6.8) are of the most convenient form for physical 
interpretation. (From calculations’ point of view the choice of 51 is of no 
consequence since any two é-near drift trajectories are equally “good.” ) If 
we set 


Sit = Sip? =0, Sir = 0, Sip = | (т, rotr), (3.6.14) 


a 
where p? = Pi + р? ‚ then such a choice of 5; would correspond to the Bra- 


ginski corrections [11]. Computations of M (rather prolonged) on functions 
(3.6.6) give, with (3.6.14) taken into account: 


Mt=<, 
а) 
Е 
Mo = Тв" 
CS road iz 
+Е {бек Ft x (т, У)т| — АБВ 
2c|B| pre OB 
2)_ п 
M(p*) = ш в Ot 


Mp, == {Ee E)+ BP Pi (т, вр} 


2[ Pll DIP 
ры (e+ app У1ВЬ [7 x (r.¥)r]) (3.6.15) 


In the computation of (3.6.15) the Maxwell equations 
110B 


divB =0, curl B= 
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are used (they imply, in particular, that 0B/Ot ~ Е, making it possible to 
ignore some terms in М2). 

Equations (3.6.15), after simple transformations, may be written in the 
form (here the parameter = introduced artificially is set. to be equal to 1): 


dr B с 
о 
meV? 
el BI! И в x (ВУ)В]+2—= ВВ [ВхУ|В]|, 
dE _ [Е dr\ | meV? O|B| 
dt — ’ dt 2|B| OB’ 
а 5 (тв) = 0 (3.6.16) 
|B| -_ 


where = = mc”, and У? = т + У? is the mean kinetic energy. 

Summands of the drift velocity dr/dt are usually interpreted as follows: 
the first is the longitudinal motion, the second is the electric drift, the third 
is the centrifugal drift, and the fourth is the “gradient” drift. The dimension 
of the system (3.6.16) is actually equal to 4, since m?V?/|B| = const. This 
constant is called the transverse adiabatic invariant. 

The following very simple example will be given to illustrate the idea of 
an extended operator. Simultaneously we note one important circumstance 
not mentioned yet: the possible loss of accuracy caused by variability of 
eigenvalues, 


3.7 Example: Nonlinear System: Example of an 
Extension of an Operator 


Consider the system 


4х _ ана 23 dy _ (2 2 23 
ee = (2 +y*)y rae eq = (2 + y")a — зе. 
The corresponding operator is 
Х = Х+ЕХ, 


д 9 2 9 д 
и Е О О 
=-(х +?) (+5; =; зе (2 а =): 


Putting ф = x + iy and passing to ф and ф we get 
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where Л = фф is an invariant of Хо. Variables y and ¢ constitute the basic 


system of eigenfunctions which belong to eigenvalues +7 depending on y 
and $. Let us introduce a supplementary variable Л: 


А _ 40) у . fr, ot, @ 
en oat = X(p¢) = +6 +5 > 


Extended operators are 


arly! ge 
жа (9 5 ) 


ф 
53 3 = 4 4 
+ (rw) 9 (PM) I fre F\O 
se (F+¥)5 (5+) 5 Е OY 


where Л is considered as independent. 


Remark 3.7.1 Coefficients of Xf as functions in Л, ф, ф are not defined 
unambiguously; e.g., we could write 


4 gf 
XTA= (v9 + = 5.) 


instead of 
2:9“ + g* 
AfA=—([ A+ 2+}. 

: 6 6 
In the sequel only the possibility of expanding Xfy, Xf@, and ХА in 
eigenfunctions of Xo is important. Further, we restrict ourselves, for sim- 
plicity’s sake, to computation of the main term of the asymptotics. It is 
easy to verify that we may put 


ph OOS SS ha 
+(-9 + B+ EF) Sse Pax | 


These formulas are obtained by the standard computation described in 
Theorem 2.4.3. 

We may note that Mj and Sf are extended operators in the same sense 
that Хо and Xf are. In fact, 


МТ (А - gP)l=pg =0, = ST(A— фар = 0. 
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Operators М1 and 51 whose extensions are Mj and 57 are obtained from 
М} and 51 by ignoring terms with 0/0. and substituting A = фр: 


А д д 
и 3 (295+ 25$); 


i ((33_¢) 9 [3.6 0 
“= an ((4#°- 2) в + (-Fo+ Е 


Therefore in this approximation and similarly in the following ones we 
may return to the unextended system. This is not. necessary since we may 
(as had been already said in Section 2.3) match initial values for the ex- 
tended system and not worry about the conditions M(A — 9@)|a=ye = 0, 
S(A — 98) |a=oe = 0. 

By the way, note that during the computation of 51, М} we have ignored 
certain summands which can be arbitrary (see the proof of Theorem 2.4.3). 
It is clear that to 97 we could have added 


Ww — tw г +“ go: 
15, 29 ap 3p ap 
where ил, wg, w3 are arbitrary invariants of Xo, which adds to My the 


summand 
—iw, Ge = 255) я 
Oy OG 
The operator My will be, as earlier, an extended one, but Sf will be an 
extended one only if w — pG@(we + из) = 0 for A = ye. 

Note another fact (not connected with the extension of the system). As 
was mentioned in Chapter 2, for variable eigenvalues we have Mj T=0 (in 
the case of diagonal Хо) but not МГ! = 0, and М! is not uniquely defined. If, 
as in this case, we are interested only in the main term of the asymptotics, 
then the change of variables may be ignored and the nonuniqueness of Му 
shows that the first approximation is insufficient to find the main term of 
the asymptotics. The reason is clear: since ф = exp(i/e) f A dt, then error 
in computing Л leads to loss of accuracy in computing y. Thus equations 
for eigenvalues should be computed with higher accuracy. In the preceding 
examples we always had 5Л = 0 and equations for Л were exact; hence 
there was no error. 

Since Mj = [Хё, 53] + $[М! + ХЕ, Sf], then 

a 
jana? - ¥*)- 

Therefore it is possible to choose 55 so that М2 = 0. In the principal order 
the equation for A is dA/dt = (Mj +eM3)\ = —d?. Hence Л = Ao/(1+Aot), 
Ao = Altxo = Yoo. Equations for ф and ¢ are 


dp _(. A dq@ if. Л \- 
cB = (^- зе) +, ef = (-^ ze). 


* Oe to 
А = [Хо, 55] А + vical — 9) + 
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Непсе 
Е Po __,iln(1+ot)/e aS Po е- (1+9 /е 
VI + Xot ' V1 + Ав : 


where Ло = фофо. 


Remark 3.7.2 Since the right-hand sides of the initial system are homo- 
geneous in x and у, the fact that Л — 0 аз t - со does not. mean that the 
obtained asymptotics are of restricted usage. It is valid for all t. 


The following simple example shows once more that the knowledge of 
expansions in series of eigenfunctions is not necessary in order to calculate 
M and S: the purpose of the choice of M consists of the possibility of 
solving the equation [Хо, 5] + Х = М regularly in О. 


3.8 Example: Nonlinear Oscillator with Small 
Mass and Damping 


This is described by the equation 


а ou +sinu = 0. 
“ae * at = 
The corresponding system is 
fe =v Pd =—-v—esinu 
dt’ dt ^ | 


and the operator is 


д 90. д 
Х = ХЕХ! = va ОЕ Ue. 


The invariant of Хо is 9 = и+ и and the eigenfunction is v. In variables g 
and v we have 


Хо = -v— X, = -sin(g - (5. + 5»). 


For М19 and M,v we have 


Mig = -v-——- ый —sin(g — v), 
Муу = yA) + 91% —sin(g — v). (3.8.1) 


The function sin(g — v) may be expanded into series in powers of v, i-e., 
with respect to eigenfunctions у" corresponding to eigenvalues —n, and 
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it is possible to search for 519 and S,v in the same form. Since the free 
term and the term corresponding to —1 in the development of sin(g — v) 
are equal to —sing and vcosg respectively, we have Mig = —sing and 
Mv = vcosg. Note that Equations (3.8.1) rewritten in the form 


= 5" = sin(g —v) + 41(9), Mig = ¥1(9), (3.8.1’) 


Se von +R= sin(g si v) + vye(g), Му = 942 (9), (3.8.1”) 


are solvable for “any” functions у; in the domain || > a > 0. But a 
neighborhood of 0 is important in this problem since trajectories of Xo 
quickly reach 0. Therefore it is necessary to choose 41 (9) and 42(9) so that 
the system (3.8.1') has a regular solution in the domain |v| < a. Clearly, it 
is regular if [sin(g — v) + 41(9)]ь=о = 0, and if 


O,. 
[5 -—v)t+ wa(o))| =0, 
о %=0 
implying Mig = —sing, М! = vcosg. 
It is worth mentioning that here we encounter the “averaging principle” 
in a different situation; 


_ f°’ sing -sin(g — ¢) 
Sig -| С ас, 


био =sing + | Sing = sinlg Она a, 
0 


If we restrict. ourselves to the principal term of the asymptotics, then we 
may ignore 51, and the system of equations corresponding to Хо +¢M, is 


299 = 2ЕВШ ра v + Ev с05 
eee dt 9. 


Hence 
t 


9 =ce', у = cpe*(c? + e*)e—"/€, 
where с1 and cg are constants. As in Example 3.3, “main events” take 
place in the narrow boundary layer 0 < t < в ~ . Later, у becomes expo- 
nentially small, g ~ u, and u exponentially decreases; damping quenches 
oscillation. 

Until now we have considered problems with a linear leading part (in the 
initial formulation) and the question of how to introduce eigenfunctions had 
a trivial answer. The following example may be considered as essentially 
nonlinear. 
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3.9 Example: A Nonlinear Equation; 
Boundary-Layer-Type Problem 


The equation is 


4% а 
мт п v= 0. (3.9.1) 
The corresponding system is 
geek Gab Sei ariuey 
dt” dt ~ 


and the operator is 


д д 
X=X Ху =u —- vu + ev. 
ee Ov eT "Ou 
Here it is convenient to pass first to variables v and g, where д = v? + 2u 
is an invariant of Хо; 


Хо = 0-11), Х! =, (3.9.2) 
We may restrict ourselves to the domain g > 0, uv + \/9 > 0, where д ~ 1, 
и + 9 ~ 1. (In fact, the asymptotics obtained will also serve for g > Е, 
v+./g > =.) In this domain the phase trajectory of the point P(g, v) lies 
near the curve consisting of a segment of the straight line g = const and a 
branch of the parabola \/9 = v: starting from the point Pp (see Fig. 3) the 
point P soon reaches a small neighborhood of the branch ,/g = v and then 
with speed ~ 1 moves upward in the vicinity of this branch (this follows 
immediately from the equations of motion 


dv 1 2 dg _ 
ВИ eee 


Domains g < богу < —,/@ are not interesting since here P will quickly 
go to infinity. 


Remark 3.9.1 We may also be interested in the case when at the initial 
moment Р is Е-пеаг the boundary of the above domains which consists of 
the branch v = —,/g and the ray v > 0, g = 0. It is clear that the situation 
near the branch v = —\/9 is unstable. If at the initial moment we have 
и 21,9 ~e, then after a small (~ УЕ) period of time the point P reaches 
a position when v ~ \/Е and д ~ Е; 1.е., 9 ~ УЕ and v ~ 1. Substituting 
v= ew, t = Vet in (3.9.1), we get 


i+00-6=0 


which does not contain a small parameter, and in this case the problem is 
reduced to an exact integration. 
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FIGURE 3.3. 


Let us seek an eigenfunction of Xo from the equation 
1 2,09 _ 
59-9) 5, = Algie. 


We have 
= Ур - + 


In order to have a regular transformation at v = \/g we should get. 


Ме. даа и (3.9.3) 


Operators (3.9.2) in variables g and ф are 


д 1-29 (1-2)? д 
Х=- фе, Xi=2 rap connie 
0= -У95р cs awe 2/9 Op 
Let us find 519. Clearly Mig = 2,/9 since Xig|,=0 = 2,/9 is the constant 
term in the expansion of X,g with respect to eigenfunctions (powers of ф). 
The equation Mig = [Хо, 51]9 + Х19 is of the form 


aon _ 4AV9e _ 
1+ _ 


0; 


ле 


hence 519 = —41n(1+y)+hA(g) 2 might put h(g) = 0 but in what follows 
it will be more convenient to choose h(g) otherwise]. Now 
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and Мф = A(g)p should be chosen so that Siy is regular at ф = 0. 
Evidently, Миф = [h(g) — 2]p/2,/g. Then 


1 vee 
29 29 gg Io ¢ 


We will restrict ourselves to the computation of the principal term of the 
asymptotics. Then it is not necessary to return to the old variables (via 
e~*). Furthermore, to compute the principal term we must in any case 
take М; into account since the coefficients of d/dt incorporates =. But the 
operator 

A(g) — 


д 


contains an arbitrary function 1(9). This shows that the approximation 
Xo + €M, is not sufficient. We have already mentioned a similar circum- 
stance in Example 3.7; the error =2 Mog gives an error in Л of order = which 
in turn gives an error in ф of order 1. 

The eigenvalue should be computed with higher accuracy. Let us find 
Mag. Since М2 = [Хо, 52] + ВМ: + X1, 51|, we have 


d¢ + f(g)y. 


Mag = 5((Mi Жо = А уе, 


The principal term of the asymptotics is defined by equations 
gav = (Xp +eMi)y = = ЕМ19 + Е? Mag. 
dt . dt 


If we compute 9 with accuracy 0(=) inclusively, then we will find » with 
accuracy 0(1) inclusively. Then the answer for g may be taken with accuracy 
0(1). The result g + O(c), р-+0(=) does not depend on A(qg). It is natural to 
choose h(g) so thatMog = 0; that will simplify equations for the principal 
term of the asymptotics. Evidently, we may put h(g) = —2. Then 


implying 
(6; 1 
д = (ст + #2, ф = ao? exp Gac + t)? = di) у 


where с1 and cz are constants. Since v = \/g(1 — ф)/(1 + ¢) [see (3.9.3}], 
the principal term vp of the asymptotics for v is 


1 — (ca/w?)¢ 


=c, +t, =e 8, бы :)2- 
i+ (c/w) wW=Cy+ с=е $ 1+0 с?]. 


(3.9.4) 


Up = 
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In problems with a boundary layer (A < 0) like this one, it is often easy 
to guess the general form of the asymptotics and seek a solution in this 
form. We intend now to illustrate with this example a sufficiently general 
trick for making computations of this kind. Later on it will be applied to a 
considerably more difficult problem. 

The above makes it clear that the asymptotics are of the form 


v= vo(t, ¢) + EV} (t, ¢) + e7va(t, ¢) ees (3.9.5) 


where © = e~9/©, 9 = 6(t),0(0) = 0, 0(#) > 0 for t > 0, and the functions 
u;(t,¢) are regular as ¢ — 0: 


(60 = 5; (t) + 6;(t)¢ +0(C?) and do(t) #0. (3.9.6) 


Here —0 = f Adt is a “boundary layer variable” (0 < 6 S =) and ¢ is an 
eigenfunction (in the first order approximation). The regularity condition 
is an analogue of that of decomposability with respect to eigenfunctions. 

As we will see a little later, regularity conditions (3.9.6) make it possible 

(and it is a sufficiently general situation) to find 6 and чу; 1.е., to construct 
uniform asymptotics (3.9.5). 

The general scheme of computation is as follows. For the sake of brevity 
set 0 =w so that ¢ = —(w/e)¢. The (complete) derivative with respect to 
t of the function F in ¢ and ¢ is of the form 


a2 Oia ek 
OC Bb 


Substituting (3.9.5), making use of (3.9.7), into (3.9.1) and considering ¢ 
and t as independent variables, let us collect terms with the same powers of 
Е (ie., Е`1, €°, =!,...) and equate them to zero so that, (3.9.5) will become 
a solution of (3.9.1). We will evidently obtain a chain of partial differential 
equations for the functions v;(t,¢). It is clear due to (3.9.7) that the j- 
th equation contains only derivatives of v; with respect to ¢. Hence it is a 
chain of (second order) ordinary differential equations in ¢. Functions in the 
parameter $ which enter (3.9.6), namely, 0;(¢) and 6;(t), are initial values 
at ¢ = 0 for the j-th equation (for v;). Regularity conditions (3.9.6) allow 
one to find equations for 6(t), 5,(#), and 6;(t) since ¢ = 0 is the singular 
point for each equation of the chain {and therefore conditions (3.9.6) are 
sufficiently restrictive]. Namely, the 0-th equation (for vg) gives a constraint 
оп w and 60; the first equation (for Uo) gives a constraint on бо, 90, and 
51; the second equation (for 61) gives a constraint оп 41, 61, do, 60, бо, 91, 
02, etc. Let us demonstrate the details via our example. Equations of the 
chain are of the form (for convenience’s sake each equation is divided by 


(3.9.7) 
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ыб): 

(e~*) 

(=°) 


. 2 
©) 2 Ce - шие) ва “un + #) 


9С дЕ OC \ at 2 
1 /д 07 v0 
ang (5) -и+ a2) 
(3.9.8) 


Let us substitute (3.9.6) into (3.9.8). For 0; we get the chain of equations 
[since in the right-hand side of (3.9.8) no singularity must be present as 
¢ > 0}: 


а [8\ _ _ аа ee, OO 
ah (2) — vp =0, Gy (бо, 81) — 01 РР (3.9.9) 


We would have obtained the same equations by substituting 0 = to + 
ev, + 202 into (3.9.1) with the requirement that 0 was a solution. This 


solution is “far” (6 >> =) from the boundary layer. It is called an exterior 
solution. Besides (3.9.9) we will also get 


ш = Uo, 
о _ 4% to 
ога 
о Я. © 050 (3.9.10) 
И ae Ee и. 


These equations can be simplified somewhat: the second one with the use 
of the first one, the third one with the use of the second one, etc. Chains 
(3.9.9) and (3.9.10) are all corollaries of (3.9.6) and (3.9.8). 

Since w = 6, then the first equation from (3.9.10) is an equation for 9 
since 50 is defined from (3.9.9). It is possible to call this equation an eikonal 
equation. Other equations in (3.9.10) are linear equations for 9; [only the 
first equations in (3.9.8) and (3.9.9) are nonlinear and, generally speaking, 
in other problems the first equation in (3.9.10) may be nonlinear]. 

Let us give an example of computation of two terms of asymptotics. From 
(3.9.9) we get бо = с +t, 1 = 02 =... = 0. Such a simple answer is typical 
of this problem; с1 +¢ is an exact particular solution. It is possible to retain 
a constant only in бо and for 0;, where j > 1, take particular solutions; the 
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same is true for the other equations. The first (eikonal) equation in (3.9.10) 
yields 
1 
6=- 
7 
and further, due to the next equations in (3.9.10), taking the previously 
found 5; into account, we have 


(1+8)? - с2], ie, 0(0) = 0, 


a 


‚ 262 
б% = -—, t= 


=} where со = const. 
w w 


Ovo bs 1 2 2 
та 5 (Yo — 4”), 
implying 
1 _ & 
и Ве W=t=a tt, (3.9.11) 
due to Ov9/O¢|c=0 = to = —2c2/w, cf. (3.9.4). Further, using w = 1, (3.9.11) 
and . 
1 2 Oug 


ra > в ve OC’ 
it is possible to write the term —(1/w¢){0[O(vo/2)/At] — v2} in (3.9.8) in 
the form 


= (Ge — v9)? + 2In(w + w)) 


w2 


and express 2(Av9/Ot) + (w/w)vo in terms of vo and и. Integrating the 
second equation in (3.9.8) with respect to ¢ we have 


due to the fact that volcoo = w, 61|с=о. Then, considering (1 as a function 
in Ug, Where 

du. _ 10 ~w? Orn 

O¢ в 2 Ovo 


and recalculating accordingly the initial value 6, = 22/3, we get 


2 2 vo—w/Qw 
_ my -wW 2ftvotw In(1 +7) 
n= =F (i (BEY) -2 fo AOD an 


- 2 in (BE). 
и 2 


w¢ 


76 3. Examples 
3.10 Example: Resonances. Particular Solutions 


Various problems, either directly or after simple transformations, give rise 
to systems with a linear leading part and polynomial perturbations. Co- 
efficients of the system in such a problem often depend on one or several 
parameters. The qualitative behavior of solutions may abruptly alter at 
certain values of parameters. Below we will consider several examples. The 
passage of a parameter through a critical (resonance) value which causes 
the change of the nature of the solution yields, as we will see, spasmodic 
alteration of the normal form of the system. Here we will discuss several as- 
pects of reduction to the normal form of the systems mentioned, restricting 
ourselves, for simplicity’s sake, to systems depending on a single parameter. 
Consider the system 


dy 2 
ei P. ees 
Е dt = A(p)y + Е] 1(Y, и) TE 2(Y, и) ый (3.10.1) 
y= И, о} 


where А(р) is a constant matrix, components рук(у, №) of vector functions 
Р‚;(у, и) are polynomials in у, рук(0, р) = 0, where К = 1,...,n, wis a 
parameter, and a = const. 

To the system (3.10.1) the operator X = Хо +ЕХ! + Е? Хо +--+ corre- 
sponds, where X; = (P;(y,u), V), 


0 д ‘ 
[а 1=1,2,..., Хо = (A(u)y, У) 

so that e%(dy/dt) = Ху. Denote by A1(),...,An(A) the roots of the char- 

acteristic polynomial де |А(р) — АЕ||, where Е is the identity matrix. 

In the sequel we will perform various changes of variables which preserve 
the form of the system (3.10.1) as a system with linear leading part and 
polynomial perturbations. For brevity’s sake we will not introduce new no- 
tations, indicating only corresponding alterations in А(р) and in p;x(y, и). 


(1) The Normal Form for a Fixed и 


Here we actually repeat the known arguments and apply them to the con- 
crete system (3.10.1). Fix м (1.е., consider м as independent of =). Let us 
perform the change of variables у => c({yu)y, choosing the nondegenerate 
matrix c(w) in such a way that in new variables the matrix А(р) of (3.10.1) 
is in Jordan form. [Note an ambiguity in the choice of c(j).] Now ук, where 
k = 1,...,n, is the function corresponding to an eigenvalue of Хо, i.e., 
to one of Л! (м),..., А»(р). Choose the indexing of roots so that ук corre- 
sponds to Ль(р), where a root of multiplicity т is counted т times. Then 
the monomial 

(рут yy? Uns (3.10.2) 
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where m, > 0 are integers such that m,+---+m, > 1, is the eigenfunction 
corresponding to the eigenvalue т: А! (м) +--+ + п» А, (р). 

Now make a new transformation у + e~*y, where S = €S + €7S)+--- 
and хук = qjx(y, и) are polynomials in у, 4ж(0, и) = 0, and the S,’s are 
first order operators. We get the system e*(dg/dt) = My, where М = 
е-5Хеб = Хо + eM, + €7M2 +--+, and М; = [Хо, 5;] + Y;, where У; = 
X;, and У; for 7 > 2 are computed via the now known formulas (1.2.3). 
Evidently, Узук are polynomials in у so that we again have a system of the 
form (3.10.1). 

Consider the operator М; = [Xo,S;] + Y;, where У); is known. Since 
Yjyx’s are polynomials in у; 1.е., sums of functions which are monomials 
of the form (3.10.2) corresponding to constant eigenvalues of Хо, we see 
that the conditions of Theorem 2.4.3 are satisfied. Hence there exists 5, 
which solves the perturbation theory problem (2.4.1) for М;. The method 
of constructing 9; given in the proof of Theorem 2.4.3 shows that it is 
possible to seek Sy, in the form of a polynomial (sum of monomials); 1.е., 
in the form proposed from the very beginning. [Here, uniqueness is again 
lacking: in S;y, any monomials can be added that satisfy (2.4.1) for M;.] 

To solve (2.4.1) for М; means that M;y,’s are sums of monomials of 
the form (3.10.2) which correspond to Ax(u). The double transformation 
у + c(u)y =» c(u)e~*y that solves the problem (2.4.1) for М will be 
denoted by W() [recall once more that W (р) is not unique] and the system 
(3.10.1) after this transformation will be said to be in the normal form. 

Thus the system in the normal form is such that А(р) is a Jordan matrix, 
ук corresponds to Лк(р), where К = 1,...,n, and monomials of the form 
(3.10.2) which constitute pjx(y, и) satisfy 


my Ar (р) + т2А2(р) + +++ + MmAn(H) = Aw (HE). (3.10.3) 


Remark 3.10.1 It is possible to propose the following, additional, can- 
onization of the system for a fixed р. Let us reduce (3.10.1) to the nor- 
mal form (in the just stated sense) and perform the new transformation 
Ук > Укехр Ax(u)t/e%, where К = 1,...,n. Clearly, due to (3.10.3), after 
dividing each equation by exp Ax(u)t/e* we will obtain the system of the 
form (3.10.1) with the canonical nilpotent matrix in the leading part. 

In section 2.5 we have given a normal form of an operator with respect 
to nilpotent Хо. After the corresponding transformation у + e~*y we 
may now “finally” normalize the system. However, it is possible to avoid 
the new transformation у + ебу if in the W(u)-procedure we lessen the 
arbitrariness of S;y, accordingly. 


(2) Resonance 


Evidently, for и = р(Е) the above normal form is generally unapplicable: 
relation (3.10.3) may hold for some и = ро but fail at points arbitrarily 
close to uo. Coefficients of the normal form as functions in р may be dis- 
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continuous. This may be so even in the principal order since the Jordan 
form of A() is, generally speaking, discontinuous. (Example: the matrix 


(3) 


for д £0 is equivalent to the diagonal matrix and for д = 0 is Jordan.) 
We will say that a system of the form (3.10.1) is continuous in p at 
и = ро with accuracy €/, where 1 = 1,2,..., if all coefficients of polynomials 
Хоуьк,..., Ху-1ук, where К = 1,...,n, are continuous functions in д at 
и = ро. With accuracy = the system will be considered continuous at any 


The initial system (3.10.1) will be supposed to be continuous in р at any 
р with the accuracy required by the concrete problem; i.e., with any given 
(but finite) accuracy. 


Definition 3.10.2 The point и = ро is called an i-point of resonance (or 
just i-point) if for any W(y) the system (3.10.1) in the normal form is not 
continuous at и = ро with accuracy Е"*1 and if there is W(u) such that 
that (3.10.1) in the normal form is continuous at и = ро with accuracy =*, 
where 1 = 0,1, 2,.... 


Remark 3.10.3 In concrete problems we are usually completely sure that 
if there is a discontinuity of the normal form for some W(y), then we are 
dealing with a resonance and there is no necessity to adhere rigidly to the 
above definition. 


Remark 3.10.4 In nonlinear problems with small parameters one has to 
deal with two essentially different kinds of resonances: one, indicated just 
now for constant eigenvalues (it would be to the point to call this resonance 
parametric if this term were new), and another one, when eigenvalues which 
are invariants of Хо are variables. And though the second one is sometimes 
reducible to the first one, the difference is of a principle nature. Resonance 
of this kind is much more cumbersome; see Chapter 4. 


Further, suppose that i-points of resonance are isolated for every fixed 
$ (recall that the accuracy is assumed to be bounded) and consider a suf- 
ficiently small segment containing only a single 1-point. Suppose for the 
sake of definiteness that —ji < р < jf and и =0 is the only i-point. 


Remark 3.10.5 The assumption on isolatedness of the i-point for any 
fixed 1 is not a very restrictive one, though there are important problems 
when it fails. But an assumption of uniform isolatedness of i-points for 
all $ would serve only rare problems (though such problems do exist; see 
further). 
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Now we will show that it is possible to define, in a sense “naturally,” a 
normal form of Equations (3.10.1) which serves on the whole open segment 
(—ji, д) for a finite (sufficiently small) д Ни = 0 is not a 0-point and is 
valid for апу if fi = ji(€) > 0 as -+ 0 [fi(e) is supposed to be continuous]. 


(3) The Normal Form in a Vicinity of a Resonance. (the Uniform Normal 
Form) 


Let и = 0 be not a 0-point; ie., i > 1. This means that a linear, nonde- 
generate, and continuous with respect to и change of variables reduces the 
initial system to a form such that (in new variables) the matrix А(р) of the 
leading linear part is Jordan and the system is continuous in д at u = 0 
with the needed accuracy. 

We will assume from the very beginning that this transformation has 
been already performed. Let us now make a transformation у + e~“y, 
where 5 = =51 +Е252 +... and 5; depends on р, not imposing for the time 
being any restrictions on S except continuous dependence on д. 

To our system in new variables the operator М = e~°Xe% = Хо + 
eM, +--- corresponds, where [see (1.2.3)] М; = [Xo,S;] + У; and У; is 
expressed via S;,...,5;-1 and Х1,...,Х; and Хо = (A(u)y,V), where 
А(р) is Jordan and is continuous in p at и = 0. 

We have defined above the notion of a normal form of М; at the fixed р 
to be 

М? = [Xo,[Xo,---[Xo,Mj]-..]]=0, — ру times. 


Suppose that д = 0 is a resonance point and introduce the new notion of 
the normal form. Set Xo = (A(0)y, V). 


Definition 3.10.6 The operator M possesses a (uniform) normal form 
with respect to Ху if there is и; such that 


ме? = [Xo, [Xo, #9 [Xo, МЯ re /]] = 0, и; Итез, (3.10.4) 
and Му = Xo satisfies this condition. 


Theorem 3.10.7 There is an operator S which continuously depends on 
ри and reduces X to the uniform normal form М with respect to Хо. 


We will give two variants of the proof: the first exploits the fact that 
9... , Уп is the basic system for Хо and Хо simultaneously and gives a 
simple recipe for construction of S while the second one is less constructive 
but is (partially) useful for the case of a 0-point. 


PROOF 1 


The monomial (3.10.2) corresponds to the eigenvalue пи! (0) +... + 
MnAn(0) with respect to Xo. Let Уль be the sum of а] monomials in 
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Y;yx’s corresponding to Ль(0) with respect to Xo, then Ул» = Удь- Your 
is the sum of monomials corresponding to eigenvalues Л(р)} with respect to 
Хо such that |Л(р) — Ax (u)| > y; > 0, where y; = const for any sufficiently 
small р. Hence it is possible to find б;ук such that 


[XoS;]ye+Yiye =0, — wherek =1,2,...,n. (3.10.5) 


Then Муук = Yj;yz, which is equivalent to (3.10.4) by Theorem 2.4.1. Due 
to the same theorem, Хо is normal with respect to Хо. 


PROOF 2 


Let us express Xo in the form 
X =Xo+Xo, — Х = ((A(u) - A(0))y, V). (3.10.6) 


Then clearly [Xo, Xo] = 0 since A(y) is in Jordan form. Let us express М; 
in the form ; F 
М; = [Xo, 5 + ¥j = $ + [Xo, Sj] + ¥j, 


and conditions (3.10.4) in the form 


(SUB? + [Xo $6 ue = Yue fork =1,...,n,  (3.10.4’) 
It is a system of linear equations with respect to coefficients of polyno- 
mials буут, where т = 1,...,n (let their degree be no higher than the 
maximal degree of Yjy,). Let Z be a first order operator such that бук 
are polynomials of degree no higher than the maximal degree in Yjym, 
where m = 1,...,n. Since the linear space of such operators Z is finite 
dimensional, then by Theorem 2.4.3 there is a и; such that the system 
(ин, _ 7) 
(0) Ук = о) Ук, 
where k = 1,..., п, is solvable for any 7; 1.е., the rank А of its matrix 
coincides with the rank of the extended matrix for any Z. Comparing this 
system for a given и; with (3.10.4’) we have 


(a) the rank of the extended matrix (3.10.4’) is no more than R, 
(b) the rank of the matrix (3.10.4’) at р = 0 equals В, 


(с) the rank of (3.10.4’) at р # 0 when р is sufficiently small is no less 
than А. 


This implies that for any sufficiently small ranks of matrices of the sys- 
tem (3.10.4’) and its extended matrix coincide and by Kronecker-Capelli’s 
theorem (3.10.4’) is solvable. The theorem is proved. 
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Now let и = 0 be a 0-point of the resonance. We may assume that А(0) 
is in Jordan form and ук, where k = 1,...,n, corresponds to the eigenvalue 
Ак (0) of Хо = (A(0)y, У) (if this is not so, we may choose a corresponding 
linear transformation which does not depend on р). 

Let us express Хо in the form (3.10.6). As earlier, we could have reduced 
М; to the normal form with respect to Хо [the matrix A(j) is continuous 
but not in the Jordan form]. But due to the summand Хо which has, 
generally speaking, no normal form with respect to Хо, 1.е., the relation 
[Xo,..-,[Xo, Xo] ...] = 0 fails, the “whole” operator М has no normal form. 
However, taking into account that all our considerations are only needed 
when д tends to zero together with = (since for a fixed д we deal with the 
usual reduction procedure) let us suppose that д = ji(e) — О ase — 0. We 
will show how to reduce X to the normal form with respect to Хо under 
this assumption. й 

But let из first make the transformation у ++ ебу, where 5 = (B(u)y, У) 
В(0) = 0 and consider the operator 


M=e*Xxe = e Xe + eS(eXy ЕЖЕ: eS 


Let us assume that Xo is an operator of the first order of smallness as 
compared with Хо since Хо = ((А(и) — A(O))y,¥) | and А(р) — А(0) con- 
tinuously depends оп p аз р —+ 0. Set 5 = $,+S2+--+ so that 5; is a j-th 
order of smallness operator. This formally means that а м, in the 
decomposition 


eS Хоеб = e5(Xo + Xo)e® = Xo+M,+Mo+--- 
are computed via formulas (1.2.3): 


М: = [Xo, 51] + Xo, М2 = [Xo, 55] + [Xo, 51] + Xo, 51, Sa], ... 


If А(=) is given, then we may reduce x о = М; + М» +--: to the normal 
form with respect to Xo with the needed accuracy. ия 5, we may 
compute Х, = =е-5 Хе with the needed accuracy. We will get М =Xo+ 
Xo eek e2X +--+, where Xo i is normal with respect to Xo. Now the 
operator X may be а to the normal form with respect to Хо making 


use of the above procedure (of solution of the system of linear equations; 
see Proof 2) for i # 0. 


(4) Particular Solutions 


Suppose that the roots A1(),..., An(#) of the characteristic polynomial of 
А(р) are divisible into two sets А! (п),...,А2(р) and А‚+1(1),...,Ап(р) so 
that 


A,(0) + т. Л, (0) +... + m,-A,(0) Юга=г+1,...,п, (3.10.7) 
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where mg > 0 are integers and та +... + ти > 1 [a typical and most 
important example is ReA,(0) = 0 Юга = 1,...,r and Вел, (0) < 0 for 
ЕР". 

Consider Equations (3.10.1) in the uniform normal form. In the right- 
hand sides of equations for уз, where s = r+1,...,n, there enter only 
monomials corresponding to eigenvalues 4,(0). Due to (3.10.7), each of 
them contains at least one of the variables y,41,..., Yn. This means that 
Equations (3.10.1) in the normal form have a particular solution 


Ут =" = Yn = 0. (3.10.8) 
If for some reasons only such particular solutions are of interest (in the ex- 
ample given a little above, y,41,..., Yn decrease exponentially), the system 


simplifies considerably since usually r is rather small. 

As above, let д vary in a sufficiently small segment with 0 as its center 
and let (3.10.7) hold. The initial system (3.10.1) is continuous in р. We will 
not discuss resonances for a while. By continuity, (3.10.7) implies 


Аз(и) я па АЕ (wp) + - + т2А2(и) for s=r+l1,...,n. (3.10.9) 


From (3.10.9) we deduce that there exists a nondegenerate continuous 
transformation у ++ с(и)у such that in new variables the matrix А(р) 
of the system (3.10.1) is of the form 


(r) 
re é w) oe (3.10.10) 


where the eigenvalues of A‘) (р) are Ax(j1),..., Ar (#4) and those of A("—") (р) 
eae aa! 


Theorem 3.10.8 Suppose the matriz А(р) is of the form (3.10.10) and 
(3.10.7) holds. Then there exists a change of variables close to the identity 
and obtained by a finite number of arithmetic operations such that the sys- 
tem (3.10.1) in the new variables possesses the particular solution (3.10.8). 
Actual knowledge of the roots is not necessary in order to perform calcula- 
tions. 


PROOF 


Let us make the change of variables у + e~Sy, where S = =5\ +... and 
Sjyx are polynomials which depend only on y;,..., yr, where К = 1,...,n. 
Consider equalities Mjy, = [Хо, Sj]ys+Yjys, where s =r+1,...,n. Let us 
show that it is possible to “kill” monomials in M;y, which only depend on 
¥1,-+-, Yr. Note that by restricting the choice of S;yx’s we did not lose the 
possibility of solving the problem. Indeed, the form of А(р) immediately 
shows that adding to бук monomials which depend on y,41,...,Yn, we 
add to М;у, monomials that also depend on y,41,...,Yn- 
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Further, to define coefficients of polynomials бук we have a system of 
linear equations whose solvability is obvious due to (3.19.7) for a sufficiently 
small р. 

The knowledge of A(y) is naturally not necessary for solution of this 
system and for reduction of A(y) to the canonical form. The theorem is 
proved. 

Note that for small г computations are not cumbersome since бук only 
depends on у1,... , yr. Finally, note that the reduction (3.10.8) is performed 
regardless of the presence of resonances. The reduction (3.10.8) is closely 
connected with the so-called center manifold theorem and Lyapunov— 
Schmidt’s reduction. The “shortened” system (for y1,...,y,) is now sub- 
jected to reduction to the normal form as indicated above. The notion of 
a resonance is naturally applied only to this system. 

Let us give some applications of considerations exposed here. The next 
very simple example admits an easy and complete investigation of all pos- 
sible resonances. 


3.11 Example: The Mathieu Equation 


4 
т + (w? + €cos 2t)u = 0. (3.11.1) 
The corresponding system is & = v, 0 = —(w? + €cos2t)u. This sys- 


tem is nonautonomous. Put ф = e?*, у = e~2% and extend the system. 
[We will see later that all operators Z which will be encountered satisfy 
2(9$) 5-1 = 0; therefore the matching of initial conditions, (yp) |t=0 = 1, 
holds automatically.] We get 


aoe ae PE eae OV 355 9% оу 
aon! ae (» +€ 9 = BE = 2, = —2iy. 


The corresponding operator is X = Xo +ЕХ, where 


о Oat he сей. 
Xo = 05, ar i ah 25, 


X= 5 + dus. (3.11.2) 


Let w #0, where w is “far from 0.” Assume that w > 0. Eigenfunctions of 
Xo are ф, 9; p = v + щи, ф = v — ши. In the sequel we drop complex 
conjugate formulas. 

We have 


Xop= inp, Xob=2iv,  Xip=T(v+d(y-9), Xw=0. 
(3.11.3) 
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The linearity of the initial equation (3.11.1) makes it easy to understand 
the general shape of the normal form up to a numerical coefficient; its 
computation will be put aside for the time being. 

It is not difficult to notice that S;y and Mj may be sought in the form 
of polynomials linear in y and 9: 


Sip = A; (+, v)~ + B; (+, +)$, 


and S$; = Мур = 0. Since ф and ф are invariants of Ху, we have 5;4 = 
54 = Мф = Мур = 0; besides, Xiy, X1¢ are linear in y, ф. Here А;, 
Ву, Су, О; are homogeneous polynomials in 7, w of degree j with real 
coefficients. This is clear from the form of X; and (1.2.3). 
Let us look at the monomials that enter М;ф. They are either monomials 

of the form 

кору 
ог 

iBoy™y™, 
where п + m2 = j and a, В are real. Corresponding eigenvalues are 
i(w + 2m, — 2m2) and i(—w + 2m; — 2т2). Since in Мур only monomials 
corresponding to iw can enter, we get two possibilities: 


i(w+ 2m; —2m2)=iw or i(—w+ 2m; — 2т2) = iw. (3.11.4) 


The first of these equalities holds for any w and only Юг my = m2 = 
j/2 where j is even. Hence for any и in M, а summand of the form 
(Е? ал (44) + eta2(yp)? +---}y might be present. But since yy = 1, 
this summand equals Е? (=?) р, where a(e”) = a1 + Е? ао +... is real. 

Furthermore, the second of equations (3.11.4) holds only for an integer 
w = п and т: — mz = п, where т, > mg. Но 2 п, then monomials 
ippy™ фт will not enterM;p, where 3 = 0, and if w = п, then monomials 
iBGy™ ут? , where 


jtn 1-п 
и 2 


пи = 


(i.e., monomials of the form i8gyJ+"/2yJ-"/2), will enter Мур. Since m2 > 
0, then 7 > n and for the first time such a monomial might occur in 
May. In My we will get the summand #(=" 614" + "+? Boy"t1y +...) or 
ie" В(Е?)утф, where B(e”) = В +€7 В +--+, (Е?) is real after substituting 
yy =1. 

Thus for w = n the normal form js discontinuous so that w = n is an 
n-point of the resonance (see Remark 3.10.2). Now letn-l<w<n+l, 
where w is “far from п — 1 and п + 1.” To obtain the uniform normal form 
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applicable for any w (and for w which is =-пеаг to п, also) it suffices only 
to change slightly the procedure of constructing S and M. We must not 
try to “kill” monomials of the form i8gy™ т? in М;ф if пи — m2 =n 
for any w [see (3) in Section 3.10]. We will get 


Мора = iw + e?ale”))p + 1" В(Е?)у"ф, = Mp = Xow = 24. 


Remark 3.11.1 Of course a(e*) and В(Е?) depend on w. We may substi- 
tute 7 = ей into the equation dy/dt = Мф урл. Thus the equation for 
y in new variables takes the form 


oe = i(w + e?a(e*))p + te" В(=?)е?"ф. 
Putting now ф = xe’, we get the linear system with constant coefficients 
x = i(w—n+te*a(e?))x + te" Ble”) x, 
a = —i(w— n+ ePale*))x — te” B(E?)x. (3.11.5) 


From here we derive exhaustive information on the nature of solutions of 
Mathieu’s equation (3.11.1) forn —1<w<n+1. In particular, from the 
equation for eigenvalues of the matrix of the system (3.11.5), 


АРА: (w—n+ Е (Е)? — Е?" В? (Е?) =0, 


we derive in the plane w = w(e) the so-called transitional curves, defined 
by the condition A = 0, separating stability and instability domains: 


w=n-—e%a(e?) + ="В(Е?). (3.11.6) 


Remark 3.11.2 From (3.11.6) we may see that principal resonances are 
n=1andn = 2; for n > 3, the principal term in w — п is defined by the 
nonresonance summand a0). 

Let us give an example of computations up to Е? inclusively. Making use 
of (3.11.3), we find 


oe 1 ae 
n=l: Siv= so - ve Soa 
Sip =0, 
a wae 
Mie = 7-093 
My = 0; (3.11.7) 
о о 
п>Т: Kip = sv vp as (seat) 
Siv =0, 
My =0, 
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Further, with Mp in the form M2 = [Хо, 52] + 5 (My + x1, 51|, we find 


п=1: м: + Xi, Sily 
$ 
= 32w(w + 1) 
x {-(W? +h + vd)y + [2w + 1)y? — wh? - и $}; 
п>1: м: + X1, 51 ф 
t 
— 32w(w2 — 1) 
x {— (4? +97 +244) ф + [(w + 1)Y? — (w - IY? +24 


From here we deduce 


os ____ yyy 
eh: May = 32w(w? + 1)’ 
бы ____ bbe 
ae amie (LER 
____ivdy 
n>2: Mop =-1 ИТУ 


This and (3.11.7), (3.11.8) imply 


1 
2 2 f = 
a(e*) Зы + 1) + O(e*) ог п = 1; 
a(e?) = ыы 7 for n > 1; 


о 
я -- ote. “Renee 


1 


Ев 2 в 
Зы = 1) +O(e*) forn = 2. 


В(=?) = 


Transitional curves (3.11.6) are 


и =1 1-4 tole), и =2+ до + 0(=*), 
Е? 
w + 0(=3) for n > 3. 


mie 16n(n? — 1) 


Now let us consider the resonance w = 0. From (3.11.2) we see that и = 0 
is a 0-point of the resonance. We have Хо = Хо + Xo, where 


oS 27-9. Хо = Spa, (3.11.9) 


2 д 
Xp = v— Ow 5% Ov 


Bu — 24 
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From (3.11.9) it is clear that Xo is a Jordan operator. Further, Хо ш this 
case turns out to be normal with respect to Xo (clearly it is a coincidence). 
In fact, v is an invariant of Xo and u corresponds to zero. 

Therefore we can obtain a uniform normal form for 0 < w* < 1, not 
only for w — 0, as might be expected of the 0-point. Here the general form 
of the obtained equations is also easy to understand: буи, S;v, Mju, and 
Мро are linear in и and v, and monomials in Mju and Му are of the form 
aupmy-™ and Ву" у"? and may оао to 0 onl for т: = то. 
Clearly we get linear equations for u and v similar to (3.11.5). 

Let us give an example of computation with accuracy Е? included with 
the appropriate choice of 51. The operator М: = [Хо, 51| + X1 can be 
“killed.” Computing Su and 51% in the form of polynomials linear in и and 
v with coefficients depending on w and ф which are first order polynomials, 
we get 


оо) (ий) 


1 . д 
7 av = фи, 
М: = 0. 


2 


Further, Mz = [Хо, 52] + $[X1, 91], where 


BX Si] = ayy {200 + Вы — itu?) (ug 15}. 


Hence, ` 
$ д 
8(w2 —1) Ov 


and M3 = 0. The equations in new variables are 


М2 = 


du _ 4 dv _ : =? р 
ete) a7 ( al + grap) ete. 


The transition curve is м = i¢/2/2+0(e%) (at w? > 0 there are no transition 
curves). In conclusion, note that the replacement of cos 2 in (3.11.1) by 
any periodic function does not produce (in a sense) anything new. 

The following example also illustrates section 3.10 but is much more 
complicated than the preceding linear example. 


3.12 Example: Oscillating Spring 


We consider a pendulum with two degrees of freedom: the mass point sus- 
pended on a spring oscillates in the vertical plane (see Fig. 4); the spring is 
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massless. Put К for the stiffness factor, @ for the length of the spring in the 
state of equilibrium and m for the mass. Put also w = Ма for the fre- 
quency of small oscillations of the mathematical pendulum of length @ and 
p= \/Ё/тд + 1. Introduce a Cartesian coordinate system with the center 
at the point 0, the equilibrium point of the load, and axes oriented along 
vertical and horizontal lines (see Fig. 4). Denote the coordinates of the load 
by éx, fy. The length of the spring is (В, where В = ((1+ 2)? + y?)!/2. 
The tension of the spring is 


ER — by 
fo ’ 


where fg is the length of unloaded spring. On the other hand, since @ is 

the length in the state of equilibrium, then k(€ — 60) / 6 = mg. Inserting 

fo = kt/(k + mg) in T we have Т = (k + mg)R - К. From there it is clear 

that [(k + mg)/mé]'/? is the frequency of oscillations of the load when the 

spring is in the vertical position and р is the ratio of this frequency and w. 
Components of the force operating upon the load are 


T=k 


1+т у 
Е=-Т-. 
RR?’ is R 


Newtonian equations of motion are mfz = F,, т) = F,. Introduce the 
dimension-free time 7 = wt. Then equations of motion take the form 


Е, =т9-Т 


41 _ 2 ; OR 

да TH x — (pu - (1-2), 

@ OR 

a = Hy + (DF - (3.12.1) 


Remark 3.12.1 For small х and у we have OR/Oxr = 1, OR/Oy = у so 
that equations for small oscillations are x” + p22 = 0, y” +y = 0. 


ИЛИ 


bs 
FIGURE 3.4. 
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Remark 3.12.2 For и = 1 oscillations are harmonic. The trajectory of the 
load is an ellipse. Physically, this motion is performed only approximately 
for a weak spring (К < mg). 


Putting 2’ = цу’ = v, we pass to the system of first order equations, 
which turns out to be Hamiltonian, 


4х _ ОН du OH dy OH dv ОН 
ee Шок ae ie “ae ee ee 


with the Hamiltonian given by 


Be ee ee et ae ee a 
H= suite) + (В -1)-@-1(R-1) 2, 


where the constant in H is chosen so that H(0,0,0,0) = 0. 

We will study the motion near the equilibrium state during large time 
т. Let us replace x, у, и, and v by ea, and ey, eu, ev and H by Е?Н. The 
system (3.12.2) remains in the same form and 


H =H +e; + Е? Но + 2Нз+..., 


where 
1 
Но = 5 (и +92 + pra? + y’), 


2—1 
Н = ay’, 


2 
2 4 
_w—-l1fy oe 
Но = 9 (4 oy), 
1 
Нз = nd 5 (и - fav"), (3.12.3) 


Remark 3.12.3 The Hamiltonian Hp is positive definite. The equilibrium 
is stable. We will consider subsequently т < 1/e?, т «< 1/53, ... (for 
т < 1/e we have two oscillators whose interaction can be disregarded; 
see Remark 3.12.1). 


The technique of computation which makes use of the fact that the sys- 
tem is Hamiltonian will be illustrated with higher approximations. For 
т «< 1/Е? we write explicitly 


4х _ ау _ 4и _ 2 и? —1 2 
dr dr i ee ae 
du 


— = 7 ~— 2 _ 9 
2 у- e(u’ — Пту 
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The operator is Х = Хо + €X,, where 


д д 
= 2 
Ste от “Oy Уд’ 
we -1/,0 д 
Х! = 5 (u au +2295. : (3.12.4) 


The eigenfunctions of Хо are 
g=utips,  ф=и-ша феи, p=v-iy. 
We have Хоф = зи, Хоф = ty), 


2 _ = 
Х1ф = ие — $) 4-5). 


2 
—1 
Xiw=F 8 


Considering monomials which enter X,y, Xi, we find only a single 
resonance, д = 1, for и > 0. We get 


2 


eI ne 
My ==—y?, МАР. 


The system in new variables is 


d -1 d -1 - 

W = ing +e 3 42, г" ФФ, (3.12.5) 
3.12. 

de. -12 an Г и. 

ат =, inp te yp ’ ат = inh ЕЁ Ap py. 


It describes the main asymptotics юг т «< 1/Е?. The system (3.12.5) pos- 
sesses two first integrals 


206 + py = cy = const, 
(pi — pu?) — (u— 2) = 02 ~ (и) 
= const. (3.12.6) 


Setting у = р we find from (3.12.5) that 


2 
,_ _ we -1 7,2 „2 
ЕЕ (р + By"). 


This and the second first integral (3.12.6) make it possible to express eyy?, 
Еф? in terms of р, p’. Furthermore, 


(94?) (Ефф?) = Е? ффр? = fe?p?(c1 — up) 
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due to the first of the integrals in (3.12.6). We have obtained the equation 
for p: 
2 2 
2_ (uw —-1)* 2 
р' = rr ae (cy 
where ро = р(0). The problem of integration of (3.12.5) is now reduced to 
that of (3.12.7). In fact, 


— ир)р? — [eco +(u—2)(p— 0). (3.12.7) 


a(n 2-9 
eyy = (<3) ф, ey = (2) a (3.12.8) 


The quantities in parentheses can be expressed as functions of р and р’. 
Inserting (3.12.8) into (3.12.5) we find 


ms 52 
p= exp | (w+ 2 Ш : (ey) dt, etc. 
8 ФФ 


It follows immediately from (3.12.7) that for |и-— {| >> Е ме have р © ро = 
const, as should be expected, and for |u — 2| < Е we have р = p(er) in the 
form of an elliptic Jacobi function. 

Now let us demonstrate the technique of computing higher approxima- 
tions. We will now exclude the resonance д = 2 from consideration. Set 


—in/4 — 


y = Sa (ut tue), p= (vu + ty), 

Xop т ры = (3.12.9) 
P= Se (u— ipa), = ——(v - ty), 

Хоф = —ipg, Хоф = ag. 


Remark 3.12.4 Factors (1//2u)e7'7/4, (1//2)е-*"/4 are introduced so 
that the change of variables (3.12.9) is canonical: which means that the 
following identity must be true for an arbitrary function K. 


OK 8 OK 0 око эко _OK 9 око око OK aH 
Ou Or дтди Ov Oy Oy dv APIP APIS Ap dp Ay A. 

We seek 51 in the form of a Hamiltonian operator with the Hamilto- 
nian С so that M, = [Хо, 51] + X, is a Hamiltonian operator with the 
Hamiltonian XoG + Hj [see section 2.8]. Due to (3.12.3) and (3.12.9) we 
have 


yu? 
— т/4 (125 _ 212 125 12 А rae 
Н: = werk (pe-— vp + e—V'y t+ Wye - 244$). 

Seeking G, as а combination of the same monomials which constitute На, 
we get, for pp # 2, 

Gg, = WED in [ E+ Ho _ фе | 2Wdy + wie 

1= 7 aa © ва Е авы ’ 
4/2p p-2 +2 ff 

XoGi +H; =0 (М, =0). 
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Since M, = 0, we have 


M2 = [Хо, 52] + Х2 + $[X1, Si], 


where Хо is the operator with the Hamiltonian 


Hee — 2—4 — #\2 Аа 
2= — 35 (1-4) -4ф- 8)" — d)") 


and 4[X1,5] is the operator with the Hamiltonian 4{H,,G,} ({,} is the 


Poisson brackets), which is easy to compute in the variables in (3.12.9) (see 
Remark 3.12.4). 


We get 


1 (Hh, Gi} = ots — A(u — 2)(G?d? + gv?) 


—A(u + 2)? + Bd?) + (+9) 
— 4(u? — 2) (443 + 434) + 8up P(e? + 47) 


+ 844 ($7 + yp?) + 2(3u? — 8)4724? - рее] | 


2 — ne: 
Ha + 5H, Gi} = AS + — (А +44) 
— A(2p — 1)(p + 2) (624? + 97247) + 32 (9* + 4) 
— 4(и? + 2) (443 + 43$) + 24и0$(4? +47) 


+ 2( р? + 8)424 — вирь 


Besides 4242 and фффу, which certainly correspond to zero, there are 
monomials 622, $2, and 42 corresponding to zero if д = 1. But p = 1 is 
not a resonance point since these monomials have the factor и — 1. More 
generally, и = 1 is not a resonance point in all orders. Thus, there exists 


no resonance 2-point if и # 2 and р is “far” from 2. Seeking the operator 
52 with the Hamiltonian G2 we get 


ХоС2 + He + = (нь, G1} = 

Z = оо 
2 16 p2 и+2 

(и+1) (2-1), 29 12 2,72 

aes a — yp — ory ] 


НЕ (у а +2 9) 


pe? 
mae + 8)p?p? - 24ирфу4], 
(p>? — gy?) 


+ 


+ 244$(47? — $7) + 244$ (7? - 2. 
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The Hamiltonian 
Ho + €? (XoGo + Ha + ${H1, Gi}) 


corresponds to Хо + €M, + Е? М2 since М; = 0. It is easy to see that, in 
the new variables, integrals of the system are рф = const and yy) = const, 
so that when there is no resonance и = 2 we will get again harmonic 
oscillations at т < 1/e? but with frequencies depending on initial values as 
in the Duffing oscillator. It is useful to notice the difference in the behavior 
of the system in the presence of a resonance and in its absence. 

Consider also the case т < 1/e*. Taking into account that М; = 0 let 
us write M3 in the form M3 = [XoS3] + Уз, where 


= Хз + $[X1, 52] + (3(М2 + Х2) + Ха, 51|, 51). 
The Hamiltonian corresponding to Уз is 
Нз + 4{H,, G2} 

+ {4 (XoGo + Ho + 4{Mi, Gi}) + $ He + H{M1, Gi}, Gi}, 
where G2, ХоС2 + Н2+3{На, Gi}, {Н1, Gi}, and G, are computed above. 
Examining monomials which constitute this Hamiltonian we find two new 
resonances: р = 2/3, и = 4, only the second of them having a physical 


meaning. Only two ОО, $4“ and фф*, can correspond to zero at 
и = 4. The Hamiltonian corresponding to Ms is 


2S /4 


where y = (р) may be evaluated at ys = 4; and (rather long) computation 
gives y(4) = 15/256. 

While calculating the system corresponding to Хо + Е? М2 + ЕЗ М3, let us 
perform the transformation 


pr (em Уи)ф, Br (e*/4/4/2u)9, 
(еду, ber (e*/4//2)p. 


Then, returning to notations р = и + iva and ф = v + iy, we get 
dp _. 2, 37/4 

дл = Ки+Е 94) =? rus, 

dy _. 2({% -_ т 3773 

7 =i(ite (Eve „= ие, 

4$ _ _. Ив) 

ат = (и+Е?афф)ф — =? 1D, 

dy __, 2( 7% 3 — Aba) та aes? 

7h i(i+e (Sve №) +. та 
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where 
_ P=) g_ WA 1)? +8) 
i 162 (р? — 4) 
This system describes the principal asymptotics for т < 1/e* in the 
absence of the resonance и = 2 and serves for the resonance и = 4. The 
system possesses integrals 


4фф + иф = с1 = const, 
;-3 в = 2 _ 16 
= (Ov 99%) + (4 wd — а + 48) (09)? + 2-е) 
= ЕЗсо + (4 — и)ро + €2const = const 


and is reduced to quadratures exactly as was done above for the resonance 
p= 2. 


Remark 3.12.5 The general consideration, which we will avoid, shows 
that there are perhaps only (2n + 1)-points of resonance, where п = 0, 1,2, 
..., 80 that р = 2(n +1) are resonances having physical meaning (we 
are speaking about real resonances, not about all mathematically possible 
ones). 


In the next example considerations from Section 3.10 will be used to 
construct periodic solutions. 


3.13 Example: Periodic Solution (Hopf’s 
Theorem) 


Consider the system 
ах 


‘dt aa F(a, Lt), 

where х = {21,...,2%n}, is a parameter, and F(z, 4) is a vector function 
smooth in z and р for sufficiently small z, д. Let F(0, и) = 0 so that x = 0 
is the equilibrium point. Putting х = ey, where e < 1, y ~ 1, we will write 
our system in the form 

d 

a = A(u)y + €Pi(y, в) +e7Po(y,m) ++. (3.13.1) 
Suppose that the matrix A(z) possesses two simple eigenvalues Л(и) = 
B(m) + ta(p) and A(u) = B(u) — ia(w) which degenerate at р = 0 into 
a pair of purely imaginary ones, i.e., 6(0) = 0, a(0) > 0, and that other 
eigenvalues и(р) are not proportional to tia(0) at р = 0; e.g., Rev(0) < 0. 
We may assume that 


А(и) _0 
A(u)=} 0 ACH) 0 
о Bip) 
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Then the system (3.13.1) at = = 0 has particular solutions 


a Na Sana a dy, _ dy2 _ 5 
yg =. = м =0, dt = (и), Ч = А2(п)у 


which are periodic at д = 0. It turns out that for sufficiently small = 2 0 
and sufficiently small и (perhaps only for п = 0) and under some other con- 
ditions [e.g., 3’(0) 4 0] which will be discussed below, the system (3.13.1) 
possesses also nontrivial particular periodic solutions which constitute a 
two-dimensional manifold Г situated close to уз = --- = yn = 0. Note that 
for a fixed р such that В(р) 4 0 and for a sufficiently small = there are по 
periodic solutions close to уз =... = у, = 0. The existence of these solu- 
tions is stated by Hopf’s theorem [22] whose different aspects are broadly 
discussed in [8]. Below we will show how to compute the asymptotics of 
Hopf’s solutions and investigate their stability. 

Note that the condition that eigenvalues и(р) of В(р) [see the expression 
for А(р) above] at = 0 are not proportional to +ia(0) implies и(0) = 
m,A(0) + m2A(0), where пи and то > 0 are integers and ти + то > 1 for 
any и(р) (when р is sufficiently small). Since (3.13.1) is a standard system 
(see Section 3.10) with a linear leading part and polynomial perturbations, 
then a change of variables close to the identity can reduce the system 
(3.13.1) to the form 


ahs. 


7 = Aut =Ри(у, и) + Е Poly, и) +. .., 


where the components jisx(y, и) of the vector functions Р,(у, и) for s = 
3,...,n do not contain monomials у": у2"?. This means that the system 
(3.13.1) has a two-dimensional manifold of solutions I’ whose equations in 
new variables is у, = 0, where s = 3,...,n. 

In what follows the problem will be considered on I’; i.e., will be reduced 
to a two-dimensional one, and у stands for the vector {ул, y2} accordingly. 


Remark 3.13.1 We have made use of the knowledge [see subsection (4) 
of Section 3.10] of some properties of roots of В(р) but their exact values 
will not be needed in computations to follow. 


Since there are no conditions imposed on the perturbation, then и = 0 
is, generally speaking, a resonance 1-point for i > 0. 

Let us reduce the system to the normal form with respect to A(0), where 
Хо = (A(0)y, У). Since у1 and уз correspond to ia(0), —ia(0) respectively, 
then ут 2"? corresponds to ia(0)(m, — m2). In the normal form the two- 
dimensional system (3.13.1) is such that the monomials in the right-hand 
sides of dy, /dt and dy2/dt correspond to ia(0), —ia(0), respectively. Thus 
we obtain that т! — та = 1 or —1 for the monomial of degree 1+1 = т! + 
Mg, 1е., my = Jj + 2/2, тз = j/2 or m, = j/2, me = j + 2/2. Hence j must 
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be even. The corresponding monomials are of the form e;/2(“)(yiy2)?/?y1 
and €;/2(H)(y1y2)9/7y2. 

Putting у1 = y and yo = @, where the overbar stands for complex 
conjugation, set g = фр. Then the system takes the normal form 


г. = [6 (в) + tau) + €7h(9, =), 


г. = [B(u) — tau) + =", =], (3.13.2) 


where h(g, Е?) = c1(u)g + =2с2(р)9? + °°. 
From (3.13.2) the equation for g follows: 


19 би) + с? Reh(g, 4,2") (3.13.3) 


Equation (3.13.3) possesses a particular solution 9 = go = const if и = p(e) 
satisfies 
В(м) + =? Re h(go, u, €7) = 0. (3.13.4) 


This equation (called the branching equation) is quite similar to the equa- 
tion for transitional curves in Example 3.11. Corresponding solutions ф, ¢ 
are periodic since 


d | : 
+ = ifa(p) + = sin h(go, и, =2)]ф 


and the period is, naturally, close to 27/a(0). 

The condition for existence of such periodic solutions is the solvability 
condition for the branching equation (3.13.4). Under sufficiently general 
assumptions, (3.13.4) may be solved with the help of the Newton polygon 
method [45]. 

Since it is impossible to list all cases, let us indicate how to obtain the 
master equation which defines the principal term in the asymptotics of 
pe). Let us expand the left-hand side of (3.13.4) into a series in powers of 
Е and и. In what follows we will show that only a finite number of terms 
will be needed. Let 


В(м) + =? Re h(go, и, =*) = В(р) + €?™ar(u) + =" аз (р) +--+, (3.13.5) 


where а; (и) are power series in р. Suppose that there is a monomial c,e?* 
in this decomposition which does not contain a power of д. (otherwise we 
may assume that (=) = 0) and let b = mink. Let us seek the principal 
term of the asymptotic in the form p(e) = re? + ---. Substituting it in 
(3.13.5) we see that the lowest term of the decomposition is of the form 


coe?” + > Cpgé Pt, (3.13.6) 


Pq 
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where р, 4, and ¥ are chosen from the condition 2p+yq = 2b and 2p'+yq' > 
2b for other р’, 4’ and the chosen ¥. It is clear that after the first term of this 
form, Coé’, is found for the solution of this problem, further decomposition 
in powers of € in (3.13.5) is unnecessary. After this, y is found using the 
Newton polygon method. Equating the coefficients of ¢7 in (3.13.6) to 
zero we get the equation for z. Standard mathematical arguments using 
the implicit function theorem show that the solvability of this equation is 
equivalent to solvability of (3.13.4), i.e., to the existence of the periodic 
solution (perhaps not unique; the number of real roots is greater than 1). 
The case 0'(0) # 0 is trivial. Then В(р) ~ 6'(0) м and the equation for х is 
6'(0)х + с = 0, where с = const. The condition (’(0) # 0 was indicated by 
Hopf. If we drop this condition, we evidently get many opportunities which 
will not be discussed here. 

The stability of the obtained periodic solution is subject to a simple 
investigation. The question is reduced to the investigation of stability of 
the solution g = go of (3.13.3) which is expressed, due to (3.13.4), in the 
form 


a =, 2e?(Re A(g, в, Е?) о Ве= Ко, м, =?)]9. 


In particular, if 


d 
dg Re hig, B, BP) | gatas < 0, 


then the solution is stable. If с1(0) # 0 [see the expression for h(g, u,€7) in 
(3.13.2)], the last condition is equivalent to Вес1(0) < 0. Evidently this is 
the condition of the stability of equilibrium for и = 0 since it is clear that 
at и # 0 the equilibrium is unstable. Note that the computation of Rec;(0) 
is actually the computation of the so-called Lyapunov values [30]. 

The previous considerations can be generalized to the essentially non- 
linear case. Let us consider briefly the two-dimensional situation. Let the 
system depend on two parameters p and Е and be of the form 


dz. 
“dt 


Consider a domain О, where х = (71, 22) ranges, and let Л, \ and y, ф be 
eigenvalues and eigenfunctions of 


= ак(т, и) + Ев (ти) (kK =1,2). (3.13.7) 


Xp = ag +a ‘for x € D 


of the form ф = (т, р), А = ia(e, и) + 6(е, и), where e = yy. Further, let 
the operator X corresponding to (3.13.7) be reducible to the normal form 


Х = Х+ЕМ, +e?No+-: (3.13.8) 


and Му = (ак(е, и) + Вь(Е, и))ф. Next, assume that a(e,0) # 0 and 
B(e,0) = 0 for sufficiently small |u|. But then for д = 0 to each initial value 
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фо there corresponds a periodic solution of the system 4/4 = Хоф = AW 
with period wo = 2a/a(eo, 0). Under conditions similar to those introduced 
earlier we may show that for a sufficiently small |e|, to each initial value 
vo, Фо functions p(e, фо, Фо) and (Е, Фо, Фо) correspond such that for и = 
(Е; Фо, Фо) there is a periodic solution of (3.13.7) with period w which 
passes through о, Фо and such that w(0,-) = wo, (0,-) = 0. 


3.14 Example: Bifurcation 


Let us make use of Example 3.13 to discuss the formulation of bifurcational 
problems. Consider the problem f(z, р) = 0, where f(z, м) is an operator 
defined on elements x of the space X, which depends on the parameter 
p and perhaps on some other parameters as yet implicit. In Hopf’s the- 
orem f(x, и) = dx/dt — F(a, и) and the class of functions is the class of 
functions z(t) periodic in Е with a specified period. The general problem 
consists of the study of dependence of a solution, х, on the parameter р. 
The bifurcational problem is usually the following one. Fix a known solu- 
tion z(fio) = Zo and assuming that Юг и = po the solution хо is unique, 
investigate the solution z(j) which depends continuously оп р. 

The first question which arises here is that of existence of x() belonging 
to the given class X for п close to po (e.g., the Hopf theorem), the next 
question being that of the quantity of solutions z(j), and, of course whether 
they are stable. If there is more than one solution then this phenomenon is 
called a bifurcation. In the Hopf problem the stationary periodic solution 
x = 0 may grow into at least two solutions: the periodic one х(и) and 
x = 0. In applications the presence of a bifurcation means a steep change 
in the behavior of the system, which explains the importance of defining the 
values of parameter for which a bifurcation of a solution arises. Naturally, 
the bibliography on bifurcational problems is voluminous. Here we intend 
only to discuss briefly several aspects of these problems connected with 
perturbation theory. 

Suppose that for 4 = 0 we know a solution хо of the equation f(z, 0) = 0. 
Putting z = то + у we obtain 


ao(u) + Г(р)у + L(u,y)=0, = L(w)y = of (to + ey, и) = 0, (3.14.1) 


where а0(0) = 0 and in the Hopf theorem the linear operator Г(р)у is 
dy/dt — А(р)у; it acts in the space of vector functions y(t). In other prob- 
lems, e.g., in problems with partial derivatives, it can act in much more 
sophisticated spaces. Rewrite (3.14.1) in the form 


L(0)y + (Г(и) — L(0))y + ao(u) + Кр, у) = L(0)y + B(p,y) = 0. (3.14.2) 


First suppose that the linear operator L(0)y is invertible. Then the equation 
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(3.14.2) is equivalent to the equation 
y+L~1(0)B(u,y) =0 (3.14.2’) 


and we may expect that for small |u| there is a unique solution of the 
problem. (In the mathematical literature this assumption is proved under 
various conditions.) In this case the solution хо is extended “by continuity” 
to the solution (р) and there is no bifurcation. Clearly, it is essential to 
study the degenerate case when the equation L(0)y = 0 possesses nontrivial 
solutions. [In the Hopf problem the equation L(0)y = 0 is dy/dt—A(0)y = 0. 
It has а 27/a(0)-periodic solution, poe*** | 
Now let us make the following assumptions: 


1. Solutions of L(0)y = 0 constitute a finite-dimensional linear subspace 
with the basis #1,..., Wx. 


2. The Fredholm alternative holds, 1.е.; equations L(0)y = 6 are solvable 
if and only if (5,41) = 0, where $ = 1,...,k, and фу constitute a 
basis of linearly independent vectors which generate all the finite- 
dimensional space of solutions of the dual equation L*(0)y = 0. (We 
do not define here notions of the scalar product, the norm, etc. In 
concrete problems these notions arise naturally.) 


Now let us return to the initial problem. Denote by T the space of vectors 
orthogonal to фт,..., 4+. The Fredholm alternative means just that L(0), 
which evidently maps T into Т, possesses an inverse operator, L~1(0), on 
T and the condition (b, ~7) = 0 [of solvability of the equation L(0)y = 6] 
means that b Е T, 1.е., that у = L~1(0)b. [Recall that L~1(0) is defined 
only on T.] Now put 


y=Gt YS) apd, 


1<p<k 


where 7 Е T. Substituting into (3.14.2) gives 
L(0)g + B( 9+ »` с», =0. 
1<psk 
This equation is solvable if 
(+ У. Athy oi =0 fors=1,...,k (3.14.3) 
15р<к 
is satisfied, and then if (3.14.3) holds, we have 


y= -1-*(0)B(u.0+ Ds avr). (3.14.4) 


1<psk 
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For sufficiently small || Equation (3.14.4) is usually solvable with respect 
to у [again if (3.14.3) holds]. Substituting this solution into (3.14.3) we get 
k equations to define a, the so-called branching equation; the investigation 
of them constitutes the subject of the theory. However, before we solve 
them we should write them in a convenient form. The very question of 
how to do this is illustrated in what follows with the help of some classical 
examples. 


3.15 Example: Problem of a Periodic Solution of 
an Autonomous System 


dx 


ao Az + €g(2), where A is a real matrix. (3.15.1) 
Suppose that A possesses р = 2m imaginary eigenvalues A, = qxi, where 
4к’з are integers, other eigenvalues 4,, where s = p+1,...,n, are not pure 


imaginary integers, and A is diagonal. In what follows we assume that A 
has no zero eigenvalues and nontrivial Jordan cells. Both these assumptions 
are made only for simplicity’s sake. 

Let us seek a periodic solution of (3.15.1) with period 27(1+ew(e)) which 
at Е = 0 turns into some as yet unknown solution, with period 27, of the 
nonperturbed system. Putting t = (1+ew(e))r we will obtain from (3.15.1) 
the equation 


S = Ar + ewAr + (1+ ew)eg(z). (3.15.1/) 


Put 
ф = (сле ", Gye,  оте тт, Ge 27, 0,...,0), 
where +4; are eigenvalues of A and let us seek w(e) and a(e) so that 
x= p(e,T) + ey is a 2x-periodic solution of (3.15.1’). 
Since ф(т + №) is also a periodic solution of the nonperturbed system, 
then the number of essential real parameters which define ф is 2m — 1 and 
not 2m. 


Remark 3.15.1 The representation т = y(e,7)+¢y is not unambiguously 
defined. For example, putting y(e,7) = (0,7) + ew(e,r), we get х = 
$(0,т) + =(Ф(Е,т) + у), implying that у and consequently y are defined 
up to an additive summand у. Therefore we may assume that, e.g., a;’s 
do not depend on = and search for them and for initial values for у under 
the condition that г is 27-periodic. We may normalize y and у some other 
way. (For example, assuming у(0) = 0, then a, will essentially depend on 
Е.) 

The equation for у which follows from (3.15.1') is 


4 
> = Ay +wAy + ewAy + (1 + ew)g(yp + ey), 
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or, after expanding 9(ф + ey) into a power series in =, 


d 
= = Ay + (wAp + 9(+)) + ebi(7,y) +€7ba(t,y) +++. (3.15.2) 
The first order operator corresponding to (3.15.2) is Xp +eB, +=? Во +... 


[we have put wAy + 9(ф) = f(r) = {fi, f-1,---) fms f-m,+-+s fn}], where 


Xoye=iqeye + fer) (€=1,...,m), 
Xoys=Asys + fs (s > p+1), (3.15.3) 
Хот=1. 


Setting у; = 2. + с, for > p+1 we get Хол, = Л, 2, + Л, с. — дс. /дт + fe. 
But А, are such that we may find 27-periodic functions с, which annihilate 
AsCs ~ Ocs/Or + f,. Similarly putting у, = 7. + 4, for |s| < т we may 
find functions d, with period 27 such that only resonance terms of corre- 
sponding f’s will remain. After these substitutions, Xo is reduced to the 
form 

Xone = igene + abet Хол. = As2s, Хот = 1. 


Eigenfunctions of Хо are 2. and е", and functions пе correspond to the 
eigenvalue ige; 1.е., 


Xone = igene + ape’, Хое т = заре Чет. (3.15.4) 


Now it is easy to demonstrate that X is reducible to the following normal 
form: 


Ха = Аза, + ЕР) + e? PO +..., 


Xne = igene + (a9 +a} +. -+) ет + вто + Е? + .... (3.15.5) 
Неге PY ) vanish if Zp41 = +++ = Zn = 0; functions rj correspond to eigen- 
values ige and vanish if ne =0 for all 6; functions a}, a?, ... depend on z,’s 


and on invariants of Xo which vanish when 7m = 0 for all £. Reasoning as 
above, set z, = 0 and seek a 27-periodic solution of the system 


d ; и, — 
SE = igene + (9 + вар + де" ++... 


where the overbar means that in the corresponding expression z, = 0. With 
the above remark taken into account we may assume that 7¢(0) = 0. But 
then, clearly, ne = 0 and the branching equations are 


ee ® 
а +: 1 +... =0. for@=1,...,p (3.15.6) 


where -^ means that in the corresponding expression z, = ne = 0. 
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3.16 Example: One Problem on Eigenvalues 


Let us consider the equation 
Au — Au + €B(u) = 0, (3.16.1) 


, where A is a linear operator with a discrete spectrum, B is nonlinear, and 
B(0) = 0. We suppose that u is an element of a space which might be just 
a vector space or a space of vector functions u(x), where x = (2),...,2n), 
и = (u,(z),...,Um(z)). Usually we assume that B(u) is a polynomial in 
и and (if u is a vector function) in its partial derivatives. Let фк, where 
k = 1,2,..., be a system of eigenfunctions of А; 1.е., Ap, = Аьфь, and 
let there be a simple method which enables one to express “any” vector u 
in the form и = 50,51 cer, (e-g., there is a scalar product and a system 
of biorthogonal functions к). Let Л = Л; be an eigenvalue of multiplicity 
£ < со. Denote the corresponding eigenfunctions by m,..., 7 retaining the 
notation y for the rest. We do not suppose yet that A possesses Jordan 
cells. 

Our problem is to find a solution w of (3.16.1), where A = A; +w, м > 0 
аз = — 0, and у passes into a linear combination of y’s аз Е — 0. Let us 


write и in the form 
и = В Ess + У‘сьфь. 
l<s<é 


Then (3.16.1) may be rewritten in the form 


2: = —wé, +еВ.(&, с) = 0, where s =1,..., 6, (3.16.2) 
Gy = NeCk — Wer + ЕВь(6, с) =0, where Me =Ap— Aj, >. 
(3.16.2’) 


We will be looking for a convenient method to write branching equations. 
Since Ак # 0, then a branching equation arises when we exclude (with 
the needed accuracy) ск from (3.16.2). There are several possibilities for 
approaching the problem. Let us list some. 

(A) Let us seek ск in the form ск = ec) + Е?) +..., supposing w to 
be unknown. From (3.16.2) we derive that 


ec) + =?) +... 


Е дВь (6,0) 10? В»(&,0) 
+ ори (Bu(6.0) +>> де, <“ а. 2 беде» “MY а 
=0. (3.16.3) 
Inserting in (3.16.3) the decompositions for c,, we get 
(1) 1 (2) 1 OB, (E,0) (1) 
G =-= Вк(ё, 0), =) eh"... 
Л Ак —м Kl ) : Aw дс . 


(3.16.4) 
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Substituting (3.16.4) in (3.16.2) gives the desired equations. Let, for in- 
stance, all components of B be homogeneous polynomials of degree 2 in 
variables & and с. Then (3.16.4) implies that 


1 
cl) aa V4 Enka, 
ae -—W 


(Yanko) qu ; (3.16.5) 


1.е., c(h ) are polynomials in € of degree h+1. Returning to (3.16.2) we come 


to equations 


— wl, + €B,(E,0) + een 2 P(E) +--+ =0, where s =1,.... 


(3.16.6) 
It is clear that various different possibilities arise. Let us discuss briefly 
the simple one when В,(&,0) # 0 for all в. It is immediately clear that w 
might be also taken in the form w = We + ae? +--+. After this the main 
system to investigate will be Of, = В.(&,0). If ¢ = 2, then in principle the 
problem is simple, since putting &2/&1 = р we obtain the cubic equation 
и = В2(1, и) /В1 (1, р) to define р and then find also &. We will obtain a 
solution depending on an arbitrary parameter €,, which is natural since we 
are seeking an “eigenfunction.” The “eigenvalue” also may depend on &. 
Further approximations are obtained in a trivial way. 
In the same example, let us see what will be changed when A possesses 
Jordan cells. The principal part of (3.16.6) can be rewritten in the form 


— wey + =В1(&,0) = 0, (3.16.7) 


— wee + & + €Ba(E,0) = 0. (3.16.7') 


From (3.16.7) and (3.16.7’) it follows that & cannot be of order 1 since then 
w ~ Е and (3.16.7’) leads to contradiction. Therefore, assuming £ ~ 1, 
we obtain from (3.16.7') that & ~ w and from (3.16.7) that м ~ \Е. 
Therefore we may put & = Véé:, w = ew. Then from (3.16.7) and 
(3.16.7’) equations of the first approximation arise in the form о, + 
В: (0, &;0) = 0, —0&2 + &1 = 0 and two branches appear which depend оп 
the parameter &2. It is evident that the complete solution may be found in 
the form of expansions of @ and & with respect to powers of ¢1/2. 


Remark 3.16.1 Let us underline one circumstance which is important, 
though trivial. We should not hurry in guessing the functional dependence 
of all unknowns on the parameter. In our example the expansion of c, with 
respect to powers of ¢ is evident, whereas the form of the expansion of w 
is defined by the structure of A and should be deduced. 
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(В) Let us consider the variables (z,, Gx) in (3.16.2) аз a vector func- 
tion defining a map F of the space H into itself. We seek a point h € H 
transformed into 0 under this transformation and tending as = — 0 to a 
point of the £-dimensional subspace д defined by the equation с = 0. Since 
F(0) = 0 we may choose two transformations S, and 52 of H, close to 
the identity as = — 0 and preserving 0; putting 5, F'(S2(h)) = Fi(h), solve 
the problem for the function Ру while trying to select 51, 52 in а most 
convenient way. Setting 52 = Е + =Г(&, с) and 51 = Е — ЕГ(&, с}, we will 
obtain from (3.16.2) 


— we + [НГ (6, с) —P.(—w, Ae) + ВЕ, +2] =0, (3.16.8) 


Duce + [al (E,c) — Гь(-шЕ, Ac) + Be(E,c)] + =? =0. 3.16.8") 


where Ак = Ак — w. 

Choose Г so that the coefficient of ¢ in (3.16.8’) vanishes at с = 0. Then 
we may continue the process and transform the left-hand sides of (3.16.8) 
and (3.16.8) to the “normal” form so that all terms of (3.16.8’) vanish at 
с = 0. Then, putting с = 0, we get from (3.16.8) the branching equations 
for &. Suppose, e.g., that B,’s are again homogeneous forms of degree 2. 
Then from (3.16.8’), putting [, = ye baka, we get 


(Ak — Ww) ye enks + or exes = 0, 


where oe 2оёв is the corresponding summand in By. Set other Г to be 0. 
(C) Finally, we may look at the left-hand sides of (3.16.2) as coefficients 
of the first order operator 


д д д x д 
И ee + бо, Е: Tah ER +éX1,+-°: 
me cele cae 


In such an interpretation we search for a fixed point of X. Then we may 
seek a transformation X = е-*5 Хе"5, where 5 = 51 +=5. +... is a first 
order operator with 0 as a fixed point, pose the same problem for X, and 
look for an appropriate S. 

All these methods are equivalent and the choice of them depends on 
the way the problem is reduced to Equations (3.16.2). For example, if the 
initial system of eigenfunctions is an orthonormal one, then the expansion 
и = У Esns+ >> скфь is a representation in the form и = )> 6, +4, where 
4 1 nz for all в. Since the branching equation contains explicitly only &,, 
we should avoid, as far as possible, computations of Fourier coefficients of 
w. This will define the choice of the method (cf. [23], Ch. 10, Appendix). 


Remark 3.16.2 It was supposed above that the spectrum of A is discrete. 
(In mathematical terminology A is usually supposed to be reducible to a 
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completely continuous operator, which permits a rigorous justification of 
the computation procedure.) Most essential is the assumption of finite- 
dimensionality of the subspace of elements corresponding to the eigenvalue 
А;. Unfortunately, plenty of important problems do not satisfy this condi- 
tion. 


The next example illustrates Section 2.5 in a very simple situation as far 
as the construction of the canonical form is concerned. 


3.17 Example: A. М. Lyapunov’s Problem 


In 1893 A. M. Lyapunov [31] considered the stability problem for the equi- 
librium point х = у = 0 of the system 


ах 

Е 29+ 92(1,9) + @з(т,у) + °°, 

а 

ар = Bales) + Raley) to (3.17.1) 


where (); and В; are homogeneous polynomials of degree j in x and у. 

L. G. Khazin [26], remaining in the frame of Lyapunov’s ideas, simplified 
his investigations. We will consider this problem as an example of an appli- 
cation of the canonical form in the sense of Section 2.5 and the (generalized) 
shearing transformation. 


(1) Reduction to the Canonical Form 


For convenience’s sake let us make the transformation т ++ ex, у ++ ey so 
that the system (3.17.1) takes the form 


ат 
=: =9+=02(2,у) + €7Q3(z,y) + ---, 


а 
= = ЕВ2(т, у) + =? R3(z, у) МЕ, 


(3.17.1’) 


The corresponding operator is Х = Xo + €X, +Е?Х. +---, where 
д д д | 
№ =У5., Х; = В+ 9; + Ring, for j =1,2,.... 


Note that the leading operator Хо is nilpotent. If we search for the operator 
S; in the same form as for X;, 1.е., so that Sjz and S;y are homogeneous 
polynomials of degree j +1 in z, у, then the system in new variables 
т = Mz and у = My will evidently have the same form as (3.17.1’). Due to 
Section 2.5, M may be obtained in the canonical form in the indicated sense. 
Let us show precisely what this means. In the notations of the Section 2.5 
we have х =е,;/з and у = e_4/2. The normal basis in Py_, is generated 
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by the element ем 2. In fact, the operator 2. from Section 2.5 satisfies 
Z4€1/2 = 0 and Z,e_1/2 = e1/2, implying that the equation б+р = 0, 
where p is the sum of monomials corresponding to the same eigenvalues 
with respect to the operator Zo, i.e., such that Zoe, = ses, has the unique 
(up to a multiple) solution ей», where г = N/2. 

Further, returning to formulas (2.5.6), we have К = 1/2,r = N/2, é, = 
ety, and т may be either № — 1/2 or М + 1/2. 

For т = (N - 1)/2 the index s might be either —1/2 or 1/2 and 


N-1 №М-1 
ва ( 5 м-в» 1/2 = (>) = NI}, 


respectively. For т = (№ + 1)/2 the index s might be only —1/2 and 
accordingly b_1/2(N + 1/2) = N!. 

Inserting the values obtained into (2.5.7) we find two generating elements 
of the normal basis in Ty_1; i.e., 


Yn—1/2e-1/2 = (М — 1)!€cny2)-1, 
Ум-1/2е1/2 = N'én a, 
Yraij2e-1/2 = Niény2 — (Y41/2€1/2 = 0). 


Taking into account that én/2 = aN, €(N/2)-1 = Хоём/2 = Мер" е—1/2 = 
М№т"-—1у and dividing by N!, we get two operators 


oe +2 "5, Хх“ — (3.17.2) 


which are generating elements of two chains of the normal basis of Тм-1. 

The index of the first of the operators (3.17.2) is s = N — 1/2 and that of 

the second one is s = N+ 1/2. This answer might also be verified directly. 
Thus we obtain 


+1 9 ‚д +1 д 
= А. [2+1 — ыы epi $1 = 
M; = A; (« 5 +29) + В;т a 


where A; and В; are constants; hence, reduce the system (3.17.1) to the 
form 


. =У+ЕА, 2? + Е? АЗ +..., 
а 
= = ¢(Byx? + Ajay) + €?(Boa? + Азт?у) +... (3.17.3) 


The concrete computation of coefficients A; and В; in terms of coefficients 
of the initial system will be omitted. Instead we show the relation between 
A; and B; and values introduced by A. M. Lyapunov (see Remark 3.17.2). 
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(2) The Model System 


Our next aim is to single out in M a new leading operator. In M consider 
the summand 


| 1 0 
Xo + spats бу’ 


where В; 7 0. We have already mentioned the shearing transformation in 
accordance with (2.5.1), the fact that х = e1/2, У = е_1/2, and Remark 
2.5.3: 


so that, for a fixed j, 
’ ae OP. мс 
Xo +e Bel — ¢79/(4+3) (x0 +В, (3.17.5) 
Under the transformation (3.17.4) we also get for any i that 
eM; > eH {natn (ang +29, 
+ Mit) pitt FY. (3.17.6) 
ду 


Now let из express the result of the transformation (3.17.4) in the form 
М — ¢?3/4+3M and find under what conditions the leading summand in 
М is correctly chosen; i.e., when in М there are no negative powers of =. 

First, let 7 be odd: j = ‘on +1, where n = 0,1,2, .... Then, as is clear 
from (3.17.6), in М there are no negative powers of = when А; = 0 for 
i<n, В; =0 for i < 2n. 

Then, as is clear from (3.17.5) and (3.17.6), terms with the 0-th power 
of c in М are exhausted by the summand 


Хо + В, where j = 2n + 1. (3.17.7) 
The system corresponding to the operator (3.17.7), 
dz dy 
— = —=B aes 17.8 
oY Gp = Baneit (3.17.8) 


is the new leading system. 

Let us state from the very beginning that the system (3.17.8) considered 
as the model one for (3.17.3) implies the instability of the equilibrium (the 
proof is standard) so that our case, 1.е., Bon4i # 0, А; = 0 for i < п, and 
В; = 0 for i < 2n, is not considered in the sequel. 

Now let 7 be even; 1.е., 7 = 2(n — 1) for = 2,3, .... Then there are no 
negative powers of ¢ in М whenever А; = 0 for i < n—1 and В; = 0 for 
i < 2(n - 1). Then terms with the 0 power of ¢ in М are 


д [8] [2] 
2п-1 п п-1 
Хо + Ban-ar бу +An-1 (« Bz +т v5) | (3.17.9) 
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This is the new leading operator. 7 
The highest perturbation term in M is 


e2/n+1 {As (ong +25) + Brits}. (3.17.10) 
Thus we have singled out the new leading operator and the principal per- 
turbation term. 
Remark 3.17.1 We have considered the possibility when 
Ву = 
is “added” to Xo. Then the operator 


also enters into the leading operator (3.17.9). Clearly, if we had started the 
discussion with the summand 


10 д 
DA ee py 
Xot+e i(2 +29; ) 
we would have also arrived at (3.17.9). 


Now put the artificially introduced parameter ¢ to be equal to 1, and 
denote coefficients as follows for brevity’s sake: Ban-2 = Во, Bonsai = (i, 
..., An—1 = Qo, An = Oy, ... and write out terms corresponding to (3.17.9) 
and (3.17.10): 


а 
= =ytaor"|+aj2"t! +... 

(3.17.11) 
+ = Box?" +agr™ ly + 9152" +a тпу +..-, 


where п > 2, a2 + 2 # 0 and the new leading system is arranged into 
the bounding box. The system (3.17.11) is the model one for (3.17.1). The 
criterion of (asymptotic) stability is deduced further only for the model 
system; its applicability for the complete system may be proved by standard 
means. 


Remark 3.17.2 А. М. Lyapunov has considered the following model sys- 
tem 


(3.17.12) 
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containing а larger number of parameters (six instead of four). If in this 
system we undertake the transformation 


d 
fig 


yrytaor” + cry + (cap + 1) т" 1 
and put 
(n+ 1)ao = b, 
—1 
(п+2)а = "—W(e + d) + bi, 
Acuna, (3.17.13) 
QO 7 4) 


-1 
2 
then up to accuracy 0(z"+?) in dx/dt and 0(х2"+1) in dy/dt, where у = 
O(x"), we obtain (3.17.11). 

Thus, it does not matter which of the systems (3.17.11) and (3.17.12) is 
taken as the model one (on this subject see Remark 3.17.3 later). Formulas 
(3.17.13) express ao, Во, ол, and 1 in terms of а, В, с, 4, a1, and 6). The 
study of the leading system is not difficult [it is integrated explicitly; sub- 
stituting у = zz" gives the Bernoulli equation for z(x)] and the necessary 
condition for stability is 


A = (п- 1)?a3 + 4nfo < 0. (3.17.14) 


2 
By — 2aoa = Z a(c+d)—ca+a, 


In particular, we should have до < 0 and the condition A < 0 gives two 
simple (necessary) Lyapunov’s conditions а < 0 and |b| < 2,/nlal; see 
formulas (3.17.13). 


Besides, if n is odd, then the leading system itself can be considered as a 
model one: for ap < 0 it is asymptotically stable, for ag > 0 it is unstable, 
and ao = 0 is not considered. If п is even, then for (3.17.14) the leading 
system is stable but not asymptotically stable. 

The main problem is to obtain conditions of (asymptotic) stability of 
(3.17.11) for even n when (3.17.14) is verified. 


(3) The Main Lyapunov Equation 


Let К be a root of the equation nk? — (п- 1) 0 — бо = 0 [by (3.17.14) this 
equation has complex roots]. Set рф = y + kx". Then the leading system in 
(3.17.11) takes the form 

dy = n-1 dé — \ernr-ls 

Boe i ae ees 


where Л = ao + nk. This implies that the integral of the leading system is 
Pp = const which in real form is H = const, where we have 


H = (ny? + (п- Паоул” - воз, 
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where 
x= ex (= 1) arctan lk asd vo") 
TMP VRB ту ) 
The function H is positive. Now let us make the change of variables х — 
r+Az?, у > y+Br"*!, choosing constants A, В so that the model system 
(3.17.11) takes the form 


“ = (Az™"1 + Ла”)р+..., 
Г (3.17.11) 
+ = (271+ Ag") +++, 


with the same accuracy as (3.17.11). It is possible to do this. Constants A, 
В, A, and A are uniquely expressed in terms of ag, бо, a1, and 01. 

Now we make the “final” passage to the model system (3.17.11’), drop- 
ping small perturbations. Due to the model system (3.17.11’) we have 


ан 
dt 


where H is described above and A = 2(AA — AA)/(A — A). The function H 
is, certainly, not a Lyapunov function, since hx” H is sign positive for an 
even n but it is not sign definite. However, we may judge stability by the 
sign of h. 

Let h < 0. Let us show that asymptotic stability occurs. Since H is 
positive definite and does not increase due to (3.17.15), the distance r = 
(x? 4+y?)1/2 of the origin from the depicting point on the phase plane either 
tends to 0, and then there is (asymptotic) stability, or it is bounded away 
from 0, 1.е., г > 6 > 0. Let us show that the latter case is impossible. The 
polar angle due to (3.17.11) changes monotonically: 


= he" H, (3.17.15) 


_ Box?” +..., where до < 0, 


is positive. Therefore 


t t 9 9 
[ oat = | 2" cos" bat = | an cos af Ser Зы 
0 0 до 9 9 


ifr >6> 0 for even п. But then Н -+ 0 since 


t 
Н =ехр (1 [ 2" dt) 
0 


for h < 0, hence г — 0, a contradiction. Similarly we prove instability 
for h > 0. The case h = 0 is not considered. The evaluation of h shows 
that its sign coincides with that of D = (п+ 1)?aoA, + [пад - (п+2)(2п + 


3.18. Example: Illustration for Section 2.5 111 


1)@o]a1, which is expressed in terms of Lyapunov’s coefficients [see formulas 
(3.17.13)] as 


Р--а { (с- +1) - nd) b+ (2т+1ы}. 


The condition D < 0 is the main Lyapunov stability condition. 


Remark 3.17.3 We can undertake a similar investigation starting from 
the model Lyapunov system (3.17.12), so, strictly speaking, it is impossible 
to consider (3.17.11) to be a better model system than (3.17.12). Never- 
theless, authors believe that the canonical form in the sense of Section 2.5 
is more convenient. 


The following example is a “formal” illustration for the Section 2.5 when 
Хо has two Jordan cells: 


ooo °o 
ooo oO 
2 -= => 


ooor 


3.18 Example: Illustration for Section 2.5 


Suppose the leading operator is 


д д 
Хо = ЕЯ + У? Эд. (3.18.1) 


where z = (51, Y1, 12, y2), 30 that, in the notations of Section 2.5, we have 


1 1 2 2 
= elas y= el as а — аа) = а 


A normal basis in Py—1 may be chosen so that 


3(a,8,7) 
Cate 


о: = = 2059 (212 = ха)”, (3.18.2) 
where a > 0, В > 0, and 7 > 0 are integers such that a+ G+27 = №. 
Then elements (3.18.2) may be taken as generating elements of chains in 
a normal basis Py_ 1 (to each set a, В, у one chain corresponds and the 
dimension of the corresponding subspace is a + 3+ 1). 

In fact, the polynomial (3.18.2), as it is easy to verify, is annihilated by 
Z, and corresponds to the eigenvalue a+ 3/2 with respect to Zo (the func- 
tion 212 — 2291 is an invariant for all three operators Z_ = Хо, Zo, Z+). 
Therefore (3.18.2) is an element of Ро+6/2,м-1 [see (2.5.3)]. Further, it is 
easy to see that polynomials (3.18.2) with mutually distinct sets of a, В, and 
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+ are linearly independent and therefore may be taken аз basic elements 
in spaces Py43/2,N-1- Therefore (3.18.2) may be considered as generating 
elements of some chains of the normal basis (this is proved in Section 2.5). 
It remains to show that the number of elements of all these chains equals 
that of Py_;. The dimension of the space of homogeneous polynomials of 
degree № in п variables is equal to (М +n — 1)!/(n — 1)! N!. In our case 
n = 4, hence 


ate Peat a = F(N FINN + 2)(N +8). 


Further, the number of different sets a, 6, y for a fixed y, where y runs 
from zero up to [N/2], equals № — 2y+1=a+(+41, the number of 
elements in the chain generated by (3.18.2). The number of all elements of 
all chains is 


YD (N-274 D7 = 5(N + 1)(N +2)(N +3). 
O<7<[N/2] 


Thus a normal basis in Py—1 is constructed. 


Remark 3.18.1 As compared with the preceding example, it might seem 
at the first glance that we should take the generating elements of the normal 
basis in the form aah , where a+ 3 = №. But it appears that the presence of 
the quadratic invariant 112 — х29у1, which has no analogue in the preceding 
example, is an essential feature. 

Generating elements of a normal basis of an operator in Тм_1 can be 
constructed as in the above example. For such elements we might take 


(ву _ (ев) 9, ров) 9. 
Yatp—1)/2 = (a+ В) ево Ox; Ч (а+в-1)/2 би 


С.В) _ ов) 9 
Уе+в-+1)/2 = “(a+8+1)/2 бу; (3.18.3) 


where i = I, 2, and 


2(а, 6,7) a, a(a,8,7) 
(ав) /2-1 = Хоа) /2 
= (oyize + Валу) a} *(ary2 — wey)’. 
Now let Х = Хо+ЕХ! +e7X2+--- be, as in the preceding example, such 
that Хх, Хил for i = 1,2, and j = 1,2,... are homogeneous polynomials 
in 21, 22; у, 92 of degree 7 + 1. Then the operator М = e~5Xe°, by the 
choice of 5 = 6.9, + €7S2+---, is reducible to the form 


M=Xo+eM,+e?7Mo+---, (3.18.4) 


where М; are linear combinations of operators (3.18.3), where a+ 6+2y = 
1+1. What might be a new leading operator? Let us make the (generalized) 
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shearing transformation (2.5.1) with the parameter t = e~*, where k will 
be fixed later, 


k/2 


>= “т, Yi ЕК! у; for i = 1,2. (3.18.5) 


Under the transformation (3.18.5), in (3.18.4) the following changes will 
occur. We will get e* Xo instead of Хо (see Remark 2.5.3), and operators 


Не Ja» yo /2 Which enter М; will be factored by 


Е®(1-а-В)/2, ge К@+а+8)/2 (3.18.6) 


respectively [see (3.18.2), (3.18.3)]. Under the right choice of k in e~*M = 
Xo +:+::=M there should be no negative powers of = and terms without 
Е will constitute a new leading operator. Taking into account that a+ В = 
j +1 — 2%, let us rewrite factors (3.18.6) in the form 


gh21-3)/2, ek(2y-5~-2)/2_ (3.18.6) 


ПА is correctly chosen, then 


| ee . 
m(j,7) =7+ 727-5) -k20, 
k (3.18.7) 
пул) 53+ 521-4 -2)-k20 


for all va /2 and yo /2 Which enter M; with nonzero coefficients. 


Here we should have in mind that 7 < i, where a+ > 0 for Vo /2? 


and у < 1+ 1/2, where a+ 3 >0 for Ves [see (3.18.3)]. 

Suppose the leading operator contains a summand from Mj, and this 
summand is of the form 
у (2871054) 


a+ 3-1/2? where с; = const, 7 = Yo. 


Cy 
Then m(jo, yo) = 0, hence 
be = 
jo + 2 — 24 

For given k, conditions (3.18.7) take the form 
(7-1) - (%-1)720, (7-2) -(%-17120. — (3.18.9) 


We should remember that conditions m(j,y) > 0 and т(7,7} > 0 are 
connected with operators Ves and YG and values j, у in m(j, 7) 
and m(j,7) do not, generally speaking, coincide. If yo < 1, i.e., yo = 0, 
then (3.18.9) holds for 7 > 2j9 and might fail for a finite number of terms 
(j < 2jo). If coefficients in М of operators (3.18.3) for which (3.18.9) fails 


are zero then the value (3.18.8) Юг К is correctly chosen. 


for jo + 2-290 > jo+2-jo-—1=1. (3.18.8) 
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If yo > 1, then (3.18.9) might be violated for any М; and if the value 
(3.18.8) of К were correct an infinite number of conditions on coefficients М 
must be satisfied. Then in the new leading operator an infinite number of 
summands might enter. Similarly, if in the new leading operator a summand 
from Му of the form 


(2817052) 


211 (0+1) /2 


enters, then 
240 


=, in $4 - 20 Do +4-—jo-1=3. (3.18.10 
па’ «= 10 2 Jo jo ( ) 


For this k, conditions (3.18.7) take the form 
(y-1)jo-(¥-2)3029, = (¥-2)0 -(¥- 2)50 20. — (3.18.11) 


If yo < 2, ie., yo = 0 or Yo = 1, then (3.18.11) might fail only for a finite 
number of terms. If yo > 2 then, as above, the correct choice of К in the 
form (3.18.10) corresponds to an infinite number of conditions on M. 
Thus in “general position,” i.e., when the perturbation contains the full 
set of operators (3.18.3), in the new leading operators only operators from 
(3.18.3) with у = 0 or y = 1 may enter, and then only a finite number 
of them. Generally speaking, the new leading operator might contain an 
infinite number of summands. For example, if each of the M,’s lacks 


(a,6,0,%) V7 (80,2) 7 (@,8,1,2) 
YatB-1)/2? Yet p+1)/2? Y(t B+1)/2? 


then [see (3.18.9)], in the new leading operator from each M;, summands 


with и /2 and Yo) /2 Will enter. Then, due to (3.18.8), К = 2 


and 70 = 1. 
In conclusion, note that Юг M, 52 0 we always have a “sensible” problem. 
Let us consider this case in more detail. 


In М: only operators vee /2 Gr /2 where a+ В = 2, and 


Ye may enter. Suppose the coefficient in Му of (at least one of) 
Ye /2 18 nonzero. Then putting jo = 1 and yo = 0, we have 
2 
k= 5 [see (3.18.10)], 
: 2. 
m(j,7) as 5 (2 +7- 1) > 0, 
2 


mG,7) = g(27 +7—2) > 0 for j > 1, 


hence only these operators (in addition to Xo) will enter the new leading 
operator. 
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_ Thus one of the possible new leading operators (the leading operator in 
M) is 


р + в 1? + 41212 +4 Е 
У пдд т. 1121 1272 137172 On 


о 2 В д 
+ (2122 + 42222 + 4232112) (3.18.12) 
2 


if at least one of @mn is nonzero. 


Now let coefficients Gm, in M, of all к /2’3 be zero and of (at 
y (2,8,0,4) 


least one of) У 9—1)/2, Where a + В = 2, be nonzero. Then putting [see 
(3.18.8)] jo = 1 and yo = 0 we have 


k= 2 
™~ 3 
т(р 7) = 2(1+7-10>0  forg>1, 
(7) = 2(1+7-2)>0 forj>lorj=1, y2>1. 


In the new leading operator Ar from М: will also enter as will 
ee /2 from M2, where a + В = 3. Thus the second of the possible 


new leading operators in M is 
2 2 д 
(yr + 2а1121 + 241212 + 24131112) Da 
1 


д 
+ (yo + 22117? + 2agga? + Зазза1т2)— 
дто 


+ {2а11хту1 + 2а12т2у2 + алз(у122 + 1192) 
+81(2192 — 121) 


Se eee ee Е 2, 9 
+ 61151 + 61212 + 6131152 + ит 
1 


+ {2а1тлу1 + 24227292 + а2з(у1т2 + 212) 
+ 52 (2192 — 1291) 


4 Е Е д 
+ 62123 + 62223 + баз то + ба}, (3.18.13) 
2 


where at least one of ат» and bm is nonzero. It is clear that it is not 
necessary to consider separately the case when the coefficient of Veo 
in M is nonzero. Formulas (3.18.12) and (3.18.13) give all possible new 
leading operators when M, # 0. 

In the following problem we consider an example of a resonance for vari- 
able eigenvalues. This example might be attached to the reconstruction 
problem (see Chapter 4) but due to its simplicity it is placed here. 
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3.19 Example: Fast Rotation of а Solid Body 


In this example we will turn to one of the classical problems of analytical 
mechanics: that of motion of a mass solid body with one fixed point. 


(1) Euler-Poisson Equations 


Suppose a Cartesian coordinate system with 0 as its origin is rigidly at- 
tached to the body and in this system 0,,, vectors 0, К, Г, and С define 
the absolute angular velocity of the body, its kinetic momentum, the ver- 
tical axis, and the center of mass, respectively. Then 


ЧК ню, к=тост, C+(0,r]=0, (3.19.1) 


where mg is the weight of the body. [The left-hand sides of (3.19.1) ex- 
press absolute velocities of variations of K and Г; the first of the equations 
(3.19.1) expresses the kinetic momentum theorem and the second one the 
condition of stability of the vertical axis in the absolute зрасе.] 

The kinetic momentum and the angular velocity are related by the equa- 
tion К = ТО, where T is a (symmetric) inertial tensor, so that (3.19.1) is 
a closed system of equations with respect to K and Г (or 2 апа Г), where 
T and С are constants. Axes of the frame 0,y, are usually principal axes 
of inertia of the body with respect to 0: 1.е., T ва diagonal operator. 

Setting in (3.19.1) 


Q={p,q,r}, K ={Ap, Ва, Сг}, 


T= {y,7', ni}, а= {20, Yo, zo}, (3.19.2) 


where A, В, С are inertia moments of the body with respect to the principal 
axes Ozyz, we obtain equations of motion (the Euler—Poisson equations) in 
the standard form and standard notations [20]. 


4 


ся 
к 
: 


FIGURE 3.5. 
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Equations (3.19.1) have three mutual first integrals (of energy, of area, 
and the so-called geometric integral): 


(KQ) — 2mg(GT) = const, (KT) = const, T?=1. (3.19.3) 


It is known that to integrate (3.19.1) in quadratures it suffices to find 
one more, a fourth, common integral. [To define the position of the body 
in the absolute space, i.e., to define the dependence of the Euler angles on 
time, it is insufficient to integrate (3.19.1). However it suffices to perform 
one extra quadrature; see [20].]. Such an integral is found only in three 
famous cases (under certain restrictions on parameters A, B, C, Xo, Yo, 
Zo): those of Euler, Lagrange, and Kovalevskaya. 

In what follows the Euler case will be important. This is the case of 
motion by inertia, where the fixed point coincides with the center of mass: 


G=0, (3.19.4) 


which is (formally) equivalent to the case of motion without gravity (mg = 
0). The fourth integral in this case is 


K? = const. (3.19.5) 


Then Equations (3.19.1) are integrated in elliptic Jacobi functions, or in 
elementary ones if the body has in addition an axis of dynamical symme- 
try, say А = В. The geometric interpretation of motion by inertia due to 
Poinsot (see, e.g., [2]) is also well known. 


(2) Rapid Rotation. The Formulation of the Problem 
We will speak about rapid rotation if 


mg |G| 


—-—. < 1; 3.19.6 
IK] [al Ce 


1.е., when the kinetic energy is large compared with the potential energy. 
[Due to the existence of the energy integral (3.19.3), condition (3.19.6) holds 
if it holds at the initial moment.] A small parameter can be introduced into 
(3.19.1) by the formal transformation 


25 O/e (3.19.7) 


so that in the new scale the body will perform ~ 1/= rotations during the 
time t ~ 1. 

Under the transformation (3.19.7), Equations (3.19.1) will take the form 
(К > K/e): 


с + (0, К] = 2тоС,Г, °F +, г] =0 (3.19.8) 
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where 9, К, Г, and С are taken in the form (3.19.2), all quantities except 
Е are assumed to be ~ 1, ande < 1. 
The system (3.19.8) will be referred to as perturbed, whereas, the system 


dK dv 
ce +10, K]=0, + =0 (3.19.9) 


with the same initial values as for (3.19.8) is called a nonperturbed one. 
Thus a nonperturbed system describes the Euler motion by inertia. 

The well-known method of depicting a rapidly rotation solid body is to 
consider it as rotating around the kinetic momentum vector (approximately 
according to Poinsot rotation) while this vector is slowly precessing around 
the vertical axis; for instance, such is the motion of the top (A = B, 
Zo = yo = 0) that rotates rapidly around a symmetry axis. In the accepted 
scale, the velocity of the top’s precession is slow (~ =), hence the action 
of gravity becomes manifest [i.e., we observe a finite deviation from the 
motion by inertia due to (3.19.9)] after a large period of time (~ 1/e). 

However, some extraordinary (in a sense) situations are possible when 
gravity tells already after some time ¢ ~ 1. We will discuss here these 
“earlier than precession” mechanical effects. We will only consider the case 
when the body possesses a unique axis of dynamical symmetry. Let A = 
B#C (the case of the total dynamical symmetry (A = В = C) is easy to 
integrate exactly [20]). 


Remark 3.19.1 The case being considered is perhaps the most interesting 
from the mechanical viewpoint. 


For A > В >С (we do not discuss the case when inertia momenta can 
be e-close) rotations of the body in the Euler motion around large and 
small inertia axes are stable, whereas the rotation around the middle axis 
is unstable. If at the initial moment the angular velocity is not situated 
close to separatrices [2] with the point of intersection on the middle axis, 
then the Euler motion during time t ~ 1 is preserved with accuracy 0(e) 
in accordance with [3]. Otherwise, gravity will tell on the motion during 
time t ~ 1. This case, more difficult than that studied below, will not be 
considered. 

Thus we will investigate (under the condition A = B) the perturbed 
system (3.19.8) during the time 0 < t < 1 and be interested in cases when 
its solution, with accuracy up to 0(1) included, differs from that of the 
nonperturbed system (3.19.9). 


(3) Remark on Accuracy. Resonances 


Since the order of perturbation is ~ Е? [see (3.19.8)], then at first glance 
it seems that during the time ¢ ~ 1 it cannot attribute a 0(1) change into 
the solution. In fact, this is not so, due to variability of eigenvalues. Let 
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us clarify this. As we will show a little later, the system (3.19.8) may be 
reduced to the form 


oe = trAv Gr + =" F(A, Ф, =), 
Е“ = =e™"Gy(A, ф,=) (3.19.10) 


(the leading operator is diagonal, A, # const), where т = 2. 

From (3.19.10) it is manifest that for t ~ 1 we may neglect the perturba- 
tion only when т > 2. In fact, the error in computing Л» is O(e"~1) which 
gives the error 0(="-2) in computing фь. [The rigorous arguments consist 
of the straightforward passage from (3.19.10) to the corresponding integral 
equations.| 

It is also clear that if a change of variables close to identity gives GL(A, y, € 
= O(e), ie., edA,/dt = 0(e™*1), then the solution will be close to the so- 
lution of the nonperturbed system for t < 1. 

Hence the question is if it is possible for (3.19.8) to solve equations 


Mor, = ([Xo, 52] + Х2)А» = Xo(S2A,) + Х2А, = 0, (3.19.11) 


where Л, are eigenvalues of the nonperturbed problem. The system (3.19.8) 
can be written in the form 


e@ = agr — Е2(7', ef ot ee 
eM = = -arp + é*[¢y — (1-a)éy", = - py" — ry, (3.19.12) 
sie Е. F=ay-py, 


where А =В=С/(1-а), & = mgazo/c, ¢ = а and yo = 0, because 
for A = В, axes of 02, may be chosen so that the center of mass belongs to 
the plane 0... To the system (3.19.12) corresponds the operator Хо+=? Хо, 
where 


xo= ar (12-2) + (rand 
o=or | 45-25. г’ — qy" 57 
ee О iy 9 
на г) + (9 PY) am (3.19.13) 
a a д 
Е НЫ ass т m= / 
Х2 = -Cy Эр + [Cy - (1 - ay lag + by. 


The invariants of Xo are г, К = py + 7’ - (l—-a@)ry", and К? = р? + 42 + 
(1 - a)*r?, and its eigenfunctions are 


1,2 =q+ ip, Чл. = —k?y" + (1—a)rktik(qy— py’), (3.19.14) 


corresponding to eigenvalues ат and +ik respectively. In the domain 
w #0, where 
w? = р? +4? (3.19.15) 
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(м is an invariant of Хо), we may pass to the basic system г, К (3.19.14) 
in which Хо possesses diagonal form and the form of the system is given 
by (3.19.10). 

However, computations are easier to perform in initial variables. We are 
only interested in the possibility of solving Equations (3.19.11); 1.е., the 
representability of Xgr and X2k in the form Хоф, since eigenvalues are 
tiar and tik. 

Since 


2 
Xyr = Ey, Xoh = Xof(1- ддт} at = ary 


due to (3.19.13), the problem is reduced to the representation of y’ in the 
form Хоф. It is not difficult to compute 


k 
Xey! = -2arXoy — (Е? — ат?) у" + ar Хор, 


implying that +’ is representable in the form Xof when г # 0 and k? — 
а?т? 7 0, and (3.19.11) is solvable. 
Thus if at the initial moment one of the quantities 


r, Ка? (3.19.16) 


is small [quantities (3.19.16) cannot be small simultaneously since |Q| ~ 1], 
namely, if either |r| < Е or|k? — a?r?| < Е, then the proximity of the 
solution of the perturbed system to that of the nonperturbed one cannot 
be guaranteed. On the other hand, if at the initial moment |r| > = and 
|k? — a*r?| >> =, then during time t < 1 we will observe motion by inertia 
(up to small quantities). This is evident from the earlier arguments on 
errors caused by neglecting the perturbation. 

Thus we might be interested only in cases when at the initial moment the 
vector of angular velocity lies e-close to the plane д = 0, i.e., the equatorial 
plane of the inertia ellipsoid, or to the cone x? + у? + (1 — 2a)z? = 0, 
а > 1/2 [see (3.19.16)], where k? = р? + 4? + (1 — а)2т2. 

From here on we will consider only the first case (when the body, unlike 
the top, rotates quickly across the axis of symmetry). The second case 
is more difficult but does not differ in principle from the first one. It is 
considered, e.g., in [7]. 

Note that the cases mentioned [when one of quantities (3.19.16) is small] 
have the evident meaning of resonances in the Euler motion by inertia. 


Remark 3.19.2 Above we have assumed that w [see (3.19.15)] is not small 
[м = 0 is a singular point for the transformation (3.19.14)]. If at the initial 
moment w is small, 1.е., р and 4 are small, then this is the case of a rapid 
rotation along the axis of symmetry. It can be considered assuming from 
the beginning that р ~ 1, 4 ~ 1 and г ~ 1/e in the system (3.19.1). 


In the case for t < 1 the Euler motion is preserved and the (first) non- 
trivial effect of gravity, precession, arises at large times (~ 1/e). 
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(4) Rapid Rotation Across the Axis of Symmetry 


Let us perform in (3.19.12) or, which is the same, in (3.19.13), the trans- 
formation 
Г > er. (3.19.17) 


Since (3.19.17) is singular at Е = 0, the operator Х = Xo + Е? X is recon- 
structed; i.e., it turns into X = Xo + eX, +e2X, where 
д д д 

Xn = -а-— п ный 

> ЧИТ (ay — PY ayn 
~ д д д д д 
X= ый a и — 19. 

1 ar (a5, rx) +m By ry wot ap (3.19.18) 
Ra = Cy 2 + -(- wey" IZ 

ap +7 Wag 


The operator Хо is quasilinear since р and 4 are its invariants and its 
eigenfunctions correspond to tiw, where и? = р? + 42. The procedure of 
reduction of X to the normal form with respect to Xo is the standard one. 
Here we prefer to make use of the commutation relations. 

It is easy to obtain w?X{ + X!” = 0, where Х/ = [Xo, Xi], implying 


М1 = 1+ RY. 


Further, by arguments like those in (3) we verify whether Mow = 0, since 
the eigenvalues are tw. Due to (3.19.18) we have 


Хз? = C(qy — py’) - (1 - а)67"4 = Xo(Gy"” + (1 - а)67) 
and Xow = Хи = 0. Putting 152012 = —('- (1- а) we get Mow = 0; 


hence we may neglect terms in Е?. It is convenient to express the system 
corresponding to Хо + ЕМ! in variables 


Pat, 7", w=pytay, v=ay-py, (3.19.19) 
so that 
9 4,9 
и By 
д д Ед 
M, = Se es eee 
| ar (a5 р: + Saupe 
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Thus the motion of the body is described in the case being considered (in 
the principal order) by the system of equations 


d 

+ = aqr, 

d 

DF 

2 et 

ae (3.19.20) 

du _ 

dt’ 

dv = 200 
ade 
dy" = 

ae en 


where u and v are defined by (3.19.19). Besides obvious integrals 


w? = р? + 47 = const, u = const, 
v? + wy" = const, 
which are approximate corollaries of the three classical integrals of motion, 


the system (3.19.20) possesses a new fourth integral (adiabatic invariant) 


26 

2 

г“ — —щ р = const 
aw? р 


and therefore can be integrated in quadratures. 

A simple investigation [7] shows that the motion described by (3.19.20) 
is as follows: pendulum-like oscillations of the body around the symmetry 
axis (nonlinear oscillations of the physical pendulum with the speed ~ 1) 
are imposed on the Euler inertial motion. In the second case, when at the 
initial moment k? — a?r? is small, a similar effect is caused by gravity. 

The following example is interesting for its “composite” asymptotics con- 
structed separately in different subdomains separated by the singular sur- 
face on which asymptotic solutions are matched by continuity. 


3.20 Example: The Langer Problem ([28]) 
Let us consider the equation 
eZ = izp + =(а(т)р + b(x)p) (Е > 0), (3.20.1) 


where a(x) and b() are given (smooth) complex-valued functions of the real 
argument х which runs over a finite segment containing z = 0; hereafter, a 
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bar stands for complex conjugation. Since z is an eigenvalue of the leading 
problem, which vanishes in the considered domain, the standard reduction 
to the normal form in the whole domain is impossible to perform (z = 0 is 
a resonance 0-point; more exactly, х = 0 is the singular surface consisting of 
0-points) if we apply by analogy the notion from Section 3.10. But here z is 
a variable, not a parameter, and arguments of Section 3.10 on reduction to 
the uniform normal form are inapplicable, at least directly. This problem is 
in the class of the reconstruction problems which are discussed in the next 
chapter. For these problems it is natural to make use of transformations 
singular at Е = 0 which lead to a “reconstruction” of the operator (system). 
In this problem such a transformation [see (3.20.2)] is easy from simple scale 
considerations. 
Put 
Е = 62, x = 67, (3.20.2) 


and pass to the extended system following from (3.20.1), due to (3.20.2) 
and considered (which is important to remember) for |r| < 1/6: 


dp. 2 dx 
a itp + 6(a(x)p + b(x)p), ir 


To the system (3.20.3) corresponds the operator X = Хо + 6X,, where 


= 5. (3.20.3) 


Хох = 0, Хот = 1, Хор = Ир, (3.20.4) 
X\z =1, Хит =0, Хар = a(x)p + b(x)p. (3.20.5) 


The operator Xo possesses an invariant 


q= реф(-5") : (3.20.6) 


In variables z, т, and 4, where х and 4 are invariants of Хо and т corre- 
sponds to 0, operators Хо and X, will take (due to (3.20.4), (3.20.5), and 
(3.20.6)) the form 


Хох = 0, Хот =1, Хоа = 0, (3.20.7) 
Xje@=1, Xir=0, —Хи9=а(2)4+ И а)ае-"". (3.20.8) 


Let us find the operators of the first approximation; 1.е., 51 and М: = 
[Хо, 51] + Ха. First, it is clear that we may put 


Sya = Syr =0 (3.20.9) 


so that 
Mix = 1, Mir = 0. (3.20.10) 
Farther, т 
Miq = 5 (819) + a(2)q + где“. 
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It is clear that we may put 
Miq = a(z)q, (3.20.11) 


defining 514 from the equation 
д _ ВЕ 
5= (919 = -Бедде-". 


Further, we will consider domains х > 0 (т > 0) and х < 0 (7 < 0); 
ie., construct asymptotics for 0 < д < 1 and for 0 > x > -1 separately, 
requiring, naturally, the solution to be smooth at х = 0. For r > 0 put 


Sig = b(x)q ] ei? ас, (3.20.12) 


and for т < 0 put 


т 


Siq= —b(x)q ] ei? ас. (3.20.12) 


=a 


Thus we impose the condition 519]||= = 0 which will be essential in 
what follows. Now let us find operators of the second approximations; 1.е., 
52 and Mz = [Хо, 52] + 3[Mi + Xi, 51. As above, it is clear that we may 
put 525 = Sor = 0 30 that Mgx = Мот = 0. Further, due to (3.20.7) - 
(3.20.12), 


М»а = 2 (S20) + 52а" (т) ==" Иг) 
+ {5 (x) + b(2)[a(z) — а(=)] }(т)а, 
where, due to (3.20.12) and (3.20.12’), 
I(r) = Г ei? d¢ (r>0), 


eo (3.20.13) 
I(r) = -[ eS dc (7 <0), 


and 6’(x) = db(x)/dx. Due to the choice of I(r), we have 


—ir? 

I(r) ~ ania 

Ir| 

[recall once more that Г(т) is chosen separately for domains т > 0 and 
T <0]. We may now “kill” the term with 4 and, more generally, get 


as |т| + со 


Maq = ma(z,7)q, 
та(х,т) = }b(x)b(x) |e!” I(r) -е-""Т@)|, 
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obtaining 524 like (3.20.12) and (3.20.12’); 1.е., under the condition 529||+|= о 
0 (and separately for domains т < 0 and 7 > 0), and 


524 = {—b'(x) + b(x)[a(x) — а(х)|} (те) + set”) 4. 
We get Mog = т2(х, т)4 and, similarly, Мза = тз(т,т)а, Mag = та(т,т)а, 


..., 80 that Ма = 6m(z,7;5)q = 6[а(т) + бто(т,т) + 62тз(т,т) +. 9; 
1.е., we get the system 


dq ах 
= бт(т, т, 6)а, a 6 
or 9 
Ч = — 
dz =m (=, 55) Ч 
We get 


4* = се (2,5) (2,6) = ] у m(E, €/6, 6) dé, (3.20.14) 
0 


where с is a (complex) constant and the notation qg* reminds us that 
(3.20.14) is the answer in new variables. 


Remark 3.20.1 We have extended the system. Since 5х = Sr = 0, 
М;з = Мл = 0 for j > 2 and (Хо + 6 М! (2 — 67) |z=67 = 0 for (Xo + 
6M,)(a — 6r) = 0, we did not surpass the class of extended operators. 


Returning to the old variables and restricting ourselves for simplicity’s 
sake to accuracy 0(5) = 0(,/é), we get 


4 = сехр | а(2) Е — 6¢b(x) I(r) exp [ a(€) dé + 0(52), 
and, according to (3.20.6) and (3.20.2), we have 
= eft” /2€ (com р a(€) dé — МЕСЬ(т)Г(х/ УЕ) exp i «© a ) + 0(=). 


Thus, due to (3.20.13), 


р=ехр (=) CG exp [ a(€) dé 


— fee b(z) ] ee d¢ exp i ara + 0(=) (3.20.15) 


for x > 0 and 


aimee x 
p=exp( = ) (cen / а(Е) dé 


х/ УЕ ы = 
+ УЕ) 7. е-“ 4Сехр | a(@) ae) +0(=)  (3.20.15’) 
— со 0 
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for x < 0. 
Putting т = 0 we obtain the relation between constants 


ft) — Vect*0(0) XE e~'/4 
- cf) - ЕКО Wer in/4 = 0(e), 
implying 
с(+) = Ao + МЕ (4 + доле) + 0(=), 
и (3.20.16) 
> = dot (А - Ато) } + 06), 


where Ap + /eAi +... is an arbitrary constant. Conditions (3.20.16) are 
the matching conditions for asymptotics (3.20.15) and (3.20.15’). 


4. 


Reconstruction 


4.1 Introduction 


In various problems we must employ variable transformations degenerate 
at Е = 0. One such example is the case of a nilpotent Хо considered in 
Sections 1.5 and 2.5, where a special (shearing) transformation reconstructs 
Х so that another operator, different from Хо, becomes the leading one. 

Situations when reconstruction becomes necessary are often encountered 
in applications and in this chapter we discuss problems of this kind. 

Two types of reconstruction problems whose description follows suit will 
not be sharply distinguished. 


The First Types of Problems 


We have accepted above as an axiom the statement that the reduction of 
the operator X(M) to the normal form with respect to Хм = 0) 
exhausts the means of the perturbation theory based on the “complete 
knowledge” of Xo. 


Remark 4.1.1 It is true though that a normal form is not unique and as 
the very example of a nilpotent Хо shows (Section 2.5) the question of the 
“best” form of M is rather important. 

However, the normal form of М with respect to Хо automatically pro- 
vides neither the “complete knowledge” of M nor the necessity for the exact 
study of М without taking into account the smallness of =. Therefore the 
question arises: what should we understand to be the perturbation theory 
for the operator which is already in the normal form with respect to Xo? 
In other words: which operator in M ought to be considered as the leading 
one (Хо does not fit any more by definition) in order that the problem of 
reduction to the normal form with respect to this new leading operator 
arises, in a sense, naturally? (For example, is it possible, as in the linear 
problem for a diagonal Хо, to take Xo +¢M, as a leading operator?) With- 
out an (at least formal) answer to this question the perturbation theory 
remains logically incomplete. 

Let us give one example when the answer is clear. Let [Хо, М] = 0; 1.е., 
M' = 0. (This takes place when Xo is diagonal and its eigenvalues are 
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constants.) Let 5 = =5\ +6752 + ..-, where 5, = 0 and 


М =е`8 Ме = Xy+ee78(Mi +ЕМ. +...) = (M’=0) (4.1.1) 


so that - 
М! = М! 


and 
= [M, $4] + Ma, Мз = [M,, 5%] + Мз+ [М2, 51] + Ума, 54] S]. 


In the last formulas all operators belong to the class of operators per- 
mutable with Хо. The operator М: plays the role of a leading operator; 
choosing 5 we can reduce М to the normal form with respect to М (clearly 
under certain conditions; see Theorem 2.4.3). Thus in this case Му can be 
called the new leading operator. Note also that is also normal with re- 
spect to Хо + ¢M,. This operator also might be considered as a leading 
one, which is perhaps more logical (see below). 


Remark 4.1.2 Since in this example we have not used singular transfor- 
mations we do not consider it as a reconstruction problem. 

If M’ # 0 (which holds, generally speaking, even for a diagonal Хо, with 
variable eigenvalues and so much the more for a Jordan Хо), arguments 
(4.1.1) fail. In fact, if 5' = 0, then it is not possible, generally speaking, 
to reduce М2 to the normal form with respect to M;, since 5; belongs to 
a narrower class of operators (5% = 0) than М: and Mz do (М! # 0 and 
М} # 0). If 5! # 0, then (4.1.1) fails (it is impossible to eliminate Хо). 
The question of what is a new leading operator becomes nontrivial. 

We can intuitively suppose that there exists a “principal” part ¢(¢) of 
the perturbation «M, +---, defined in a natural way, such that Xo + С(Е) 
can be taken for a new leading operator [in the above example ((=) = «My 
and in the example with a nilpotent Xo, in Section 2.5, ¢(e) is a sum of 
canonical operators of the highest “weight”]. We should expect as in the 
example in Section 2.5 that a reduction of Хо + С(=) to the Jordan form 
becomes possible only by a change of variables singular at Е = 0. 

Problems associated with singular transformations where С(=), i.e., the 
new leading operator Хо + ((=), will be referred to as reconstruction prob- 
lems of the first type. 

It ought to be said at the outset that the question of natural definition 
of С(=) in the general case seems to be extremely difficult. We will formally 
answer it in Section 4.2 under certain assumptions on the perturbations; 
our main tool will be the shearing transformation of Section 2.5. 


The Second Type of Problem 


Let us give first an illustrative example. Consider the equation from Ex- 
ample 3.2: ey” + а(х)у’ + b(z)y = 0 for a(z) = т so that a(0) = 0 and 
гс (0, 1], 
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As is clear from Example 3.2, operators М and S are singular at х = 0 
and areduction of X to the normal form near the surface z = 0 is impossible 
(and is possible in the domain |z| > a > 0, where a = const, for any a > 0). 
It seems quite evident that near the surface a = 0 the operator Хо should 
be replaced by another, new, leading operator Хо + ( (=), where C(e) is a 

“principal” part of the perturbation such that Хо + C(e) fits as a leading 
operator. Clearly, the question on é (Е) is similar to the preceding one, but 
in principle is more difficult. 

Generally, in problems of the second type there exist singular surfaces 
near which (some) coefficients of operators X, M, and S lose their smooth- 
ness (uniform boundedness). Most often these surfaces consist of resonance 
i-points in the sense of Section 3.10 (the notion of a resonance point from 
Section 3.10 is easy to generalize, since invariants of Xo play the role of 
constants with respect to Хо). In this example the surface х = 0 consists 
of resonance 0-points: the operator Хо = 2(д/ду) — xz(0/0z), diagonal at 
х #0, becomes Jordan (nilpotent) at z = 0. 

Methods of reconstruction of operators in problems of the second type 
will be given in Sections 4.3 and 4.4. The characteristic feature of problems 
of the second type is the necessity of matching asymptotics obtained far 
from and near to the singular surface. A method of matching will be indi- 
cated in Section 4.5. Several examples will be considered in detail in the 
end of the chapter. 


4.2 New Leading Operators in the First Type 


Problems 
Let : 
М = Хо +ЕМ, + Е? М. +... = Х+М (4.2.1) 
be an operator normal with respect to the (Jordan) operator Хо, let ф1,..., 
(yx be functions corresponding to eigenvalues Л\,..., Ак, and let w1,...,we 


be invariants with respect to Хо such that (ф, w) is an (extended) basic sys- 
tem [А; = Ai(w)]. We will assume that the coefficients of operators Mj, 1.е., 
functions Мур; and Му are polynomial in ф with coefficients depending 
on w. This is the main formal restriction. Then M is normal with respect 
to Хо whenever M;p;’s are combinations of monomials фу"... фь^, where 


та +e + MAR = А; (my +++ + ть 2 1); (4.2.2) 
and Mjw, are combinations of monomials фу"... фр», where 
1 А! +... + ПЕАк — 0, (4.2.2') 


1.е., combinations of monomials corresponding to А; and 0 respectively. Sup- 
pose also that relations (4.2.2) and (4.2.2’) for all (integer) ту,... Тк, т, 
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..., Пк for which these relations are possible can be satisfied only identically 
with respect to w [see condition (2) of Theorem 2.4.3]. 

Consider the case of a diagonal Хо, 1.е., Хоф; = Анри, where Л; are not, 
generally aa constants. First, note that the system corresponding to 
М, ар: /ат = №ф: + Мрь, аа [ат = Mwy, ..., would have been reduced 
to the system dy,;/dr = Myi, dw4/dr = Мид after the change yi > 
yi exp / №4т if we had found А:(т). [In particular, if A; are constants y; > 
yi exp A,7 or if Mug = = a,(w), then solving the system dwy/dr = ag(w) we 
find A,;(w) as functions of 7.] This remark is based on the invariance of Мф: 
and Ма with respect to the transformation ф; — ф:ехр f № 4т, which 
follows from the assumption that M is normal and depends polynomially 
on vy. This clarifies what follows. 

Let П1,..., Пк be a system of invariants of Хо satisfying resonance rela- 
tions 


та: +... + m4 Qe =O, 401 +--+ + пк Я = 0 (4.2.2”) 


which are satisfied by Л1,..., Ак in monomials that enter My; and М. Wg. 
Let us perform a (singular) transformation 


~i > ф:ехр =. (4.2.3) 


Then 9 
ХХ, MoM- У. =(MQ;) тя 


<i<k © 
due to (4.2.2), (4.2.2), and (4.2.2”); 1.е., 


д 4 
М SO (№ ~ MiMi - €M2Q - р +М. (4.2.4) 


1<i<k 


Now suppose that there exists a smooth (particular) solution of the equa- 
tions " 
M1Q; = Ay — А, fori = 1,2,..., (4.2.5) 


where A; are suitable constants (“constant parts” of Л;). The right-hand 
side of (4.2.4) takes the form 


=» veg me ЕМУ + Е? М; + 
1<i<k 


where 


. д i д 
м=м,- >. (м), М; = Ma - > (Мб, ves 


1Sisk 1<igk 
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which is normal with respect to 


> А. 


1<i<k 


an operator with constant eigenvalues and (see Section 4.1) we can put 
С(=) = eMj. 
Let us give a simple example. In Example 3.1 we have 


м, = nw) { (55 8+ о 255) tug. 


у 9 6 _9 
Xp = tw (55 - P55) 
put Q) = —Q_ = (A; = —A2g = iw) where N = Q(w) and Equation (4.2.5) 
takes the form whg(w) dQ/dw = iw. Putting dH(w)/dw = H'(w) = 1/h(w) 
we get @ = iH(w). The transformation 


Since 


p> pexp +H, ф > Pexp (-=н) 


gives 


Mae fn +t 5 (ea ia - 955) } +(e). 


If we continue the computations of р 3.1 we will easily find that 
Mow = 0. Thus the new leading operator is М: (in new variables). 

This method of reducing the problem to the case Л; = const can be made 
more versatile as follows. Put 


Qi > Yiexp = for y > 0 (4.2.3') 
instead of (4.2.3)-so that 
м - >> (^ = Ma.) ee +M (4.2.4') 
1<i<k И де: 


and let us seek a smooth (particular) solution Q; = Qin + ЕЯ +Е?О 2 +... 
of the equations 


= MO, =), — Л; + Oe) (№: = const) (4.2.5') 


(for some 7). This generalization embraces not only the case М! = 0 but 
also cases when for some reasons it is convenient to take, say, М! = 0 
Мо + Mi Qin + М! и = Ay - Арт = 2, ete. 
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Now consider the case of a nilpotent Хо (A; = 0). First suppose that 
perturbations are polynomial not only in ф but also in w (in what follows 
this additional restriction will be dropped). Then we have the case already 
considered in Section 2.5. Recall briefly the contents of the Section 2.5. 
Let У = р.(2)(9/0х.) be an operator acting on functions in п variables 
x = (11,....,7п) and let р.(х) be homogeneous polynomials of degree № 
in £1,...,2%n. The linear space of operators У will be denoted by Тм-1. 
Let also Хо be a nilpotent operator in То and variables x constitute a 
canonical Jordan basis in То with respect to Хо. Further let us enumerate 
symmetrically Jordan chains of the basis 2; 1.е., 


CF Cpa ess був (4.2.6) 
(4.2.7) 
where Xpe, =.€s-; for s =r,r —1,...,-r+1, and Хое_, = 0 [here the 


index which denotes the number of the chain is omitted; 1.е., e-_g = €i,r,—q; 
where 7 is the number of the chain; r; is an integer or half integer index 
and >; (2r; + 1) = nj. 

In Ty_1, introduce the operator of differentiation DY = [Xo,Y] = Y’. 
The operator D is nilpotent in Тм—1, 1.е., У is bounded in height; D“Y = 0 
for some д. In Тм_1, introduce a Jordan basis with respect to D and let 
us index its chains as in (4.2.6): 


Vi Noting Vea (4.2.8) 


where DY, = Y,-; and DY_,, = 0. The height of the generating element 
Ym equals 2m + 1. Decomposing Y with respect to the basis we get 


УЕ as 


—т<<т 


where the external summation runs over the number of chains, we get [see 
(4.2.8)] 


=> ‘ту, +02 for ZC Ty-1, (4.2.9) 
where У^ CmYm is а nonintegrable operator. 


Remark 4.2.1 The formula (4.2.9) gives one of the solutions of the prob- 
lem of how to represent Y in the form Y = Y + DZ, where Y is a noninte- 
стае operator of minimum height. For any solution У = ть ст Cs У 
of this problem we have бт = Cm and ¢, = 0 for s > u —m-—1, where д is 
the height of Y. 

Now if we consider the operator Х = Xo +ЕХ! + Е? Х. +. --, where Х. j 
is the sum of operators of the form Y for different N, then by (4.2.9) we 
may get 

М =e~SXe5 = Хо+ЕМ, + Е М. +... (4.2.10) 
so that М; is the linear combination of elements of the form Ут [generating 
elements of some chains (4.2.8) for different №). 
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Remark 4.2.2 It is clear (see Remark 4.2.2) that we simultaneously solve 
the problem of consecutive minimization of heights of operators М; for 
j =1,2,... (we find one solution of this problem). 


Furthermore, in Section 2.5 we have proved the main Theorem 2.5.3 
which states that in egch Ty_1 there exists a basic (4.2.8) such that the 
change of variables with a parameter 


ез > t’e, (4.2.11) 
performed in all chains (4.2.6) yields 
у, НУ, (4.2.12) 


in all chains (4.2.8). Such а basis is called, in Section 2.5, а normal one. 

Now consider the operator Хо + AY,, where A is a parameter, У, is 
an element of a normal basis, and s # —1. Note that the transformation 
(4.2.11) yields Хо + #1Хо. Then by (4.2.12) we get for t = A-1/(+s) 
that Хо + AY, > АИ (Ху + У). In particular, for s = т we have 
Xo + AYm -+ А2/1+и (Ху + У) where и = 2m + 1 is the height of Y,, with 
respect to Хо. The parameter A2/(!+#) will be referred to as the weight of 
AY wn with respect to Хо. We will assume that M in (4.2.10) is constructed 
in a normal basis and denote by р; the maximum height of summands in 
М; so that the maximal height of summands in М) is =22/@+# 7). Suppose 
that 


>0 


k=min 
j № 

exists and is reached. Then the transformation (4.2.11) for t = = * (а 
generalized shearing transformation) yields 


M — &*(Xy +=" Х, +e Xo +...) forO < м < <.-., (4.2.13) 


where e* Xo is the sum (in new variables) of Хо and all operators of the 
maximal weight =*. | 

The formula (4.2.13) shows that Хо can be (formally) considered as a 
new leading operator. For the linear problem, such a definition of the new 
leading operator turned out to be natural since each step of this kind is a 
regular approximation to the complete solution of the whole problem (see 
Section 1.5, Theorem 1.5.1). 

Now note one aspect of computations not mentioned in Section 2.5. It 
is not difficult to note that if in the construction of M in (4.2.10) we had 
restricted ourselves with the requirement of the consecutive minimization of 
the height of operators M; (see Remarks 4.2.2 and 4.2.3), then taking any 
solution of this problem and defining К, as earlier, to be К = min, 27/(1 + 
Hj), where р; is the height of М;, we would have [after application of 
(4.2.11) for ¢ = e~*) a formula similar to (4.2.13) with perhaps another k 
and Xo. 
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Remark 4.2.3 It seems that all such procedures are equivalent, but we 
lack a proof. 

Any such procedure is formally applicable and liberates one from a cum- 
bersome construction of a normal basis: the problem of consecutive mini- 
mization of heights of М; can be solved in any basis and the transformation 
(4.2.11) for t = e~* yields automatically the formula of the form (4.2.13). 
It goes without saying that this simplified method of computing also takes 
much time. 


Remark 4.2.4 We have made only the first step as compared with the lin- 
ear problem. Pitifully, as had been already said in Section 2.5, an analogue 
of Theorem 1.5.1 for a nonlinear case is not established. 


Finally, note an evident circumstance. The dependence of coefficients of 
perturbation operators on elements of the form eo, in particular, on gen- 
erating elements of the form еб, i.e., on “genuine” nonintegrable invariants 
(w), might not be considered as polynomials since elements of the form еб 
do not suffer “dilatation”; see (4.2.11). 

Let us come to the general case of a Jordan Хо. Let us split Хо into 
diagonal and nilpotent parts: Хо = Хоа + Хол. Note the following evident 
facts: 


1. [Xoa; Хот] = 0; 
2. The operator М [(4.2.1)] is normal with respect to Ход; 
3. The operator M is normal with respect to Xon. 


Without loss of generality we may assume that the problem of consec- 
utive minimization of heights р;о of operators М; with respect to Xon is 
solved for M. Set : 

2) 
l+p 
and let us perform a shearing ee with $ = Е №. Since Ход is 
invariant with respect to transformations of the form (4.2.11) we get 


М > Xoa + eho М, +e" М. +... for Кю < ky <-->. (4.2.14) 


Ко = min 


The right-hand side of (4.2.14) is normal with respect to the diagonal oper- 
ator Ход and the above-mentioned trick of constructing С(=) is applicable 
to it. 


Remark 4.2.5 The fact that in (4.2.14) powers of = are rational is clearly 
unimportant. 


To conclude this subsection let us give one more illustrative example. 
Consider the operator 


X= Хо + eX1 = -р(т)у 5. + (25 бу + +5). (4.2.15) 
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where p(x) # 0. This operator arises in considering the well-known equa- 
tions 
ey” + р(х)у = 0. (4.2.16) 


We put у’ = z and pass to the system 
ey’ = 52, ez’ = —р(т)у 


which is “incorrect” (whereas “correct” is to put Бу’ = 2). 

It is not difficult to verify that in (4.2.15) the operator X was (inciden- 
tally) normal from the start with respect to Хо. In fact, Xj = 0 (and the 
height of X1, which equals 3, is the minimal height of the: рано. 
However, this property does not by itself provide us with any progress in 
the study of (4.2.16). The problem requires a reconstruction. 

Note that Xo is a nilpotent operator and х is its invariant of the form 
€p which, аз had been mentioned above, makes it possible to ignore in 
the reconstruction procedure the dependence on variables of this form and 
perform the shearing transformation 


yo tty zat V2, (y= е1/2, 2= e_1/2) (4.2.17) 


with (an as yet) arbitrary parameter t. Then 
9 = @ €90 
X 95; + 5 + ‘xh : 


This implies that the reconstruction is performed at t = \/é [we diminish 
t starting with t ~ 1 until in { } a term of order ~ 1 which is different 
from —p(x)y(0/0z) appears]. Thus the transformation (4.2.17) with t = УЕ 
gives us 

Х > VEY, 


where 
Y=Y+VeY= О +25. + VES 


We would have obtained Y under the “correct” cae to т system, too. 

We might have discussed this somewhat differently. Since the heights of 
€z(0/Oy) and ¢(0/Ozx) with respect to Хо are 3 and 2 respectively, then 
their weights are ¢2/C+3) = /é and =2/(1+2) = ¢2/3 respectively. The weight 
of the first operator is greater and we may take 


payer 
pays, + & 5, 


for the new leading operator. This operator is easy to study exactly: its 
eigenfunctions are ф = /€2z + %,/py and ф, corresponding to i,/p and 
—i,/p, and Zo is an invariant. In z, ф, and ф we have 


Х =\УЕУ, 


where 
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о 
= i/p Ко +2 (ф-$) 7 gk 
+ Op 55 - Op Ox |’ 


1.е., we have obtained the “trivial” problem. Let us underline that in both 
arguments we have made use of the change of singularity at Е = 0. Let us 
come now to the second type problems. 


4.3 The Second Type Problems. “Algebraic” 
Method of Reconstruction 
Suppose that there is given a domain D and a singular surface Е for the 


operator Х = Хо +ЕХ! +... and near Е there is a smooth transformation 
of variables 


Ly = а: (у1,.... 1), where i = 1,2,...,n, (4.3.1) 
such that in new variables 41,...,Yn—1, €, the surface Е is defined by 
the equation & = 0; ie., 2; = ai(y1,--.,Yn—1,0) are parametric equations 


for Е. Suppose also that the transformation (4.3.1) satisfies the following 
conditions: 


(a) In variables у = (y1,.-.,Yn), where у, = &/А and А is a parameter 
such that A > 0, for small A, bounded у and 1 = 0, 1,2,... operators 
Х; are of the form 


X; = AY (Xin + AX + A?? Xin +...), 
where 0 < бд < dig < -... 


(b) For A = e* and sufficiently small х > 0 all powers of = in the operator 


AW X = (Хо+ AM Хол +...) +=" (Xp t AV Х +...) +... 

(4.3.2) 
are positive and if the number of X;’s is unbounded, then lim;_,.. (k(Yyj— 
Vp) + $) = 0 


(с) For A = e* and sufficiently small К > 0 the operator (4.3.2) is re- 
ducible to the normal form with respect to Xoo satisfying all require- 
ments of Section 4.2 for the (formal) construction of the new, as 
compared with Xoo, leading operator; i.e., for the indication of the 
corresponding ((2). 


— 
2. 
— 


The new leading operator [or ¢(¢)] which arises after the first type re- 
construction in (4.3.2) (see the preceding condition) does not depend 
on k for sufficiently small k > 0. 
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Remark 4.3.1 The meaning of the condition (d) is simple: for a 
sufficiently large А (1.е., sufficiently “far” from Е since А has the 
meaning of a “distance” from Е), the operator Хо should still remain 
fit to be a leading operator. Hence the principal part of Хоз + С(=) 
should not be dependent on the perturbation if we reach E “not too 
quickly”; i.e., if k is sufficiently small. Reconstruction should begin 
for a certain “critical” value of К when (d) fails. 


(e) There exists an upper bound ker < oo of values k satisfying the above 
conditions. 


Remark 4.3.2 Usually at К = Ко, the condition (d) is the first to fail (see 
Remark 4.3.1). 

Now put A = e*« in (4.3.2). The obtained operator will be referred to 
as formally reconstructed near Е. 


Remark 4.3.3 For an operator formally reconstructed near Ё the first 
type reconstruction problem arises. Usually it is solved simultaneously with 
computing Кг since in a “nice” problem the condition (с) holds also at 
k= ke. 


Remark 4.3.4 We may come across the case К, = oo. This actually 
means that the surface Ё is not singular. 

The transformations (4.3.1) are individual for each problem. We cannot 
provide a general trick. Note only that often ¢ can be introduced literally 
as a distance from E. 


It is worth mentioning one more detail important in practice. Near E, 
when Хо still “fits” (k < ker), the new (as compared with Хоо) leading 
operator is “simpler” than Хо, since a part of the information contained in 
Xo is pumped in perturbation. Therefore the new leading operator obtained 
for k = Ку at the reconstruction will be “simpler” than Хо plus the part of 
perturbation which arises at К = k,,;. At first glance it may seem that we 
should try to choose the transformation (4.3.1) so the “greatest” possible 
part of Хо is “pumped into” the perturbation as we approach Е. However, 
this approach may cause the effect that the solutions obtained “far” from 
Е, 1.е., when А ~ 1, and “near” Е, 1.е., when А = Ач, are impossible to 
“match” in the domain A ~ c*, where 0 < k < ker. The other extremity 
is to make the transformation (4.3.1) so that the new (as compared with 
Xoo) leading operator for К < k,, is “the whole” Хо. Then the new leading 
operator obtained after reconstruction is Xo plus the part of perturbation 
which fits until k = 0, so matching is not needed at all. But the new leading 
operator may turn out to be too complicated for investigation. 

In practice we usually have to choose something in between these two 
extremities and the decisive argument in the choice of (4.3.1) might be only 
the possibility for matching which will be described in Section 4.5. 
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Let us give an illustrative example. (This example is considered from 
another viewpoint in the next section.) 
Consider the equation 


Е? и" + ти = ви" for an integer п > 0. (4.3.3) 
Putting cu’ = v we get the system cu! = v, ev’ = —xu + ви" to which the 
operator 
9 д д 9 
Х = Xo + eX = vy ~ tu te(u" at x) (4.3.4) 


corresponds. Here it is clear that х = 0 is a singular surface on which the 
operator Хо, diagonal for х # 0, becomes nilpotent. For the coordinates 
(4.3.1) we may take и, v, and 2; 1.е., just the initial variables. Now put 
x = Дт, so € = 2, where т is a new variable. We get 


д д Ui Ед 
="— -А 
X=v Bu Tua + eu” В +л ar: 
Conditions (a) and (b) are satisfied for k < 1 and Xp is v(0/du); 1.е., a 
nilpotent operator. With respect to Хоо the operator X has the canonical 
form in the sense of Section 2.5 so that conditions (c) and (d) are evidently 
verified. Heights of operators 


Oy, о о 
ди’ Oy’ A dr 
with respect to Xoo equal 3, n + 2, and 1 respectively, their weights being 
ДУ, ¢2/("+3) and =/Д. The operator Хо remains the leading operator for 


a sufficiently large A with the highest weight A!/?. The critical value of К 
is 


—ArTu 


ker = min(Al/? = ¢2/(+3) ДИ? = Е/Д,1) for A =e. 


For n < 3 we have Кг = 2/3 and for п > 3 we have Ко, = 4/(n + 3). The 
reconstructed operator is 


д 9 д д 
= _ 22/3 n 1/3 < 
Xx a, = ти +eu ao +Е ar for п < 3, 
= yD _ ид nO ("П/з 9 
X= va Tua, +eu ao +€ ar for n > 3, (4.3.5) 


so that the new leading operator is 


д 2/3 д 1/3 © 
pees — os < 
ue Е 5 +Е a for n 3 


and 


д =Е\/(п+3) д д к 
v5, - Tus teu" for n > 3. 
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After the shearing transformation 


uae бу, y= el/8z (т = 67/37, t = 61/3) for п < 3, 
ic ge ИЗ, v= el/(n+3) , (x = Е +3) т, t= e2/(n+3)) 
for n > 3, (4.3.6) 


(here и = е1/2 and vw = e_1/2) chosen in accordance with the weight Al A 
of —A,,Tu(6/Ov), we get the final result of the reconstruction in the form 


д 9 д 9 
Е“ бт 4 Е(3—т) /6 yn & 
X=€ {75 Mat ae te nx} forn <3 


д д [2] 
= ¢2/(n+3) ) „— — — yr (n—3)/(n+3) $ 
Х == lx (ту У"); te =} orn > 3. 


Remark 4.3.5 For п = 3 the problem loses a small parameter. the corre- 
sponding equation d?y/dr? + ry = y° is the Painleve equation [20]. 


In conclusion, note that the mentioned method of reconstruction is purely 
formal and its shortcoming is that it does not take into account the position 
on Е which trajectories approach and the behavior of trajectories near 
E which might give complementary information for the reconstruction. 
Arguments connected with the study of behavior of trajectories near E are 
considered in the following subsection. 


4.4 “Trajectory” Method of Reconstruction 


In what follows we give a method of reconstruction based on the study of 
asymptotic behavior near a singular surface of the trajectory described by 
approximate equations corresponding to М. We cannot characterize exactly 
the class of problems to which the method is applicable and try only to 
formulate the main considerations which allow us to obtain a solution in a 
number of cases. 

A singular surface is a surface Ех of any dimension less than n which is 
the boundary of the set D such that in a neighborhood of each point z of 
D, operators X; fori =0,...,k, and Sj, for j =1,...,k, are smooth but 
as х ~ Ек the uniform boundedness of some coefficient of at least one of 
these operators fails. The index К means that on Ех uniform boundedness 
is necessarily lost by some coefficients of operators with index k while X; 
and S; for j < k are smooth in DU Ех. 

First consider the example: Equation (4.3.3), eu” + хи = eu” from the 
preceding section to which the operator (4.3.4) 


d д „9 д 
X= XoteX sue - aug +8 (м x +z) 
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corresponds. Eigenfunctions of Xo are фр = v+iV/@u, G; Хоф = iz and 
Xp =iVa pt+el(2i)-"(y—G)"ax-O/2)" 4. (ф- ф)(4т)-1|, Хх = в. Consider 
the domain x > 0 and for simplicity’s sake put п = 26. The solution of the 
equation [Хо, 51] +X, = М, is given by 


S,x = 0, Myx = 1, Mip = »/ 4a, Mig = Mig, 


51ф = У `(-12 (Enis CRC — п+ 1))-* 
+ аа), 
Sip = Sig. 


The differential equation corresponding to this normal form is 
dy* 
A= (verde 


and the singular surface £, is the surface т = 0. Consider the trajectory of 
the equation of the first approximation 


р 
y*(x) = фз 4 exp а” yo = const. (4.4.1) 


It joins the point ($5, $6,1) with the point (0,0,0) on the surface Ел. Let 
us pose the following question: how small can x be so that the trajectory of 
the initial problem is still described (with accuracy diminishing as does x) 
by the trajectory (4.4.1)? Put г; = As and let us measure the “distance” 
of the point y* from E, by the value A, considering A small and s ~ 1. 
The behavior of y* can be described starting from (4.4.1) and putting 
ф* = y*A/4, where y* ~ 1 and = is assumed to be fixed. 

The nature of asymptotics being established, we naturally pass to coor- 
dinates р = pA1/4, g = PA1/4, x = As. In these coordinates we have 


Ху= Але insane (5 ‚) (yp - p)"s —п/2 


+А 3/2 (у — $) (48) 


Xs=Al?—,, (4.4.2) 
X = AY? (Xo + eA“ t/4y + 312), 


where coefficients of Хо, У, and 2 are bounded in the domain s > а > 0. 
Now consider two possibilities: either A~("+3)/4 > Д-3/3 or A-("+3)/4 < 
A~3/?; in other words, п § 3. In the first case we leave the expression for 
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X in the form (4.4.2), and in the second one we will write X in the form 
X = АНХ +=Д-3/27 + cA~(+9)/4Y), Accordingly =51 = 65, where 
§ = cA ("+8)/4 or б = =Д-3/2 (for different $’s in both cases). Thus 


en 51(Xq + ЕХ!)е 8 = ee [Xo + 6(У + 0(Д))]е5$ югп>3 
ДУ? е-58[Ху + 6(2 +0(А))]е?° forn<3 
(4.4.3) 

Clearly if 6 < 1 then the change of variables defined by the operator 
6S = €S; still fits. [It is not difficult to show that, applying Hausdorff’s 
formula to (4.4.3), we get a formal power series in 6 with coefficients being 
operators with bounded coefficients in the domain s > а > (]. 

Thus the answer to our question is as follows: we may use the operators 
Хо + ЕМ! for approximate computation of the trajectory in the whole 
domain |4| = 0(1), s > a > 0, if 6 < 1 (evidently with an error which 
grows as A diminishes). 

The critical value Ac is Де = e4/"*3 or Де, = =2/3 respectively. For 
А = A,, the new (reconstructed) leading operator Хо +Y ог Xo+Z arises, 
which must be used in the study of the problem for 0 < s < 1. Note that 
for п = 3 (A = Е?/3) the equation loses a small parameter; it turns into 
the known Painleve equation (see Section 4.3). It seems that in this case 
in the study of the operator on the whole segment (0, со) the presence of a 
small parameter in the initial problem does not simplify it. 

The above arguments are based on the following. Consider the formula 


е`=1 (Хо +ЕХ! +...) 81 = Хо teMy +=2№+...=Х. (4.4.4) 


Suppose (for the time being) that the singular surface is EF, and the tra- 
jectory of the equation corresponding to Хо +¢€M, approaches E, however 
closely. Making use of the knowledge of the behavior of operators which 
enter the left-hand side of (4.4.4), on the trajectory (tube of trajectories) 
we try to define how near (the notion of the “distance” will be deciphered 
a little later) Е! we can consider the right-hand side of (4.4.4) as a formal 
asymptotic series of the form v(Xo + 6M, + 62M 2 +---), where 6 and и 
are small, depend on “distance” of the point of the trajectory from FE, and 
on =, and coefficients of all operators are bounded (only a finite number 
of summands and an estimate of the remainder are actually needed). The 
reader should keep in mind the considered example for the time being. 

As long as is possible, a solution of the equation corresponding to the 
left-hand side of (4.4.4) can be approximated by the considered trajectory. 
We assume that as a result we can find a new reconstructed operator, 
appropriate near Ё1. 

This process is most often applicable under the following conditions: 


(a) Xo is a diagonal operator of the form 


9 
о (Х = Xo +ЕХ, +...). 
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(b) Besides, it is convenient to assume that there exists a basic system 
бл,...,Фт,е1,.... ел, т, Where т + # = п and е; and т are invari- 
ants of Хо, such that х belongs to Е! И and only Шт = 0; 1.е., the 
“distance” from EF, is measured by the value of т. (The word “con- 
venient” in this sentence means only that under such an assumption 
the mainstream of our arguments is easy to clarify. The real problem 
might not satisfy any assumption made a priori, though the method— 
the indication of a direction of our attempts to solve it—may prove 
to be applicable.) 


In these coordinates, equations of the first approximation (corre- 
sponding to Xo +¢M;) are of the form 


ME = (ель т) bemilesh,7))e, 

Gch cm. (e, вт), (4.4.5) 
dt 

dr 

a er(e;h,7), 


where р is a set of invariants of Хо which are not functions of e. 


(c) We assume that on each trajectory of (4.4.5) sufficiently near to the 
trajectory that starts from an initial point (50), asymptotic formulas 


ji = TP (Pjot+ 7° фл +...), Tr <ор<... 
Ри (Epo tT Eur t+), Our < Oya < *, Du < Pus (4.4.6) 


Il 


eu 
hold for sufficiently small |r|. 
(d) Under the change of variables т = AS, ф; = ДР у,, e, = APu Gu, all 
operators X;, and 51 take the form 
Хо = A” (У + A” У. + ---), 
Хь = А (Yin + AY Yar + ...), 
8: = A® (Spo 1 AGS te .), 
and operators У and 5 are smooth in the domain s > а > 0, 9; = 
0(1), gu = 0(1). 
Let us now rewrite (4.4.4) in new variables: 
A-”“X = e7 £4 (Sot AM 5, +...) 
х (Yo + А”: у. +...) + cA" (Уо + AMY +...) 
+.-]е* 580+, (4.4.7) 


Put A = e*, К, = (—qo)~! and let К grow monotonically in the domain 
z>0. 
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Let т, > 0. The operator &51 is small only if 0 < К < k,. If there 
exists К such that 0 < k < К, and the exponent of = in square brackets in 
(4.4.7) vanishes, then k,; is the smallest [conceding it exists and a finite 
number of summands in (4.4.7) corresponds to it] of these numbers. Then 
the arguments used in the example show that the trajectory approximates a 
solution for all k < Кг. Therefore for К = Кс, there arises an essentially new 
situation and a new reconstructed operator is obtained if we put A = e*« 
in (4.4.7). The leading operator in the new problem is Yo + Z, where Z is 
the sum of all not small terms in parentheses (4.4.7). 

If there are no such К then put Кс, = ks. In this case the leading operator 
is Yo. When k, < 0, the previous arguments hold, except that if all powers 
of = in the brackets in (4.4.7) are positive for all К > 0, then reconstruction 
does not appear. 


Remark 4.4.1 The case when all powers in brackets in (4.4.7) are positive 
(ks is arbitrary) is distinguished by the fact that the leading operator, which 
is Yo, is not formally affected by a perturbation. (The perturbation effect 
tells on only the change of variables. ) 


Remark 4.4.2 If 7 is an invariant, 1.е., г = 0 in (4.4.5), then the trajectory 
defined by (4.4.5) does not approach however closely the surface Е, defined 
Бут = 0. Therefore we must consider the further approximations. 


A solution of the equation which arises after reconstruction should be 
an extension of the initial trajectory in a domain earlier inapproachable. 
The search for this solution is called the matching problem discussed below 
(in Section 4.5). For the time being note only that the use of only a first 
approximation might not secure the required accuracy or will not lead in the 
needed domain and the consideration of further terms of the normal form 
might be needed. (See also Remark 4.4.2.) In this case the reconstructed 
operator might turn out to be different from the one obtained earlier. 

The investigation of the next approximation is carried out similarly: in 
the formula 


e517 Sa Х eeSite?Se — Xo + eM, + €7M2 +e? M3 +... 
we compute operators 51 and 52, and, considering that 
$ = 4% (85 + 815, +...) 


behaves like 51, put К, to be equal to the least of the positive numbers 
among (—qo)~', (—ko)~! (if there are positive among them), and later 
proceed as above. 

Let us make an additional remark about the choice of coordinates. We 
start from the basic system y and e. This system seems most natural but 
we can make use of the other systems. We should have in mind that differ- 
ent coordinate systems equivalent inside of the domain are not necessarily 
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equivalent near the singular surface since in the vicinity of a singular sur- 
face the change of variables, which defines the passage from one coordinate 
system to another one, may turn out to be degenerate. Coordinate systems 
that we employ should be asymptotically “maximally different.” 

Let us elucidate this notion considering the condition р, < p/,,, in 
(4.4.6). If this condition fails [e.g., if it fails for variables 91 = е1, g, = 
e1 +e, (и > 2), all of them having the same asymptotics], then the num- 
ber of characteristic features of the behavior of the curve near Е; will be 
smeared resulting in “bad” reconstruction. 

Finally, note that as with any method of this kind, success is not guar- 
anteed, and a “bad” reconstruction may occur. In this case it is worth 
studying the trajectories of the next approximation. 

Let us consider briefly one simple example: the operator 


Sete GO: ео 

X =12 Vag 95 
9 д 9 

п т МАЕ y eee are 

+= 9 (+g +e+9) + я 


where д = фф. We easily get 


gine = 
Kp=— GHP NP=HG, бт) = 0. 
The equation of the trajectory is 
dip ий —1.п 
РЕФ + 9"ф, 
where 
а 1 1/n 
= =29"*1¢-1 or g= Ces : where D = g™"(1) > 0. 


(4.4.8) 
Let us try to find a solution in the segment 0 < x < 1. Taking (4.4.8) into 
account, set z = As and y = (— InA)~1/2"y, getting 


д д 
a а nm 
А хр - is ont mati (55+ 55) 

= д 
+ Alte дз’ 
Е mS 2 

ESiy = Alto 4 4 ry, 
where $ = —1/№А and г = 4%. Hence Al+® = в. The reconstructed 


operator is 


wpe. —iarGle 4 2 бу д 
AGEN ты Os НЯ (5 + +3). 
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where 
1 


~ in Ас. 


atl 


6 


Passing to new variables, u=e~** /(*+Yy, G, and s we get 


ee le чт \ 9 
т (еее (т) a) 5 


7 Qiset} д 
+ | + ехр от и aa 


(v = ий). (4.4.9) 


Let us reduce the reconstructed operator to the normal form in the domain 
s >h> 0. From [Хо, SiJu+ Xiu = Мау we derive 


d 5. п Af gO n 

aSiu) бе 2+ Ша — 0 and Myu= =i (4.4.10) 
ds 8 8 

It is convenient to introduce the following symbolic notations: write Ри» 

for any polynomial of the form cpu?tu’, where р + 4 = т, regardless of 

coefficients. Further, putting 


-1,,—2i(s%+1 /a+1) = —2i(set} 1) 48 
Se Le) Se), = | Е АЕ = 
8 


we get Siu = (3) P2n41, S1Pm = (8)Pm+on. Now (4.4.10) yields 
[Xo, Siu = Ls) Pons, [Хь, Si] Pm (и) = Ls) Panam, (4.4.11) 


e951(Xy + 6Х!)её 81 
nm n 
= 5 +8 ( Sue + Tae 
s Ou 8 


5s ) + & uv Pings + 8 py Рича. 


(4.4.12) 


We get similar results computing further approximations also. 

We can make use of (4.4.11) in the domain (3, и) where v(s) is bounded 
and Pane; are bounded for any 2. (As usual, we speak about an asymptotic 
formula.) But р(3} and и(3) are bounded in the whole domain s > a > 0 
and Pane+1 are bounded in the domain of bounded values of |u|. Solving 
the equation corresponding to (4.4.12), 1.е., du/ds = (6/s)v"u, we get 


i0 1 


Os © (d— nin s\n’ ee 


where @ and d are constants. 
The function и is bounded, roughly speaking, in the domain éIns ~ 1. 
Since A.-s = z and 6 = -(1/InA,,), u is bounded on the trajectory in 
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the whole domain Ах < т < 1 (for a corresponding value of a). Thus 
the reconstructed operator “serves” in the whole domain e!/1+* < х < 
1. In this domain the uniform asymptotics are arranged with respect to 
powers of 6, but the convergence of formulas improves as s increases and 
for $ ~ 1/Дсг, ie., in the domain 1 > x > y > 0, the error of the first 
approximation becomes of order 5. We will not continue the solution further 
in the domain 0 < x <=, 


Remark 4.4.3 From the beginning we might seek the solution in the form 
of a series in 6. We prefer to retain in (4.4.12) the diagonal part in the 
coefficient of 6 only from “aesthetic” considerations. 


4.5 Matching 


In problems with reconstruction there arises a problem of “matching” 
asymptotic developments obtained “far from” and “near” a singular sur- 
face. Asymptotics obtained by reducing the initial operator to the normal 
form in a domain, points of which are at a distance of order 1 from the 
singular surface (“far” from the singular surface), will be called exterior, 
whereas those obtained by reducing the reconstructed operator to the nor- 
mal form (with respect to the new leading operator) in a finite domain of 
new variables (found as a result of reconstruction) are called inner (“near” 
the singular surface). 

First let us give an account of certain simple facts and notions. Let 6 be 
a small parameter and М = {р1(5), 2(6),...} a sequence of functions sat- 
isfying 41(5) >> 12(6) for 6 = o(1). [The functions y;(6) are not necessarily 
bounded as 6 -+ 0.] Such a system will be called an asymptotic one. 

The series f & c141(5) + coue(6) +--+: is called M-asymptotic for f (5), if 


о - > ete] «р 
1<р<п 
for each п = 1,2,.... Such an asymptotic development is clearly unique 


since )),.>1 @кмк(5) = 0 implies [ал | < 41 (5), 1.е., a1 = 0, etc. 
Now consider two sequences of functions 


М = {1 (6) > p2(6) >} N= {11 (6) > (6) >---}, 
and suppose they admit the ordering 
MUN: pi(5) > ил(5) > +++ > пы (6) > (6) >... 
> Vj, (6) > Hi, +1(6) >>, (5) > из +1(6), 


the coincidence of some д with corresponding и not being excluded. Denote 
the set of coinciding functions by D(M,N). The uniqueness theorem im- 
plies that if f яз У cep, and f = >> сие, then coefficients с and c’ which do 
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not correspond to functions of D( M,N) must vanish since both decompo- 
sitions are developments into series with respect to functions from MUN, 
iLe., f is actually decomposable into a series with respect to functions from 
D(M,N). 

The sequence of bounded functions 7#1(7) and 42(т) is co-independent 
if Jaydi(7) + --: + аифи(т)| = o(1/7) implies a; = 0, where # = 1,...,n 
for any n The requirement of boundedness can be considerably weakened 
further. A simple but important example of a oo-independent sequence is 
{ err}. 

Now we turn to the matching problem. Suppose that for an exterior 
solution (“far from” the singular surface) a system of functions (т, 6) is 
found such that for given arbitrary constants (c’) the external solution x; is 
developed into the asymptotic series x; ~ )> a;(c’)ui(7, 5) for 7 > 1 (this 
system arises as the solution of the exterior problem). Suppose also that 
the inner solution (“near” the singular surface) in the domain т « 6~* is 
developed into an asymptotic series of the form 


Nae д. (с) (т, 6) 


with respect to the same functions. This is possible since we assume that 
Х2 coincides with x; in thedomainOQh:1l<7r< 6-№ called the domain 
of matching. (From the beginning, note that in concrete problems exterior 
and inner solutions are obtained by different methods and one has to first 
express formally different asymptotics of both solutions in terms of the 
same system of functions yz.) Further, suppose that for any r = 6-% C 
© functions y;(6~—%, 6) constitute an asymptotic system and for any two 
different admissible values a = a; and a = Q2, systems М : y;(6~™, 6) 
and N : p;(6~%, 6) generate the systems М and М just described. Finally, 
suppose that the product of any two functions from M belongs to M and 
the same holds for N. 

Let us write the matching condition of x; and x2 in the matching domain 
for a = a; and а = а2. We get 


S-(ai(e’) — ы(е"))ш (62,6) = 0, 


i>1 


У (ее) — bile") wily, 6) = 0. ‚ (451) 


i>1 


In this problem constants с’ are given, constants с” must be found, and 
they should be decomposable into an asymptotic series with respect to 
some functions in 6. Due to the last assumption we can assume that с” 
decomposes into an asymptotic series with respect to u;(6—%, 6) and get 
via (4.5.1) recursive relations for the definition of coefficients in the decom- 
position. Similarly, we can assume a decomposability of с” with respect 
to ш(6-°?2,6). However, (4.5.1) and the uniqueness theorem show that с” 
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actually splits into an asymptotic series with respect to functions from 
D(M,N). Supposing с" decomposes into asymptotic series with respect to 
this system we obtain from (4.5.1) the desired recurrences. 

Now we consider how many computations are needed to get the given 
accuracy 6”. This question is always subject to discussion since the bulk 
of computations increases extremely rapidly as accuracy rises. Suppose we 
have to define a solution of the interior problem in the domain 7 ~ 1 up to 
6”. It clearly means that constants с” should be defined with accuracy 6", 
but, generally speaking, does not mean that a solution should be defined 
in the whole matching domain with this accuracy. 

In fact, in defining с” we may start from any value of a in (4.5.1). First, 
take a = a, to be near to —h. Since с” should be defined with accuracy 
6”, we can compute the ezterior solution in the domain 6~™ Sr with this 
accuracy; i.e., practically without entering the matching domain (clearly, 
the interior solution should then be defined in the domain т < 6-™ with 
accuracy 6”). On the other hand, for calculations we can similarly make 
use of a value of a close to 0. Note also that in computations employing 
(4.5.1) for an intermediate admissible value a = a3 we have to use only the 
functions 4z;(6—°?,5) which exceed 6” both for inner and exterior develop- 
ments. But our constants do not depend on the chosen value of a, yielding 
the following recipe for computational procedure. 

We should compare with accuracy 6” an exterior solution for a value 
of a however close to —h and exclude from the obtained asymptotic de- 
velopment with respect to functions 4;(6~%,6) terms which Юг a certain 
admissible a (which is now considered a variable in the whole admissible 
domain) become less than 6”. Perform a similar operation over an interior 
solution considering, first, a close to 0. Equate the obtained expressions 
and, considering с” developed into a series with respect to functions from 
D(M, М), find the unknown coefficients. 

Let us note that these computations are admissible if we do not insist 
on accuracy 6” in Q, where the accuracy is worse. 

One more remark: suppose that the exterior and interior developments 
considered are of the form (for admissible a) 


м= (5 aa un(5*, 6) el 5-*) “¥ (че), 
= У he (6) ue (6-*, 6), 
k 
х2 > > вк (5) ue (6%, 5), 
Ok 
and let h,(6—%) and hy(6-*) be sums of a finite number of summands, for 
any k. Now if e(T) is oo-independent, then inside of the matching domain, 


hy and hy should coincide for all К. This remark (following directly from 
the imposed conditions) can shorten the calculations. 
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Concluding this chapter we give several examples. The first of them, 
Example 4.6, is intended mostly to demonstrate the matching technique 
and is discussed in a rather detailed fashion: in a sense, it has a sound 
expository value, though it is somewhat cumbersome and not very simple. 
In the last example, 4.13 (relaxation oscillations in a Van der Pol oscillator) 
also considered in detail, the matching technique is illustrated once again. 
Other examples are devoted to different modifications of considerations of 
reconstruction making use of particular features of the concrete problem. 


4.6 Example: Illustration for 4.5 


Consider the equation 
Е?и" + р(г)и = eu?, 0<т<а-1, (4.6.1) 


where р(0) = 0, р’(0) = 1 and p(x) > 0 for x > 0 with the initial conditions 
u(a) ~ 1 and eu'(a) ~ 1. 

This equation is quite similar to (4.3.3). We will not repeat it for our argu- 
ments concerning reconstruction given in Sections 4.3 and 4.4 for Equation 
(4.3.3) and will immediately make use of the reconstruction transformation 
(4.3.6) for n = 2. Put 


6=e/6  х=б т u=db ty (4.6.2) 

and, developing p(x) into a Taylor series, we get the reconstructed equation 
4? 

a try = by? - on о Р (0 +. =) (4.6.3) 


(note that here we should, generally speaking, assume т < 6~*). 
Now consider various methods of constructing the exterior (in the domain 
x ~ 1) and the interior (in the domain т ~ 1) asymptotics. 


Exterior Asymptotics 


The exterior asymptotics can be constructed making use of the standard 
reduction of the corresponding operator (4.6.1) to the normal form. {Com- 
putations are similar to those given in 4.4 for (4.3.3).] Then initial compu- 
tations suggest that the solution is of the form (4.6.5) given below, so the 
search for asymptotics can be considerably shortened if from the beginning 
we seek them in this form. Set 


1 ax 
¢ = exp (: [ Vv p(n) an) ; (4.6.4) 
Let us seek a solution of (4.6.1) in the form 


= uo((,¢,2) + eur(C.C,2) +++, (4.6.5) 
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where 


5 = U9(G, 6,2) = 9y(a) + и.) ©) [90(2) = 0}, 
wy = (6,1) = А;1(2)С + А;2(2) 0 +++ + Ag joa (2G 


(hereafter, the overbar stands for complex conjugation). Substituting (4.6.5) 
into (4.6.1) and differentiating the polynomial w,; with respect to ¢ accord- 
ing to the rule 


ews ИСО +S (p= ala), 


and repeating this procedure [e?w/ = e(ew,)'], we will get, due to (4.6.4) 
first, that e7u’ + pu = ЕЁ, + et Fy +... is a series of the same form as 
(4.6.5); 1.е., Е; is a polynomial in ¢, С of the same form as u;, and second, 
we can write the series eu? = eG, + e?G in the same form taking into 
account that СС = 1. 

Equation (4.6.1) will be satisfied if F; -G; = 0 identically with respect to 
¢, С. In the result, we get, as it not difficult to verify, a recursive system of 
equations for coefficients 9; and А; к. Differential equations arise, actually, 
only for A; (other coefficients are found without integration) and are of 
the form 4pAj,, + p’Aj,1 = fj(z), where fo(x) = 0 and f;(x) are found 
recursively [the equation for A, arises from Fj41 — G41 = 0 but f;(zx) 
does not depend оп и; 1]. 

Putting Ао: = co~!/4, where с is an (arbitrary) complex constant, for 
subsequent A; we can take partial solutions since it is possible, clearly, to 
satisfy initial conditions. 

Let us give the result for the first three terms of the decomposition (4.6.5) 
which will be used later in a concrete example of matching: 


1 rae 
и = {<< 


2сё 1 я 
+e (= +i (w - ann) (4-4) - gale? +20) 


a[ (7h fh? 110 116 р" 
Bee | (or 2 12803 + 1837 ian + a 162 (c¢ + &¢) 


(239! а 
+2 [= - un) (22 - eC) 
1 2 3 
+ panes + 28) +0 (+) \, (4.6.6) 


where A stands for a function h(x) satisfying №’ = a(x) = —p’?/32p°/? — 
5c&/3p?. Since 


р" Bet 


~ 32p8/2 ~ 3p3 


a(z) = 
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tos. ob 1 3 oy —3/2 5cé [1 р"(0) 1 
~ 32 (sn +42 Qe 3 \22 ae VE 


for a small z, it will be convenient to put 


ant +e +e (2 + p"(0) ina) $ [ “[a(n) — тура. (4.6.7) 


Let us add that the error of the m-term approximation (4.6.5) for a small р 
(small 2) is not difficult to estimate. It constitutes 0(=” /р3”/2) with respect 
to p—'/4; hence, the exterior asymptotics are extendable into the domain 
of small х only if 2 >> e?/3 = 64 (which corresponds to the reconstruction). 


в = 


Inner Asymptotics 


The simplest way of constructing the inner asymptotics is, evidently, to 
seek the form 


=yotoy t+ yet-- ly =a(7)], (4.6.8) 
where the principal term yp satisfies the leading (Airy) equation 
d? yo 
2 + ту = 0. (4.6.9) 


[This method of constructing inner asymptotics is equivalent to the reduc- 
tion of the operator У = Yo + 6Y; +..., where 


Yo = ge —т ie + Ls 

бу Y 82" Or 
and z = dy/dr; corresponding to (4.6.3) to the simplest norma! form, 
namely, to the leading operator Yo itself.] Let us give computations and 
note certain details. 


Let us take a convenient fundamental system of solutions of the Airy 
equation (4.6.9). Put a = а(т) for a solution of (4.6.9) with the asymptotics 


1 ; "| (-1)" с» 
са (2i/3)r 
Se у Е о. 31/2 }? 
Ут т п/ 


where 


Сп = 


a Пе» 5) (6% — 1) (4.6.10) 


as т —+ 00 (on the Airy functions see, e.g., [4]), from which, as is known, we 
can recover initial values a(0) and a’(0). Making use of any of the standard 
fundamental systems it is not difficult to compute that 


а(0) = Sar (3) е-" 12, (0) = er (3) en 5mi/12 
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where Г(х) is the Euler gamma function. 
Take a and & as a fundamental system. The Wronski determinant is 


a— —a— = 2. (4.6.11) 


Let us seek a solution of (4.6.3) by the variation of constants method. Put 
у = Ba+ Ba, a(dB/dr)+a(dB/dr) = 0. Then by (4.6.11) Equation (4.6.3) 
takes the form 

ав _1 


Now, putting 
В=В+68, (т) + 62В2(т)+.:., B=const, (4.6.13) 


so that _ 
Yo = Ва + Ва (4.6.14) 


and у; = В, (т)а +В; (т)а, it is not difficult to compute any approximation 
in the decomposition (4.6.8), taking partial solutions for Ву, since В is an 
arbitrary complex constant. 

Making use of (4.6.10), we can find the domain of applicability of (4.6.8). 

For p(x) = х the linear asymptotics (4.6.8) can be used for all т > 0 since 
the B,’s decrease as т —> +00 (if partial solutions are chosen accordingly). 
It is easy to notice that for p(x) = x the right-hand side of (4.6.12) only 
depends оп а, а and В, В and is cubic in a, @. Therefore, for odd j, the 
В; contain in the asymptotics as т — +00 only terms with oscillating 
multiples since exp{+(2i/3)r3/2] are multiplied an odd number of times. 
This accounts for the boundedness of all B,’s, as is easy to compute, though 
В; for even j contain nonoscillating summands in the asymptotics as т — 
+oo. Integrating each time from т to +00, we get that Во, 1 and Bo, 
decrease as r~”—1/4 and т-", respectively. 

If p(x) + х and аа = r~!/?, (4.6.12) yields that, beginning with Ва ~ 
7°/2 [if р"(0) 4 0], В; will grow as т — +00. A straightforward investigation 
(which we will omit) shows that Bay’s grow as 7°”/? for р"(0) ¢ 0 (which 
will be assumed hereafter for the sake of simplicity) and Вау, Bay42, and 
Bay43 grow no faster than 75¥/2-5/4, 75/21 and т5"/2-9/4 respectively, 
so that (4.6.8) is applicable when 6475/? < 1. 

Note an evident shortcoming of this method of constructing inner asymp- 
totics: the matching domain is considerably “narrower” than the domain of 
applicability of the reconstructed equation: 1 < т < 6~‘*, or, more exactly, 
than of the maximally “wide” matching domain 1 «т < 6~4 on which we 
might have counted. 

The use of (4.6.8) requires approximately 4/5; = 2.5 times more approx- 
imations (if the accuracy is high) in the exterior asymptotics for a matching 
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procedure as compared with the inner asymptotics for which 7 = 4 (a lit- 
tle later we will show how this can be constructed). 

We can improve the process of construction of the inner asymptotics by 
putting, in (4.6.12), В = Ae’, where 0 = 646! (т) + 686. (т) and 0;(r) are 
real, so that 


dA _ 3|- 6(Aea + Ae-a)2e- a + +(e p"(0) › cor =) eda? 


dr 2 
+ (50 (0) 2 +. ‚ева (oe -))4} 


Now we can search for A in the form Ap + 6A; +--+, where Ао = const, 
ignoring the dependence of е on 6, the choice of д; being subject to 
applicability of the asymptotics obtained in the widest domain. Omitting 
the investigation, we note that уг = 4 can be obtained. 


Remark 4.6.1 It is interesting that from the matching considerations we 
can immediately indicate the answer for 0: 


= [| (Valin) - ул) do, 


where the quadrature is computed by a formal development into the Taylor 
series in 7 at ут = 0. This is clear since in the matching domain 1 < 
т < 6 4 the exponential terms should be ¢* and ¢* (up to multiples). 


The use of “improved” inner asymptotics saves in the outer approxima- 
tions but introduces complications in computations; we cannot say which 
process is preferable. 

In the example of matching given below we will restrict ourselves to a 
low accuracy of computations [0(68) = 0(=) included] for и = б\у and 
employ the simplest inner asymptotics (4.6.8) (у ~ yo + бу: +... + 67y7). 

Let us choose particular solutions for y;, where j > 1 [arbitrary constants 
enter yo defined by (4.6.14)]. Since the answer for this approximation is 
rather cumbersome, formulas to follow are somewhat unnatural due to our 
wish to shorten notation. 

Denote by z = z +621 +-::, where zo = yo, the solution of an auxil- 
iary equation 2” + rz = 622 [the case p(x) = 2] and introduce additional 
functions rp, 71, and re, solutions of 


ro + тто = —т28 = fol), 
ry + тга = 2(то — 721)20 = (т), 
та + тга = 2(т1 — т22)20 + (2то — т21) 21 = fa(r). 


Then, as it is easy to verify Бу а direct substitution in (4.6.3), we can put 


и’ 4 
у=2+ p < {5 (7 - r2) + 63то + 65r, + otra (4.6.15) 
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[where z is computed up to 6727 included, and terms т2(42/4т) — rz, ге- 
spectively, up to 6323 included]. 
For 21,...; Го, 71, and го we choose the following particular solutions: 


4 loo} 
a= 5 >», | Klnn)ze(n)zj-1-0(n) dn, 
O<k<j—-1°7 


where _ 
K(r,) = а(т)а(п) - &(r)a(n), 20 = yo = Ва + Ba, (4.6.16) 


ro= 5 | Колм) an, 


m1 = KBP (Ba — Ba) Int (4.6.17) 
+i ] ig {1058 [Ва(т) — Ba(n)|- + K(r,7) fi т dn 


[in the computation of r; the asymptotics in К (т, 7) ( 11 (1) /2) as 7 + +00 
are taken into account], 


n= sf Корь в (4.6.18) 


Note that in the sequel it is important only to fix the choice of the 
particular solutions for the y;’s, where 7 > 1, and the above choice is 
unimportant. 


Matching 


Restricting ourselves with approximation (4.6.15) for y we find y with accu- 
racy 0(67) included and error 0(68) for т ~ 1. To compute у = би with the 
same accuracy via formulas for the exterior asymptotics for т ~ 6~8/5(2 ~ 
612/5) it suffices to make use of the approximation (4.6.6). But the error 
will constitute 0(638/5), which is greater than 68. Therefore, by the match- 
ing principle, making use of (4.6.6) we should believe that B will be found 
with the error ~ 638/5. 

Passing to computations, we first find the asymptotics of y,; for large т. 
For brevity’s sake, introduce 


Wh = Bk e(2ki/3)r?/? Pi Bk e~ (2hi/3)r°/? 


dost (веба = Breet) : (4.6.19) 


Due to (4.6.10) and (4.6.19) we have 


сш _ 5 385ил 
Я ^ 48т7/4 ~ 460871374" 2) 
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where the dropped terms are ~ r~!9/4, which for т ~ 6—8/5 constitutes ~ 
68/5, and, by the matching principle, these terms can be ignored. Further, 
making use of (4.6.16) and (4.6.10) and 20 = yo, y1 = 21, Y2 = 22, and 
y3 = 23 we find (integrating by parts) that 


1 р х 
и = ад (288 — 1) + а 
= 


3/2 3 873’ 
5В Ви 1 113BB 
10B Bi, 
уз = 975/72 ’ 
where omitted terms are ~ 7~9/?, т-17/4, and 7~4, respectively, so that in 


бу1 +67 y2 + 63уз they can be ignored as above. Besides, we have 24, 25, 26, 
27 w 79/4, 7-7/2, т-13/4 | and т-9/2, respectively, and terms 6424 +... + 
6" 27 can be also ignored. 

From (4.6.17) and (4.6.18) we similarly find that 


ro 2 (-2BB + =) +0( =) 


~ ЮВВи | шт 
nS ya n7+0 т J 


Int 
ra (=) 5 


and, taking (4.6.15), (4.6.20), and (4.6.21) into account, we get 


(0) (784m, U73/4uy 1874 
о 5 48 460873/4 / 

р"(0) 2742 1 = We 

Е ee BRB 
ш= = et я ( 3BB+2)), 


"о ( BBr/4w, 427BBwd;  10BBw, 


= ОН О 
= о 3 7201/4 3ri/4 207174 }’ 
_ 20"(0) BBw2 


У bars 9 ’ (4.6.22) 


where omitted terms are ~ 7~9/4, т-2, (шт)т-7/4, and (шт)т-3/2 and 
can be ignored in 54y4 +--+ + 67 yz. 

Now it is clear with respect to which functions u; should be developed 
in the matching domain 612/5 = =2/5 >> x >> 64 = ¢?/8, 

For small x (¢2/5 >> x № €?/5) we have [see (4.6.4)] 


| им 0 5 
С = ее) (1 + ий +0 (=)) ‚ 
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where terms of the development (into the power series) not written explic- 
itly do not affect the result of the following computation. 

Expanding coefficients of powers of ¢ in (4.6.6) with respect to negative 
and positive powers of x and Inz, and inserting (С, we get the expansion 
of uo, Ил, and Е? из with respect to functions of the form e”¢7 ka (In 2), 


where mk = 0 and 
= 3/2 
¢o = exp (= - ). 


Here || = 1 and (Inz)* grows when х ~ 67, slower than any power of =. 

Therefore, we should only pay attention to =". By the matching principle, 

each summand of this kind can be omitted if it can reach only values less 

than the matching error 6—1638/5 = §83/5 = ¢11/10 (recall that и = 514). 

Ир > 0 and v + p(2/3) > 11/10 and also if р < 0 and и + p(2/5) > 11/10 

and, finally, if р = 0 and и > 11/10, we omit a summand, =”. 
Introducing for brevity’s sake 


. 3/2 ар: 3/2 
шк = ске21/З)т + ae (2ki/3)r , 


Wp = i(chehi/3)°/? _ Gk e—(2ki/3)7°/? (4.6.23) 


the result of the above procedure after the substitution x = 647 is 


См ар" (0) (9/41 тия 
Owe = in tO > 5 ay a 
би We 2 DCCW 
бе =~ ~ 4877/4 6 (202 - =) 6 375/14 
а2"(0) (тз/ И Ll 
ee (= 48 + 19273/4 
5p’ (0) ae Ра сё We 
a +O 
вр" vo _ cer?! ee 10cé 7 5c \. 
+6 а ыы W1 
ie a: 1 113cé 
eee eee ta 2 baa 
ea — дбовивия + ogre +8 Тони ( 12 +) 


_ 6310642 106202 4p" (0) 77%: _ _ 5 р"(0) wa 
“9758/2 ~ 2 460873/4 2 4/7 
gp (0) (113cew, ws 7 2ctp" (0) we 
a Es. = sin) ie 9 


’ 


or, summing, 


у= 5(uo + Ещл + €7u) 


ра Wi 51 385и/1 1 wa 52 
~ 71/4 4877 — 4608т13/4 a (aa (20e - 7) + 5 
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5есй1 1 113е6 10642 
21 260, +f tivte _ 53 
ae (Gan + тотал ( ie +ws) ) Е 
р"(0) 54 т/ф: _ 11т3/4 и i 1871 
2 5 98 4608т3/4 


+65 (= pen (-зеё + =)) 


15° Vr 4 
o( _ сбт5/4 ил _ 187сейл | 10ce(Inr +4 1n6) . ths 
ai ( 3 тома то зна ил 
alt 
= gp ee (4.6.24) 


Taking into account that for B = C formulas (4.6.19) and (4.6.23) co- 
incide and comparing (4.6.24) with (4.6.20), (4.6.21) and (4.6.22), we see 
that В = C(1 + 1084), where а = O(In6). Substituting В = C(1 + 1684), 
and the possibility of omitting terms reaching values less than 638/5 being 
taken into account, we get for yo, yi, .--, yy formulas (4.6.20), (4.6.21), 
and (4.6.22), with the replacements 0, — wz, шк — We and increment 
6641 /т1/4 in yo. Then we get 4. Finally, 


* tt 
выс (1+ (1+ Fine) с). 


The reconstruction of the operator near the singular surface enables one 
to extend the trajectory into the domain contracting to the singular surface 
as Е — 0 faster than the domain into which the exterior asymptotics can be 
extended is contracted, but does not exclude the appearance of new singular 
surfaces (in new variables). An example of such a situation is given by the 
already known Equation (4.3.3) in the case n > 3. 


4.7 Example: Appearance of a New Singularity 


Returning to Equation (4.3.3), e2u” + хи = ви", where х > 0, п > 3, to 
which the system eu’ = v, ev’ = —zu + eu” and the operator 


Ou Ov 


correspond, let us recall the reconstruction transformation (4.3.6) found in 
Section 4.3 in the case n > 3: 


Х = Xo t+eX} avg aug te ("55 +35) 


и = ete), v= erin c= e4/nt3, 
and, accordingly, the reconstructed operator X is =2/"+3У, where 


8 нд 
УИ т 75: + oar 


б = ё"-3/"+3, (4.7.1) 
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Making use of the reconstructed operator we can extend the trajectory 
into the previously inaccessible domain 7 ~ 1, but unlike the previous 
problem (n < 3) a new singular surface 7 = 0 arises, as we will presently 
show. Let us pass to new variables 


—1/п-1 


р=т У, а= и ane) 8 = 273, (4.7.2) 


in which the operator (4.7.1) is of the form 


1/3 
v= (5s) Z, 
where 
й= 65 +671 
И ge о Ве 9 atl, 9 
= {55 ie 90а Os 3Зп-1}з Pap 2 754 : 
(4.7.3) 


Here, the leading operator Zp possesses an invariant 


g=F +p? - pork, (4.7.4) 


n+1 
The leading system is autonomous; its phase trajectories in the plane (р, 4) 
are closed if 0 < g < n—1/n+ 2 and |p| < 1. A loop of the separatrix 
g =n-—1/n+4 1 passing through one or two (depending on the parity of 
п) points of unstable equilibrium 4 = 0, p= +1 or ~1, bounds the domain 
of close trajectories. At the initial “moment” the depicting point is near 
the origin [since we consider the problem with initial values u(zo) ~ 1 and 
eu'(zo) = 9(х0) ~ 1, this corresponds to р ~ e!/"~! and 4 ~ ="; 
i.e., belongs to the inside of the separatrix loop. The reduction of Z to the 
normal form (Z serves both the domain s ~ 1 and the domain of large s) 
is complicated by the nonlinearity of the leading oscillator, but is simple in 
principle. We will give only the equation which describes the evolution of 
the phase trajectory (the dependence of y on s). 

Putting Mi = [Zo, 51| + 21 we get for Sig, taking (4.7.4) and (4.7.3) into 
account, the equation 


n+l 
п-1 


2 
20(519) = з> ( 9 -F') + Mig, (4.7.5) 


where М1 9 is a function in invariants g and 8 of Zo. Now set 


= а — 2 n+1 4.7. 
И’ (9,2) =9-Р т (4.7.6) 
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and denote by pi(g) the absolute minimum of the negative root of the 
equation w(g,p) = 0 and by р2(49) the minimal positive root of this equation 
(for 0<g<n—1/n+1). 

Finally, put Sig = A(s,9,p)q, Mig = (2/3s)F(g). Then, taking 4? = 
W(q,p) into account [see (4.7.4) and (4.7.6)], an with 


Z9(Si9) = Woe + 5 = VW EVA), 


we get (4.7.5) in the form 


VI SW A) = (пе) + Fe) = Qs. a0) 


The solution of this equation which has no singularities at p = pi(g) and 
is unique: 


Q(8,957) 


* 
ИИ’ (9, 2) ares bon THES JW (9,7 


In order for this solution to have по о at р = р2(9) we should 
choose F(g) from the condition that A vanishes at р = po(g). We will get 


Р2(9) ntlg = 12 Р2(9) а —: 
F(g) =- i aol" dn | i | (4.7.7) 
pi(g) МИ’(9,1) р:(9) УИ’(9,1) 


5: and М, can be completely found (we have only found 519 and М19) from 
the condition М!’ = 0, which reduces to the equation of the type (4.7.5). 
Recall that for variable eigenvalues, which is the case in this problem due 
to the nonlinearity of the leading oscillator, we have, generally speaking, 


—M; #0. 
The equation for g in the leading order is 
49 _ 2Е(9) 
ЕР. (4.7.8) 


From (4.7.8) and (4.7.7) it follows that аз s diminishes, the phase trajec- 
tory expands, nearing the loop of the separatrix g = п — 1/п + 1. However, 
for s ~ 6 the perturbation theory fails: the operator (4.7.3) is reconstructed 
and a further study of the trajectory is, seemingly, impossible without ex- 
act integration of the problem [putting s = бо we lose a small parameter 
in (4.7.3)]. 


Remark 4.7.1 The dilatation и = e!/3("-D4, х = €?/3% “kills” a small 
parameter in the initial equation and, as it is easy to verify, as a result of s = 
бо and previous transformations, we have obtained just these dilatations. 
Therefore, the deduction that the perturbation theory is inapplicable for 
х < €7/3 seems trivial. However, it is not exactly true: for п < 3 the 
problem is completely solved, the reason being that in this case, n < 3, the 
trajectory does not enter the domain и ~ e~'/3("—)) for х ~ €?/3 (whereas 
for n > 3 it does enter). 
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In some problems where the resonance surface does not consist of 0-points 
we can do without reconstruction and matching, making use of the uniform 
normal form presented in Section 3.10. Let us give a simple example (cf. 
the solution given below with [39]). 


4.8 Example: Passing Through a Resonance 


Consider the equation 
& + (Ех = cacost, а = const, (4.8.1) 


where 0 < w(et) < 2 and w(et) can be equal to 1. The system is 


ree — = —w*(et)x + ca cost. 


Introduce also variables ф = ей, UW = e~%, т = et: 


ат _ ау _а 
a Ti a (re + es (p+), 
ат _ dp, dp 
Boer a ee Nag es 
The operator is 
X=X9+ eX, 


д 2 9 . 9 6-0 9 а 
НЕ wings +1 (вру dg) tel + +54+2 5. I. 
The operator Хо possesses eigenfunctions ф = y+iw(r)x and ¢ = y—iw(T)z 
corresponding to (т) and eigenfunctions 4 and р such that 
Хоф = iw(r)y, Xow = iy, Хот = 0. (4.8.2) 
Then 
us о а 
Xip = a (yp — A) + 5h +), 
Хр = 0, 


dw 
Xyr=1l(w’=—}. 
TF (» =| 


The surfaces т = то, where (то) = 1, consist of resonance 1-points. 
Let us reduce X to the uniform normal form; i.e., to the normal form 
with respect to Xo: 


(4.8.3) 


Xop=ip, Xov=iv, Xor =O. (4.8.4) 


4.9. Example: WKB-Type Problem 161 


From (4.8.3) and (4.8.4) it is immediately clear that we can put 
их 


Mir = 1, Mp = om 


a 
et 5%, Miyp =0. 


The solution of these equations is also evident due to (4.8.2): 


tu! ia 
Sir = 0, oP aa a 514 = 0. 


aru)” 
Restricting ourselves for simplicity’s sake to this approximation we get that 
the principal term of the asymptotics is described by the equation 


dp _. w! a ee 
моче (Fo + Se), where ф =e", 


the solution of which, 


= i | w(en) dn Ea : 1 ( а 7 ) 
p= Vw(et)e (:+ ef re 7 [ena dn |. 


c = const, 


is the answer for 0 <$< 1/e, with accuracy O(c). 
We can similarly seek higher approximations (with subsequent return to 
the old variables via e~%). 


Remark 4.8.1 This example is, certainly, very simple and it is not always 
possible to integrate the uniform normal system in the final form without 
considering asymptotics “far from” and “near” the resonance surface. 


However, the obtaining of the uniform form is always useful. 

Sometimes it is possible by artificial tricks to find a reconstruction trans- 
formation and a generalization of a normal form of an operator in such a 
way that the resulting asymptotics fit in the whole domain. The simplest 
examples of this type we have already seen above. Let us give one more. 


4.9 Example: WKB-Type Problem 


Consider the equation 


2 

Th + (ole) + olay = 0, (4.9.1) 
where p(x) = x"h?(zr), п > 0, h(x) 7 0, —co < т < +00, A(z) and g(r) 
are smooth, and Л is a large parameter. We seek asymptotics of a general 
solution. This is one of the simplest WKB-problems ([39]) with the so- 
called turning point (5 = 0). [A complicated problem is, e.g., the equation 
у" + [№р(х) + Am(r) + g(x)]y = 0, where т(х) = 0(2"/2-!) as х + 0.] 
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Preliminary Transformations and Reconstruction 
Putting у’ = Az, we pass to the system, 


idr_1 ld _, и ео 
ле ла” хате о 
to which the operator 


1 1 
Z=Lo+ sat 5522 
1 


= 22 - pay? +22 Позу. 
~ “Oy PYG, т бр №90, 


corresponds. Since p(x) = x"h?(x), then, clearly, х = 0 is a singular sur- 
face. The reconstruction in this problem can be made quite analogously to 
(4.6.1), but, putting = Дт, z = A/4v, у = A-"/4u, etc., we will be 
forced to develop h?(Ar) into a Taylor series which leads with necessity to 
matching (in contradiction with our aim). 

Let us try to find a reconstruction such that the new leading operator 
includes the old one. For this let us first perform a shearing transformation 
(in accordance with у = e1/2, 2 = €_1/2) depending on х (an invariant of 
Zo): 


(4.9.2) 


a(x) y, z= : 4.9.3 
(т)9 Jae (4.9.3) 


Then 


FIle 


ron 
un — p(z)a? (ix +5 (a2) 


= кре? 


We can note that, putting 


+ i, (4.9.4) 


= 
| 


we will get 


3-35 обеда? (=) + Sale) 


qi? а” 
+ (22 - soe 2 - gaa) в 


so that the perturbation operator in Z is somewhat simplified. This sim- 
plification is not principal and the usage of (4.9.4) is connected only with 
convenience of exposition. 
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Now let us introduce the new variable 


Shan (Zz =1), 


о a(n) 
and put p(x)a?(x) = &"; 1е., 1/a(x) = («/Z)"/*h(x). Then 
A х 2/n+4+2 
f= ( += i п”? h(n) an) (4.9.5) 


and Z takes the form 
(4.9.2' ) 


Replacements (4.9.3)—(4.9.5) are equivalent to the well-known Langer trans- 
formation [38] which shows that in (4.9.1) it is possible to put A(x) = 1 
without loss of generality; cf. (4.9.2) and (4.9.2’). 

In what follows we will assume 


p(x) = 2” [A(x) = 1]. (4.9.6) 


Now [in order not to develop g(x)] introduce an auxiliary variable “dou- 
bling” x: 
ё=х (4.9.7) 


and due to (4.9.6) and (4.9.7) consider the extended operator (4.9.2): 


в Ga 9 у 


Here, the singular surface is & = 0. Putting & = Ar, z = A™4v, у = 
A~”/4y we find Ас, = A7~?/"+?; 1.е., the critical value of A at which the 
reconstruction is performed. 

Thus, putting 


№2" =, Esser, сне, yma M/4u, = (4.9.8) 
we get 2, = =!/2Х, where 
Х = Хо+)Х, + =? Х. 
0 д 


д [2] 
а аа: Ради (4.9.9) 


is the reconstructed operator. 
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Reduction to the Normal Form 


Our goal is now to obtain the normal form M of X applicable (and sub- 
ject to effective investigation) for —oo < т < +00. Let us make several 
preliminary remarks which follow from the study of (4.9.9). 


1. Operators Хо = v(0/Ou) — r"u(O/dv) + (0/Or) and X, = 0/dr 
commute and we can put 51 = 0, М, = X1. 


2. We can put 5;х = 0, М;х = 0 for j > 1 and in the construction of 
5; and М; the variable x plays the role of a parameter. We can also 
put бут = Мут = 0. 


3. Since Xu and Xv are linear functions in u and v we can take S;u, 
S;v, Mju, and M;v to be linear (homogeneous) functions in u and v 
with coefficients depending on т (and on х as a parameter). 


4. This class of operators in which 5; and М; are sought can be made 
narrower considering operators of the form 


У =(Av+ Bua +(-Bo+ Cus, (4.9.10) 


where A, В, С are functions in т (and a parameter т). 
In fact, Уз = (Yi, Yo], where 


д д 
У; = (Aju + Byu) — + (-В, 14) — i = 1,2, 
+= (Ayu t м), + ( v+ См) a for i = 1,2 
is an operator of the same form: 


д д 
Уз = (Agu + Взи) 5, + (—B3v + C3u)—, 


Аз = 2(А! Вз — АзВ1), 
Bz = А2С! — А! Со, 
Сз = 2(Bi C2 - В2С\). 


Furthermore, 
[Хо, У] = ((A’ + 2B)v + (BY — 7" A- oye 


+ (-(B’—7™A-—C)u+ (Cl + 2" в)и) 5, 
(F’ = SF) (4.9.11) 


is an operator of the form (4.9.10). Finally, Хо is an operator of the 
same form. 


4.9. Example: WKB-Type Problem 165 


5. Requiring the boundedness (smoothness) of coefficients A, B, and C 
of operators S; for j > 2 for all —с < тС + со, we will have in the 
equation 


М = [Хо, 5] +7 (M=M;, S=S;, Y =Y;) (4.9.12) 


arising in the j-th step the operator Y, recursively known, with 
bounded (smooth) coefficients. This follows from the general formulas 
(1.2.3) and the boundedness of the coefficients of X2. 


Thus, we will be interested in the following question: how to recover from 
the operator Y given by its bounded (smooth) coefficients A, B, and C an 
operator S of the class (4.9.10) with bounded (smooth) coefficients so that 
M, satisfying (4.9.12), is in a sense a simplest one (running ahead we can 
say that we will not manage to obtain boundedness of M in height, hence 
we speak about a generalization of a normal form). 

First, consider the equation 


[Xo, У + Y =0 (4.9.13) 


without requiring boundedness of coefficients of Y. The system of equations 
for A, B, and C which follows from (4.9.13) and (4.9.11) after excluding B 
and C, 


B=-}(A'+ A), C=-3(A" + А’) - "А+ В, (4.9.14) 
reduces to one-third order linear equation for A: 
Al” + 4т" А’ + 2nt""1A = Е(т), (4.9.15) 
Е(т) =-А" - 27"A 4+ 2B’ +20. 


Since (4.9.15) is linear, it suffices to study the homogeneous equation 
Е(т) = 0. Clearly, this equation should be closely connected with the equa- 
tion 

и" + ти =0 (4.9.16) 


to which the leading system (corresponding to Хо) reduces. In fact, if a = 
a(r), & = &(r) is a fundamental system of solutions of (4.9.16), then, as 
is subject to a straightforward verification, @ = аа, y = a’, Я = G? is 
the fundamental system of solutions of the homogeneous equation (4.9.15) 
with the Wronski determinant being W(G,7,7) = —2w(a, &) ( = const) 
(in general, the product of any two solutions of (4.9.16) is a solution of a 
homogeneous equation (4.9.15); see [24]). 

Concerning (4.9.16), it is known that it is a form of the Bessel equation 
of index и = 1/n + 2 [putting и = /7w, t = 2v7!/* and и = 1/n+ 2 we 
get 20 + tw + (В — v?)w = 0]. 

Thus, integration of (4.9.15) by the usual method of variation of con- 
stants is not a problem. Note also that the recovery of a particular solution 
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of (4.9.15) from its known asymptotics for large т offers no principal diffi- 
culties since the asymptotics of Bessel functions are known [14]. 

Note also that the homogeneous equation (4.9.15) has a particular solu- 
tion В = G(r) with asymptotics, as т — +00, 


2-я от (1 + >. atin) where ax are constants. (4.9.17) 
= 


Remark 4.9.1 The function В = В(т) also satisfies the equation 288” — 
0"? + 47° 8? = 4. It follows from the identity 


0 = 28(6”' + 4т? В’ + 2тт"-1 в) = (268" ны Br? + 47" 92)! 


(1.е., 296” — В”? + 47"? = const); hence the value of the constant is clear 
from (4.9.17). 


There exists a solution 6* of the homogeneous equation (4.9.15) with the 
asymptotics (4.9.17) as 7 — —oo but it does not coincide (even up to a 
multiple) with 3. This is a well-known fact [14]. 

In this connection since the following construction of M employs (4.9.17) 
we want to cite a reservation: we will reduce X(M) to the normal form 
separately in domains т > 0 and 7 < 0 and in what follows for definiteness’ 
sake we will speak about the domain т > 0 (for < 0 the construction is 
completely analogous) having in mind that at т = 0 (х = 0) asymptotics 
are to be “matched” by continuity as, e.g., in Langer’s problem 3.20 (a 
generalization of the normal form in this problem is also analogous to 3.20). 

With the help of В let us construct 


/ / и! д 
Н = (= - и) 5 as (>. _ (5+ гв) u) Be’ (4.9.18) 


permutable with Xo [it is a solution of (4.9.13) for У = 0; see formulas 
(4.9.14)], which will play the leading part in the construction of М. 

Returning to (4.9.12) let us first solve the auxiliary equation (4.9.13), 
choosing for A a particular solution which grows no faster than at, where 
a = const. The existence of such a solution is clear from (4.9.15) and 
assumptions on the smoothness of A, B, and C. 

Now put 

S=Y — x(r)H, (4.9.19) 


where х = х(т) is chosen from the boundedness (smoothness) condition on 
the function "(A — x). Coefficients in 5 are [see (4.9.14) and (4.9.18)] 


A- xB,  —}(A- xB) - }x’8 ~ 3A, 
— 4(A-— x6)" - 4x"8 -х'В'-1А' - т"(А- x8) +В. — (4.9.20) 
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Since 7"(A — x) is bounded, В = 0(т-”/2), and x grows no faster than 
ritn/2 it is easy to see that coefficients of (4.9.20) in S are bounded 
(smooth). 

By (4.9.19), (4.9.13), and (4.9.12) we will have 


М =-х(Н (M=M;, x=xz;). 


Remark 4.9.2 Coefficients in M grow according to our estimates (in fact, 
more slowly) but at any rate, their growth is uniformly bounded in j (the 
largest coefficient is that of и(д/ди), and it grows no faster than т”) so 
that the series =2 Мо +--- Ваз an asymptotic meaning. 


Thus, X can be reduced in the domain 0 < т < +00 (and, similarly, in 
the domain —со < т < 0) to the normal for 


Xo+ р + Е?К(т,т,Е)Н (4.9.21) 
[the parameter х will enter k(7,2,¢) through g(x), g’(x), g(x), ...]. 
Then, since St = Sx = Hr = Нх = 0, we are still in the class of 
extended operators. We can again put [see (4.9.7) and (4.9.8)] х = Ет, 
considering instead of the extended operator (4.9.21) the operator 


9 nO 9 2 
v5, 7 4G, tate К(т,=)Н 
to which the system 
du _ 2: ! 
a pute К(т, =) (5) 
du = п 2}. 6’ 6” п 
= mut eth(re (Fo- (бот и], (4.9.22) 


where k(r, =) = k(r, ет, Е), corresponds. 
Integrating the System in the New Variables 


Choose a fundamental system of solutions a = а(т), & = а(т) of (4.9.16) 
so that G = аа and let w be the Wronski determinant аб’ — a/& = w 
(= const). 

Now put и = pa + pa, v = po’ + pa’, where р and р are new variables. 
Making use of the relations ad’ — "а = ш, и“ + тпа = 0, &@” + тпа = 0, 

MN 
ad = В, a’a’ = 49°58, 288” — 6”? + 4т" В? =4 

(see Remark 4.9.1), Equations (4.9.22) can be written in variables р and р 
in the form 
dp 


2=? . : 
dr ery = h(t EDP 


22. 
raed ht Е)р, 


and can be integrated immediately. 
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Remark 4.9.3 Integrability of (4.9.22) is explained by the permutability 
of Хо and НЯ, thanks to which these operators have a common invariant 


(бир) + a0 шо (= 6, 


and the system (4.9.22) has the integral pp = const. 


Remark 4.9.4 We have considered a formal construction of the asymp- 
totics of the general solution. Since exponential asymptotics are possible 
here (for х < 0 and odd п), we ought to have in mind the well-known 
problem of a “one-way type of matching formulas” [39], which we do not 
deal with here. This remark also applies to Example 4.12. 


It has been said above that a characteristic feature of the reconstruction 
problems is the necessity of using a change of variables (singular at = = 0). 
In certain cases, the reconstruction of an operator can be performed by 
nondegenerate changes, so that the singularity is hidden by implicitness of 
a solution. The following example is of this kind (though it can be inves- 
tigated by a “canonical” way). This example is also interesting since for a 
certain formulation of the problem, reconstruction needs to be performed 
an “infinite” number of times. 


4.10 Example: Lighthill’s Problem [38] 


(x чей + (2+х)у=0, у(1)= у. (4.10.1) 


Here we will assume that = can be both a positive and a negative small 
parameter and a solution is sought in the domain a < x < 1, where 
а = a(e) is sought аз a “smallest” value for which the perturbation theory 
fails. In general, though, we will pay attention to the case = > 0, а < 0 and 
the computation of y(0). 

Passing from (4.10.1) to the system 


d 
dt 


we get the operator 


ий 
Zz = uUt+ ey, +), 


д д 9 
X= ta (2+ у + ea. (4.10.2) 


The leading operator has the eigenfunction х corresponding to the eigen- 
value 1 and the invariant 9 = yx7e*. In these variables 


И. 9е* 0 , gre~*(24+2) д 
ха +8 (95 дз + x 89)" 
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From here it is immediately clear that the reconstruction takes place for 
x ~ |e|}/3. Then, since у = gr~7e~*, we have у ~ 1/A? for х ~ A [when 
Д is small; we start from д ~ 1; see (4.10.1)], and the reconstruction in old 
variables is х = {e|!/87, у = |e|~?/3z for 7 ~ 1, 2~ 1. 

But we have no intention of making this transformation, noting only that 
x ~ ey for the reconstructed problem. 

This and (4.10.2) make it possible to see (it 18 also possible to undertake 


temporarily the change x = |e|‘/37, у = |e|~?/8z) that the leading operator 
becomes 
(a + Pace - oy (4.10.3) 
Ox Oy 


[and —xy(0/Oy) is “small” for a small +]. The operator (4.10.3) has eigen- 
functions y corresponding to —2 and 


ay =at hey (4.10.4) 


corresponding to 1. 
In variables у and 21 [note that the change (4.10.4) is not singular] the 
operator (4.10.2) takes the form 


9 9 = 9 д 9 
асы Е. (1-я) + 97 9, 


(4.10.5) 

Here the operator (4.10.3) is 21(9/дх.) — 2y(0/Oy) and the summand 
—2,y(0/Oy) would have been part of the perturbation had we not рег- 
formed the dilatation (see above). 

Now we can again consider X in the same manner taking 21(0/Ox,) — 
(2+ 21)y(0/Oy) as a leading operator in (4.10.5). 

This operator has an eigenfunction х1 corresponding to 1 and an invari- 
ant 91 = yxze"). In these variables, (4.10.5) is of the form 


x= д ge 71 ( д 1+: 9 ) 


г д © 32) Отт + ри 19, 
Е“ де 271 д 2+х д 
и). 

921 Ox 11 991 


(4.10.5’) 


From here we deduce that the reconstruction is now performed at 2, ~ 
|e|?/5; 1.е., we can make use of the leading operator 


д д 
ИН) реа 

11 O21 ( + Е 
in the domain x; > |e|?/5, in particular, for 2; ~ |e|!/3. НЕ> 0, then the 
latter means that we have entered the domain —e!/3 < x < 1 [see (4.10.4)]; 
for = > 0, the singular point of Equation (4.10.1) & + ey(€) = 0 is situated 
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to the left of 0, which is clear from the consideration of the principal term 
of the asymptotics 


2 
1 1 
n=Y (« + Зо) е? =1 [у22е71 = 1, е?1 we, y(1) = = 
In the domain 0 < x < 1, we can (see below) find the asymptotics and y(0) 
Е < 0, the singular point is situated to the right of 0, and for 2, ~ |e|!/* 
we get x ~ (—e)!/3). 


Remark 4.10.1 Making use of (4.10.5) we reach the domain x, ~ |e|?/5, 
у ~ |e|~4/5 and the leading operator becomes 


И 
бб Yay 9% да. 


It has eigenfunctions у and x2 = 2; + (Е2/45)у?. In these variables, 


а О awe Ся 

~ 71955 ay ТЗ Yay 7 Ba, 

2,2 33 ety4 
ey po oy WOE Oo Ре 
ду Ото 45 Oxo 2025 Or 

and the leading operator r2(0/Oxr2) — (2 + х2}у(9/ду) can be used when 
12 > e|3/7. 

This reconstruction process can be continued. At the n-th step the recon- 
struction is performed at хи ~ |e|"+1/2"+3, уу w |e|—2" 42/2743 (29 = 2). In 
the limit as п —+ со we get а(=) ~ —\УЕ (=> 0) and a(e) ~ М-Е (=> 0). 


Let us also discuss the computations for = > 0 and —=1/3 < x < 1. The 
principal term of the asymptotics, as has been already mentioned, is 


2 
1 
91 = Yo (« + a) е" =1 (e™ ме”), 


implying yo (0) © (3/e)?/*. 
The construction of higher terms is achieved by the development G = 
91 + (1 + G2 +--+ of the desired invariant of X, where 


XoGi + Xign =0, ХоС2 + Х! С! = 0, ahs 


and we have put [see (4.10.5’)] Хо = 21(0/021), X; = X - Xo, and X, is 
considered to be of “order” ¢!/3 for у ~ e~?/3 and a, ~ ЕЙ, 
Depending on the assumed accuracy of computations, not all equations 
appearing for G; should be solved exactly. For instance, instead of the exact 
solution 
_ 9? ( [ей e(1+a) 93е-221 (24 + 32, - 222) 3 
В (Г ББ )=+ 54021 a 
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we can take р а 
= e 71 9о3е- “71 
с=@ = _ 91 ee 91 5 2 
627 4524 


if we ignore in G terms ~ 0(=2/3). Then, putting G = h + б\ = С, where 
С =1+0(=) is a constant, 


zy =2+ hey, е?1 =e" (1+ 1=у+...), у=ш+и-..., 


where yo is a principal term and yi/yo ~ М3, we get у with a relative 
error 0(¢?/3) on the whole segment —e!/3 < x < 1: 


eye (5x + ЗЕ) 
30(x + eyo) 


y(0) = (=) 2 = @)" +0(1). 


Remark 4.10.2 As is clear (for example) from the exact form of Gj, in 
computing further terms, Е In(a + eyo) will appear. 


У=У- 


In particular, 


The next example is a simple illustration of problems in which coef- 
ficients of X have singularities. In these problems it is often possible to 
make use of an appropriate change of variables to reduce the question to 
a reconstruction of the first type (or, in the case of resonance i-points, of 
the second type). 


4.11 Example: Singularity of Coefficients of an 
Operator 


du ЕИ 
— = —- = < Ll, 
in (au)? u(0) =1, 0 a < а(=) (4.11.1) 


[as in the previous problem we are also interested in the “largest possible” 
value of a(e)]. 
The operator corresponding to (4.11.1) is 


д и д 
*= 95° — ги ди 
The singular surface is 1 — хи = 0. A change of variables 


1 
1-ти 


=т (4.11.2) 
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suggests itself. In variables т and и (и > 0) we get Х = т?У, where 


_ д Е oe 
м + -nxh. 


The leading operator и(д/дт) is nilpotent and У is normal with respect 
to и(д/дт): the heights of the operators и(д/ди), т2(9/дт), and т(д/дт) 
are 2, 3, and 2 respectively. 

Since the height of т2(д/дт) is maximal, we can take и — ет?(9/0т) as 
a new leading operator. Its eigenfunction and invariant are 


_ МЕРУ 
— Ми+уЕт 
and и. Putting 
_ _ 2 t= OT 
b6=Ve, u=v’*, ttt vo (4.11.3) 
we get Y = —26vZ, where 
_ _ 9d 3 » 9 19 
в“ +6 а- nti (4.11.4) 


Now asymptotics are obtained in a standard fashion. 
In particular, from (4.11.4) it is easy to deduce that the principal term 
of the asymptotics is 


4(%—1 
ф = Yo exp ( 5 ) фо =const, (here М, =} 2), 


and, according to (4.11.3) and (4.11.2) we have 


вых (1- Убе (Х ее + ve) for u(0) = 1. 


Remark 4.11.1 As is clear from (4.11.4), asymptotic theory fails for v ~ 
6; 1.е., for и ~ €. Hence а(=) ~ 1/e. 


Now it is not difficult to compute higher terms of the asymptotics. 

In the literature the equation ey” + p(z,e)y’ + а(х,=)у = 0, where 
p(0,0) = 0 and, perhaps, 4(0,0) = 0, is often encountered. The asymp- 
totics of its solutions have a quite diverse character. The change of the 


desired function , 
уе (5 | p(ése) de) 


reduces this equation to the WKB type: =?у" = Р(т;=)у. We turn in the 
next example to the special case ey” + р(т)у’ + q(z)y = 0; more exactly, 
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to a comparatively simple model equation ey” + ихТу’ + ихпу = 0, where 
т > 0 and п > 0, and д and и are constants, considering real values of 
xz: 0 << ~ 1 (the case x < 0 is considered similarly; asymptotics 
are “matched” by continuity as in the Langer problem 3.20). We will not 
study concrete problems for this equation, noting only these main features: 
reconstructions and the possibility of reducing operators (systems) to the 
normal form. For simplicity’s sake we will also restrict ourselves to the case 
и = +1 (an appropriate choice of scales for x and = gives |u| = 1; the case 
и = —1 is discussed like и = +1). 


4.12 Example: A Second Order Linear Equation 


ey + ТТУ +va"y =0 
(0 :<ж-Ьт>0, п> 0, v =const). (4.12.1) 


Passing from (4.12.1) to the system 


d. 4 42 
ЕЙ = Е, gone Zz, a= —т"2 — вихПу, 


we get the operator 


fe) x AO [2) „д 
те гор +6 (5-1 5). 


As had been mentioned in Section 4.1, х = 01за singular surface. Putting 

x = Ar we have 
0 mm. O Ед nn, O 
sae; ili T 25; + и 5- Eo T'’D,> 

and Юг a small A (but A > Е) the nilpotent operator Xo9 = 2(9/ду) 
becomes a leading one |see (4.3.2)] with respect to which X is normal. 

Making use of the algebraic reconstruction method from Section 4.3, 
note that Хо = Xoo + A™Xo1, where Xo, = -т"2(д/д2), is in a non- 
canonical normal form with respect to Xoo in the sense of minimal height 
of perturbation: the height of Xo; is 2 and canonical operators of minimal 
height are у(д/д2) (height 3) and у(д/ду) + z(0/0z) (height 1). Clearly, 
we can reduce Хо to the canonical normal form 


д д : 
MN rem 2m 
Xoo + A™cr (v5 +25) +0(A*™), 


but this is not necessary: it is clear that the “principal part” of Xo (for 
a small A) is Xo itself. We can at once apply a shearing transformation: 
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у = A-™/24, z = А”/2%, “leveling” Xoo and А” Хол {to Xo1, the height 
1 is formally assigned). We get 


tates АН xO т.д = д Е nO 
XRAMY RAM (ug — тои 


and find Аз. as the maximal A for which in У terms ~ 1 different from 
v(0/du) — r™v(O/dv) (“the principal part” of A~™ Xo) arise. 
Depending on values of m and n we get three variants of reconstruction: 


(а) п>т -— 1. Then Ay = =”, 


9 т д n 
НИТ Тот us 


ra se a ae (4.12.2) 


(b) n= т- 1. Then Да, = e/™+!; the problem loses a small parameter: 


д 


0 ых код 
ЕЕ у ит wast Br (4.12.3) 
(с) n<m—1. Then Да =el/2m—n, 
9 ст asd О 
У=\ +6 Е —(r™u+ur ue toe, 
бет пт, (4.12.4) 


The new leading operator fits in the whole domain since it “includes” 
the old operator. 


The Сазе п >т-1 


This case is the simplest one. The leading operator Yo has the invariant 
g=utc(r)v, where © —7™c = —1. Put 


+00 
с(т) = ert /т+1 | е-"" "т gy, (4.12.5) 
In variables д, v, and т [see (4.12.2)] we have 
9 д 
— т — —_ 
а. МЕ т дт’ 
9 


— итп РИ 9 — итп И 9 
Я = vr"c(r) (25 15) ит (5 2), (4.12.6) 


The operator У = Yo + 6Y can be reduced to the following (generalized) 
normal form M with respect to Yo: 


М =Yo + 6r"2(736)H, H=v—- 95, (4.12.7) 
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where x(7,6) = ыс(т) + бе (т) +--- and H commutes with Yo. For this, it 
suffices to seek S; in the form 
[2) te) 
enforcing, naturally, on solutions of equations for A; and В; [where А + 
T™A; = —т"А;— 1, В; —т"В; = —т"В,- 1 and A;- Bj 1 are recursively 
known, Ap = —v, Во = Е conditions of weakest growth аз т -—+ +00. 
It is not difficult to show by induction, taking (4.12.5) and (4.12.6) into 
account, that A;, Ву, and с;(т) grow at a rate no faster than 0(7'"-™—))J); 
hence, the normal form (4.12.7) can be used for бт"-т-1 < 1 (ie., for 
gr—m—1_2/m+1 «1, where 


t= Ат = = тт, 6= em ret) reel), 


5; = A;(r) 


in particular, for х ~ 1. 
The averaged system corresponding to M, 


dv dg _ 


= т"[--1 + 6x(7, 6), = —бт”т(т, 6} 9, 
has, in all orders, a first integral 
7ntl 
gv exp Aa = const 


due to commutability of Yo and H, and is clearly easy to solve. 


The Сазе п =т-1 


In this case we have to solve exactly the equation [24] 

ee es ити =0 (4.12.8) 
corresponding to (4.12.3). The change © = 7”*1/(m + 1) puts it into the 
form 

и т-и 

=0, = , ee, 
OY (a4 9408 tou ан ме 
which is integrated by the Laplace method [14, 43]. For example, functions 


1 | &—1/1 _ B-1,-¢t 
Fara ee a 


1 a a1 8-1,-с 
и = — t 1—1 е dt 
a> Ta, te 


where ['(7) is the Euler gamma function and integrals (extended analyt- 
ically) are considered as meromorphic functions of a and В, constitute a 
fundamental system of solutions. Then ug, as a solution satisfying the con- 
dition of fastest decrease as ¢ — +00, is unique (up to a constant multiple). 


U= 
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Remark 4.12.1 It we put и = йехр(—т”+1 /(т + 1)), andv =и-— т in 
(4.12.8), then we get Юг u the equation 

du Я. es 

apt И" и=0 
corresponding to the case д = —1 (see the introductory paragraph). 


The Сазе п <m-—1 
The leading operator 


д 
Yo =v — (Тотти) — 
. Ou ( ) бо 
has two eigenfunctions ф1,2 = T’u — ил!,2(т)у; 1.е., Yous = A(T) yi, where 
eigenvalues А1,2(т) are roots of the equation 


M477 + ит" = 0. (4.12.9) 


In the domain Л, # Az, the procedure of the reduction of Y [(4.12.4)] to 
the normal form with respect to Yo is a standard one. 
But in the domain considered, new singular surfaces (A; = 2) can arise: 


т — dur? =0 (4.12.10) 


[see (4.12.9)], and new reconstructions will be needed. 

Equation (4.12.10) can have 0 as a root (ifn > 0) and roots то # 0. First, 
consider the reconstruction of the operator (4.12.4) in a neighborhood of 
the singular surface т = то = (4v)1/2"-" $ 0. 

Set 


т т т 
и = пехр (-5*), v= (a _ а) ехр (-=) ‚ (4.12.11) 


where й and 6 are new variables. Then, since 12” — 4итр = 0 [see (4.12.10) 
and (4.12.11)] the operator (4.12.4) takes the fori 


~ т ту х 1 т т т п п СЯ 
Уз + {9 —т e+ (5% (7™ - т) + ито -т ahs +65 


so that for а small |7)—7| the canonical nilpotent operator 5(0/0и) becomes 
the leading one in (4.12.12). 

Now, putting 7 = 7 + Ao, we get that the “principal part” of Yo [the 
height of 5(0/05) is 2 and that of &(9/05) is 3] is 


_ oO 1 im _ oO д = д ~ 
bgt (gman 1 — ynz} ') ae de = 05. +u(2m— п)тг-1Дой tas = = 
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and the new leading operator is Yp+(6/A)(0/00), A = Acr = 62/3, whereas 
the shearing transformation is © = 6A1/4 and @ = @/Д!/4. 

To the new leading operator the Airy equation will evidently correspond. 
The problem of constructing the asymptotics in the domain containing 
the surface 7 = 79 can be solved by matching the exterior asymptotics, 
obtained by the standard relation of Y to the normal form, with the inner 
ones, obtained by a power series development as has been done in Example 
4.6. (In this problem the matching procedure is easier in principle since the 
equation is a linear one.) 

The reconstruction in a neighborhood of 7 = 0 is similarly performed: 
putting 7 = Ap, we have 


д m ym пт) 9 4 
Yous - (А рту + А 2") oa + B Bp 


and here the “principal part,” Yo, is 


aus - YA" i 


Ou ди’ 
where A = Де, = 62/2), The shearing transformation is 


v= 67/22), и = 6/20) р, 


The operator is 


— gn/(n4+2 д п д д 2m—n)/(n+2) т д 
у он - ret eo Иен) р Tar 

The problem arising is similar to Section 4.9, but here it is not possible, it 
seems, to obtain the asymptotics without matching (due to p™ in the per- 
turbation). New reconstructions do not arise and the complete construction 
of the asymptotics can be carried out. 

The next example—the problem of relaxation oscillations in a Van der 
Pol oscillator—illustrates once again applications of some of the above- 
mentioned arguments. This problem had been first solved in the well-known 
paper of A. A. Dorodnitsyn [15] with the use of some ad hoc tricks. The 
presentation below pursues only methodical goals and for that reason is 
perhaps too detailed (we skipped only some simple, easy to verify, compu- 
tations). 


4.13 Example: Van der Pol Oscillator (Relaxation 
Oscillations) 


Here we consider the system 


d 
c= Sry) sy te- 32 i 


3 #=-2 (>0), (4430) 
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equivalent to the equation ey + (y + 19 + у) = 0 and also to e# — (1-— 
12) + х = 0, which are called Van der Pol equations [44]. 


Preliminaries 


In Figure 4.1 a typical phase trajectory of the point P(x,y) starting from 
a “general position” is qualitatively depicted. The nature of the trajectory 
is intuitively clear from (4.13.1) if we take into account that “far” from 


3 


FIGURE 4.1. 


the curve f(x,y) = 0 depicted by dots on the picture the velocity of P 
is great and is almost parallel to the z-axis. For small = the trajectory 
is almost closed (as will be clear a little later, up to exponentially small 
terms) and the point encircles the origin clockwise, remaining near the 
contour Г formed by parts of the curve f(z,y) = 0, where 1 < z < 2, 
—1 <: < 2, and —2 < x < 1, respectively. The situation is called relaxation 
oscillations, which represent a special type of almost-discontinuous self- 
exciting oscillations [44]. 

The computation of the “period” Т(=) of these oscillations is of main 
interest in this problem. By Т(=) we understand henceforth the period 
of motion along the asymptotic relaxation trajectory which, as had been 
already said, will turn out to be closed in approximation when exponentially 
small terms are ignored. 


Remark 4.13.1 For any ¢ there exists a limit cycle (with respect to #) 
([44]) corresponding to some strictly periodic solution near the limit Г as 
€ — 0 of limit cycles. Some authors call the period of revolution along the 
limit (in $) cycle the period of relaxation oscillations [35]. 
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We will consider only relaxation oscillations, being not interested in tran- 
sition processes. 

For the future it is worth mentioning that asymptotics of the transition 
process with initial values in “general position” might be constructed as in 
Example 3.9. 

It can be done firstly in the following (canonical) way. The operator 
corresponding to (4.13.1) is 


Х =Х-+ЕХ! = Дед. eee 


Е (4.13.2) 


In the domain D (an example of such а domain is shown in Figure 4.1), 


where the equation f(z,y) = 0 with respect to х possesses the unique 
solution 


c= By),  |5’(у)| < ¢ = const 


for any у, we can construct an eigenfunction of the leading operator Хо = 


f(z, y)(0/dz): 


p(x, у) = (x — Bly) )G(z,y), (4.13.3) 
-en |" (1-8 _ 1 ) 
п of ( (у) n- BY) 
corresponding to the eigenvalue 
Of . 
А(у) = — =1- 62 (у) 4.13.4 
05 |= вси) on 


(у is an invariant of Хо) and reduce X(M) to the canonical normal form 


My = gly, =), Мф = (Ay) + ewr(y) + .--)Ф. 


These computations are comparatively difficult because х = z(y,y) is 
implicit but do not:contain any principal difficulties. 

Secondly, we can construct asymptotics in the form of developments of 
the type (3.9.5) indicated in Example 3.9. It is equivalent to the canonical 
method but brings us to the goal somewhat faster. 

Now note that the indicated methods allow one to seek asymptotics on 
segments of the relaxation trajectory situated “far” from points (+1, 2/3), 
these points being the reconstruction points [in these points the eigenvalue 
(4.13.4) vanishes]. Formulas become cumbersome since they describe simul- 
taneously asymptotics near straight and near curvilinear parts of I. 

A way for simplification is quite evident; consider two domains of type 
D; i.e., a narrow domain D’ which fringes a straight segment of Г, and a 
narrow domain D” which fringes a curvilinear part of Г. 

A construction of asymptotics in D’ will be simplified considerably since 
here Л = -3 is constant [у © +2/3, G(y) +2] and the eigenfunction is 
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expressed much more simply than in (4.13.3) since the operator in D’ will be 
reconstructed due to the narrowness of ТУ. It is true, though, that we should 
understand what the width of D’ should be, but this will be clear after the 
trajectory will “exit” the neighborhood of the reconstruction point. 

The construction of the asymptotics in D”, i.e., near a curvilinear part 
of T, will be exceedingly simple. It is clear from (4.13.3) and (4.13.4) that 
the asymptotics in the domain of type D are of a boundary-value nature, 
and, since Л < 0, then near a curvilinear part of Г the function ф (in new 
variables!) will be already exponentially small. This, incidentally, shows 
the closedness of the asymptotic trajectory mentioned above. Therefore, in 
р” the asymptotics coincide with the what is usually called the exterior 
solution; i.e., can be obtained via development in powers of Е. 

But this simplification necessitates matching of asymptotics in a neigh- 
borhood of points (+2,+2/3), which were artificially turned into the re- 
construction points. This procedure is, in general, laborious. 

However, we will take this way instead of constructing M in D making 
use of (4.13.3) and (4.13.4) since in this problem it is connected with simpler 
calculations. 


Remark 4.13.2 An artificial reconstruction of this kind is often encoun- 
tered in the so-called method of matching of asymptotic developments, 
where, as it seems to us, it often amounts to guessing. 


Let us emphasize once more that until now we were speaking only about 
asymptotics “far” from “real” reconstruction points (+1, +2/3), the main 
difficulty being in passing “through” them. 

Let us mention also a symmetry of the problem, making use of which 
we will only calculate a part of the relaxation trajectory В1В2 (see Fig- 
ure 4.1) from the moment when it crosses the line y = —2/3 near the 
point (+1, —2/3) (putting here ¢ = 0) until the moment when it crosses the 
line у = +2/3 near the point (—1,+2/3), putting here t = T(e)/2. (The 
choice of the starting point at B, is of no principal importance, nor is the 
symmetry.) 


Elucidation of Computations to Follow 


We begin computations from the reconstruction of the operators near the 
point (+1,-—-2/3)—the first reconstruction—and construction of asymp- 
totics of the relaxation trajectory in a neighborhood of this point. At the 
same time we should also find the initial value 2(0), where the coordinates 
of B, are (x(0), —2/3). This value is defined from the possibility of match- 
ing the asymptotics obtained with those “entering” the neighborhood of 
the point (1,—2/3) and corresponding to # < 0. This matching will not 
be performed explicitly since the asymptotics of the “entering” part of the 
trajectory are not computed as yet; in a neighborhood of (—1, 2/3) we have 
to perform such a matching, (see the third matching below) but will make 
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use only of the fact that the trajectory “enters” from the part г > 1, which 
is sufficient to find x(0). 

Doing this we will pass only a small part of the trajectory from B, since 
the obtained asymptotics do not yet allow us to “go out” of a neighborhood 
of (1, —2/3); a new (second) reconstruction is needed. 

As a result of the second reconstruction we get an operator reconstructed 
in D’ (see Figure 4.1) fringing a straight part of Г, у = —2/3. Making use 
of it we will find (by the method of Example 3.9) the asymptotics applica- 
ble along the whole segment [a neighborhood of (+1, —2/3) excluded] and 
depending on two unknown constants. 

The latter will be defined matching the obtained asymptotics of the 
“artificial” point of reconstruction (—2, —2/3). 

Furthermore, we will find asymptotics near (in D”) the curvilinear part 
of Г, where —2 < т < ~—1, making use, аз had been already said, of а 
development in powers of Е depending on one unknown constant. 

This constant is found by matching the obtained asymptotics with the 
already known ones in a neighborhood of (—2, —2/3) (the second matching). 

Finally we should perform the third matching of asymptotics near the 
curvilinear part of Г where —2 < x < —1, with the asymptotics in a 
neighborhood of (—1, 2/3). The latter will have already been known from 
the symmetry of the problem: it is obtained by the change of т, ую —z, 
—у and t to t — Т(=)/2 from asymptotics in a neighborhood of (+1, —2/3) 
and will depend on only one constant Т(=) (a shift in time). The third 
matching gives us Т(=). 


The First Reconstruction 


Asymptotics near (+1,—2/3). The reconstruction of X [(4.13.2)] at the 
“entrance” of the trajectory in a neighborhood of (1, —2/3) is most easily 
performed by the “trajectory” method consideration (see Section 4.4). 

Since P is moved along the line f(x, у) = 0, then for a small r—1 we have 
(in the principal order) y + 2/3 = 0((х — 1)?). Therefore, put x = 1+ Az 
and у = —2/3 + Д24. Then 


в р 9. 
х-2{ (1 2 3А2 Dz gall + Az)5- : (4.13.5) 


Let us emphasize that we are moving from the part where z > 0, q > 
0, and A > 0. It is immediately clear from (4.13.5) that in (1/A)X the 


summand i 9 

Хо = (‹ - #2 - 342) 3a’ 
1.е., (1/А)Хо, remains the leading one until =/ДЗ « 1 [an eigenfunction 
of Xo differs only а little from an eigenfunction of (4 — 22)(9/92), namely 
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from (,/q — z)/(./q¢ + 2), corresponding to —2,/q 7 0]. The reconstruction 
is performed at A = e!/3. Putting 


6 = =!/3, х=1+62, y= -3 + 624, (4.13.6) 
we get а reconstructed operator X = 5Y, where 


9 д 30 д 
¥=Y+U=(- AE - 5+8 (55-28). (4.13.7) 


oq 
The operator Yo produces a differentiation along the field {4 — z?, —1} 
without singular points so that in the domain |z| < 1, |9| < 1, the operator 
Y is reduced to the simplest normal form Yo. It means that the solution of 
the system corresponding to У, i.e., 


42 _ 2 23 me 
ae —9+65, qe i+ be (rT = gr) (4.13.8) 


can be sought in the form of a development in powers of 6 
2 = д(т) + 621(т) +...  а=9(т)+ 641 (т) +... (4.13.9) 


[here 4%(0) = 41 (0) = --- = 0 are known and 20(0), 21(0), ... are unknown]. 
Inserting (4.13.9) in (4.13.8) and collecting terms with the same powers 
of 6, consider consecutively the equations which arise. 
For zp and go we obtain the system dzp/dr = 22 — 4 and dgo/dr = 1. 
From here we immediately get 


qo = 7, (4.13.10) 


and the equation for zp takes the form 420 /4т = 22 — 7 (the Riccati equa- 
tion). The substitution 


~m=-~ (A= 44) (4.13.11) 


reduces it to the Airy equation 
A" =TA. (4.13.12) 


Now note that matching with “entering” trajectory occurs at any rate 
for negative t, i.e., for large positive т, and 2о must be positive since г > 1 
and х = 1 + éz. 

Therefore, taking (4.13.11) into account, we may take only the decreasing 
(as т —+ +00) solution of (4.13.12) which, as is known, [4] is unique up to 
a constant factor. It is the so-called Airy function of the first type Ai(r) 
defined by the initial values Ai(0) = 1/У9Г(2/3), A’i(0) = —1/У3Г(1/3). 
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Thus 20(т) is actually uniquely defined and z(0) = 3Г(2/3)/Г(1/3). 
For the sake of convenience put 


A= V9I(2/3)Ai(r) (4.13.13) 
so that 
A(0) = 1. (4.13.14) 


Notice also that the function 20 is of огдег\/Т аз т -+ +00, which is clear 
from the equation and also from the asymptotics of 


Ai(r) = ры (-37”). 


Now considering equations Юг 21 and 41 : 


dz, és 1 3 dq, 
a 22021 — 91 + 320) dr 


From the second equation and (4.13.11) and (4.13.14) we find 


= 20. 


q =- Ш А(т) (4.13.15) 

[41 (0) = 0], and as а solution of a (linear) equation in 21 we may only take 
1 ae 13 2 

21 = Airy 41 (п) — 320(n) } A°(n) dn, (4.13.16) 


since any other solution grows asymptotically, whereas “entering” asymp- 
totics cannot have exponentially large terms. Notice also that 21 grows like 
7. The next terms of asymptotics are similarly found. 


Remark 4.13.3 It is not difficult to demonstrate (here and in what follows 
we omit proofs) that z, and g, grow, as т — +00, not faster than т(п+1)/2 
and т("+2)/2 respectively, so that the asymptotics (4.13.9) are applicable 
when 6,/7 «< 1; 1е., when т < 1/62. Putting r ~ A?/5?, where А -+ 0, we 


will obtain . 


A 
маму, gugnT w= 


and z-1~ А and y+ 2/3 ~ A?, yielding that the domain of matching 
with “entering” asymptotics is maximally “broad” (A = 5* and the critical 
value of К is 0). 


The Second Reconstruction. Asymptotics Near the Straight Part of T 
(y = -2/3) 


The asymptotics (4.13.9) do not yet allow us to “go out” from a neigh- 
borhood of the point (1,—2/3) since АКт) has zeros; hence they can be 
applied only when 7 > a, where 


ая —2,338 (4.13.17) 
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is the maximal zero of Ai(r). [Since a < 0, we enter the domain 2 < 0 via 
(4.13.9).] 
The new reconstruction is quite evident: 


6z=p (c=1+p,y=—2+6%q) (4.13.18) 


[(4.13.6) already hints that the trajectory will enter the domain D’ of width 
~ 6 fringing Г when the order of z will be ~ 1/6]. 


Remark 4.13.4 It is not difficult to show that functions z,(7) and gn(7) 
do not grow faster than In” p/p"+!, where п > 0, and ш”-1 р/р”-1, where 
п > 1, 41 ~ пр, and go ~ a, respectively, as р = T — a — +0. Therefore, 
the asymptotics (4.13.9) are applicable for p/|Inp| >> 6, which can be 
understood as р > 6 if we take that р > 61—*, where k > 0 (the critical 
value of k is zero). Putting р ~ 6!—*, we have 6z ~ бло = 0(5/p) = 0(6*), 
qa~% ~ a ~ 1, and, since Ко, = 0, we come to (4.13.18) due to “trajectory” 
considerations. Аз a result, the operator Х = бУ [see (4.13.7)] takes the 
form 

д 


д д 

X = Zo +521 +622, = -В р). - (p+ 1)5- + 55, 

: Е ь (4.13.18) 

R(p) =p? + ©. 

The leading operator Z has an invariant 4 and an eigenfunction ф = 

((3 + p)/p) exp(—(3 + p)/p) corresponding to the eigenvalue Л = —3 (see 

Preliminaries), and X can be reduced to the normal form in the domain 

q~l,p<0O. 

As had been already said, the trick of constructing asymptotics from 

Section 3.9 leads more quickly to the goal. We now make use of it. 


To the operator (4.13.18) the system 
dp _ 2. dq _ 
poo? og бар ФРИ 
where 
р=т-а= -(1/6?) -а (4.13.19) 


corresponds [clearly it is convenient to take р as an independent variable 
since (4.13.9) “breaks” as р — 0]. 
A solution of (4.13.19) will be sought in the form [see (3.9.5)] 


р = pol(p,6)+6pi(p,¢)+-**, —94= Qo(p,6) +6Q1(p,¢) +--+, (4.13.20) 


where 3 
¢ = exp (4.13.21) 


and р; and Q; are subject to regularity conditions of the form (3.9.6) as 
6—0. 
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Initial values (at p = 0) will be 


P= Tez, 2,0 =0,..; =, Q1(0,1) =0, 
(4.13.22) 
where a, h (0 < a < oo) are constants, which may (and certainly will) 
depend on 6 and will be found from matching with (4.13.9). 

Inserting (4.13.20) into (4.13.19) and differentiating [taking (4.13.21) into 
account] according to the rule (3.9.7), let us collect summands with the 
same powers of 6 and consider consecutively pairs of equations which arise. 

The first pair is of the form 


3¢2 
a =R(po), 3-2 =0 (R(p) =p? +%), 
whence 


ates Мары Po) 6-(8+0)/%, о = по(р), 


where mo(0) = 3ae*, по(0) = h, due to (4.13.22). 
Furthermore, the next pair is 


дро Эр dQ 


Op + 36 дс = Е (ро), а 


oC 
From here, taking into account that ро = —3 + mo(p)¢ + 0(¢?), 
pi = р1(р) + Pr(P)6 +0(62), Q1 = Qu(p) + Qr(p)¢ + 0(¢7) 


for small ¢ (regularity conditions), we get 


=potl. 


3р1(р) =0, ть(р) = —4то(р)р1(р), то(р)=-2, 3091(р) = mo(p), 
implying 
(р) =0, то(р) = const = Зае", no(p)=h—2p, Qu(p) = ae*. 
Thus we finally get the principal term of the asymptotics 


ae*¢ = Е ехр (-* +2) у Qo = h — 2p, (4.13.23) 
Po Po 
and also find, integrating equations for р1 and Qj, and taking 
Эро _ Эро _ 94 _ 


into account [see also (4.13.22)], that 


= ти (р)В(ро), mi(0)=0; Ч: =m(p) - т, п (0) = -a, 


186 4. Reconstruction 


where эп! (р) and п! (р) are to be found from the regularity conditions from 
the next pair of equations, as то and по had been defined. 

Computing p; and Ок of any order is elementary. Omitting these calcu- 
lations, let us give formulas which will be used in the concrete example of 
matching: 


pi=—Jo(h~ РЕ),  Qy=-a- = (4.13.24) 
[from regularity conditions we have 
п) = ло, т =0, 
implying ти (р) = —§p(h - р), пл(р) = —а], and 
= Repo){ ma(p) + HP) (в) (-1*.)) 
+ ти (р) ] we ie an} (4.13.25) 


@2 = п2(р) + ти(р)(ро +3), — т2(0) = п2(0) = 
m 3, 
Ba(p) = -дта(р) 
[we will only need the term ту (р)(ро/2 + 1/2 — 3/4ро) of po]. 


Remark 4.13.5 It is not difficult to establish the following properties of 
p, and Ок. Functions тк(р) and пк(р) are polynomial. For a small po a 
singularity in рь and Ох is no greater than |po|!~*. Therefore the asymp- 
totics (4.13.20) are applicable for 6 < —ро, which corresponds to р < 1, 
since, due to (4.13.23), the smallness of —ро implies —ро ^^ 3/In¢ = 6/p 
[see (4.13.21)]. On the other hand, the asymptotics (4.13.9) are applicable 
when р > 6 (see Remark 4.13.4). Therefore both (4.13.9) and (4.13.20) 
are applicable in the domain 6 < р < 1 (the maximally “wide” matching 
domain). 
Let us give also formulas for the “exterior” solution: 


р= р(р,0) = po(p, 0) + бри(р,0) +--+ = ро(р) + 5f1() + 
Q = 9(p,0) = Qo(p, 0) + 601 (р,0) + --- = Qo(p) + 69цр) +... 
= по(р) + 6ni(p) + --. ` (4.13.26) 
p= -3 + 5256-22) +63 (-§- 3) +..., 
Q =h— 2p + 6(-a) 


(we have also found p3 = —a/3—2/9), which can be used in a neighborhood 
of the “artificial” reconstruction point (-2, -2/3). These asymptotics will 
be matched with the ones near the curvilinear part of Г. 
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The First Matching 
Thus we have shown above how to find asymptotics 


2 
t=1+btPate, ys-z+h q+ Oat, 


z=2,(T), G=a(T) T= я 

in a neighborhood of the reconstruction point (1, —2/3) and have com- 
puted 29, 21, go, and 41 [formulas (4.13.10), (4.13.11), (4.13.13), (4.13.15), 
and (4.13.16)], which allows us to find г and у with error 0(52), 0(63), 
respectively, (6 = ¢1/3) when |т| < 1,7 > @ [(4.13.17)]. 

With lesser accuracy, depending on р = т-а, these asymptotics are 
applicable when p >> 6 (see Remark 4.13.4). 

We have also shown how to find asymptotics 


c=l+potdpt pete, у=-3 +500 + 501+... 


Pj = Ру(р,б), ©; = @;(р,6), ¢ = e3P/6 


near the straight part оЁГ(у = —2/3) and have given formulas [(4.13.23), 
(4.13.24), (4.13.25)] for ро, р1, and pe [the function m2(p) in р2 had not 
been found but we will not need it in our computations] and Оо and Q,, 
which allows us to find г and у with error 0(6*), 0(5°), respectively, for 
—р S1 if constants а and h are known. With lesser accuracy, depending 
on p, these asymptotics are applicable for positive p < 1 (see Remark 
4.13.5). 

Besides, we have given formulas (4.13.26) for computing т = 1 + р, 
y = —(2/3) + 620 which follow from these asymptotics at ¢ = 0, are valid 
for —р ~ 1 and enable one to find х, у with accuracy 0(53) = O(c) near the 
point (—2, —2/3). 

Now our aim is to compute а and h; i.e., to match the obtained asymp- 
totics in the domain 6 < р < 1 where we may employ both asymptotics. 

For a small p we have 


go= art p, 
1 а 
2 =-- — sp +0(p") 
41 = —Inp-InA'(a) + 0(р?), 
_ Inp kia a 2 
21 3p? p+ Ginp+ $ ( i) + ош) 


= 1 1 i 2 bad 2 
k= 6+3 Аа) + aa А? (1) п A(n) ал. (4.13.27) 
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Remark 4.13.6 It is convenient to seek asymptotic developments of q; 
and z; for a small р directly from equations for 4; and z; but constants that 
enter these equations can only be found by making use of exact formulas 
for 4; and z;. We can obtain a formula for 


Е = — lim (0221 + dnp) 
р—0 
expressing 21 [see (4.13.16)] in the form 


1 
А? (т) 


= ВА’ fo A?(n) In А(п) an], 


C4 = 


3 ЗА? (т) In Alr) + 57A2(7) Аб) 


taking А” =тА into account and integrating by parts. 
5 grating 


Terms of developments for a small p which are not written explicitly can 
be ignored due to the matching principle from Section 4.5, since the value 
of their contribution to г = 1 + 620 + 621, y ~ —(2/3) + 624% + 6341 are 
< 5? and < 63, respectively, in the domain of matching, 6 < p< 1. 

Introducing a more convenient (in what follows) variable и = 3p/6 in- 
stead of p, we get 


3 Sa | 3(Inv + Iné — 13) 


и 9 y? 
9% Sa &a 2 
— +> (ny +n - №3) + = (« = 3) ; (4.13.28) 
y=—F 4804 — &(Inv +Iné — In3) — 63 In A’(a). 


Furthermore, for a large и = In¢ = 3/7 (in the domain of matching 
1«и< 1/6) we have 


_ЗЗши ae eee +0(45), 


y vp yp 


Q1 =-Ina+ inv +0(2*) : 


as follows from (4.13.23)-(4.13.25) [R(po) = 0(1/v?)]. 
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Inserting these expressions into x © 1+ ро + 6р1 +6? ро, y ~ —2+6?Qo+ 
6°Q1, we can ignore terms not written xl thanks to the matching 
principle. Setting also а = a9 + 6a1 +--+, А = ho + 6hi +--+ we get (also 
ignoring terms of values < 6? and «< 53, (6: 1 and у, respectively) 


e~w1—3—diny , 8. +40+Inao) _ soho | 
y2 y? 9 
+ 529 ши- оо о (4.13.29) 


у> 1 + 620 + 63 В: + Зв - Fn +59 In ао. 


Now due to the matching principle there should exist a9, ho, and №1 Юг 
which formulas (4.13.28) and (4.13.29) identically coincide (in v). In fact, 
this is so if 


@о + Пао = 13 — 3k —1- 15, 
ho =a, 
hy =1+49 + 3k —ША’(а). (4.13.30) 


Remark 4.13.7 The system of equations arising for a and h is highly 
overdefined (especially for computations with high accuracy). We have not 
dealt with the question of an “economic” mode of computation (excluding 
a remark in 4.5 on a possible shortening of calculations). Note, however, 
that compatibility of the arising system is a nice check for the correctness 
of computations. 


Remark 4.13.8 The quantity a9 = ao(Iné) is defined by the first (im- 
plicit) formula in (4.13.30). From a computational point of view it seems 
that it is unwise to seek an asymptotic representation of ао. In general it 
is convenient to ignore a weak logarithmic dependence on 6 (considering 
In 6 formally as a finite parameter). Then all developments are performed 
in powers of 6. 


Now (a and h being already found) we find the asymptotics of r= 1+ 
and у = —2 + 520 making use of (4.13.30), (4.13.26), and (4.13.27) near 
the point (—2, —2/3): 


2 
т=-2+6 (0 3") + (+5 if) + ; 


у=-= = + 62 (За — 2т) + 53 € + 20) +... ; (4.13.31) 


where т = —t/6* and 


Ап(а) [ * Ап) A(n) dn, (4.13.32) 
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and we “go out” for good from the neighborhood of the reconstruction 
point (1, —2/3). 
It is permissible to use (4.13.31) for т ~ 1. 


Asymptotics Near the Curvilinear Part of Г(-2 < т < -1) 
We seek these asymptotics in the form 


1 = 10 +551 +.`., У=ш + Е +... 
2; = 2;(t), и=и (|. (4.13.33) 
Inserting (4.13.33) in (4.13.1) we have 0 = yo + 20 — $28 and dy/dt = —10 
in the principal order. 


Denoting the (as yet unknown) moment when the trajectory intersects 
the line 


у=- — [yo(6E) = -2, yi(6?€) = 0,...] 
near the point (—2, —2/3) by 62Е < we get 


1 
Yo = —Zo + 320 [20(62&) = -2, 


1 
In (-=2) +5(4- 28) =#— 526. (4.13.34) 


In the next order we obtain equations 4х0 /& = у1+(1—22)х1 and аул /& = 
—2£,, and making use of the above we find 


2/a2—1 d 
и (- “0 ). ee ae (4.13.35) 


Zov3 12 — 1 dz’ 
etc. 


Remark 4.13.9 It is easy to show that the asymptotics obtained are ap- 
plicable for —1— хо > 6 [since tn, уп do not grow faster than (1 — 29)!~8" 
and (—1 — 29)3—*", where n > 2, respectively, as то — —1]. 


The Second Matching 


Now, matching (4.13.33) and (4.13.31), we find €. 
Putting & = & +6, +--- and substituting t = —62т we find from 
(4.13.33)-(4.13.35) developments when т ~ 1: 


2948 [2 _ 2 sf_2_ 2 вы 
=-2+6 ( 3$ 37 +6 5 361 +..., 


y= -; +5? (26 — 27) + 6°(—281) ++. 


These formulas must coincide identically with (4.13.31), which actually 
takes place for 


3 3 
g=-Ja-6 (1+4) + (4.13.36) 
(Е > 0 since a < 0, see(4.13.17)]. 
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The Third Matching 


At last we should match the asymptotics (4.13.33), where & is already 
known, with the asymptotics in a neighborhood of (—1, 2/3). These last 
asymptotics, as had been already mentioned, can be obtained due to the 
symmetry of the problem changing in (4.13.9) т = —t/8? to 


. t — T(e)/2 
aan ae 
and inserting z(7) and q(7) in х = —1 — 62 and y = 2/3 — 624. 

Let us take 7 for the variable of matching so that the domain of matching 
is1<?< 1/6? (maximally “wide”; see Remarks 4.13.3 and 4.13.9). 

Let us perform the matching with the same accuracy as the first one. 
Let us insert t = Т(=)/2 — 627 in (4.13.33) and, setting Т(=) = То + 6Ти + 
62Т, + 63Тз + +++, compute х up to terms of value < 6? in the domain of 
matching. 

First, setting ro = —1 — 681 + 6282 + ---, we get from (4.13.34) 


ош 662 +69 (26100 + jst) + 
_ То, А, oe fT2 2.3 3/Тз 3 
Sg tag T° о т + оа +6 a tar 


[since = (—3/2)a — 6(3/4 + £), see (4.13.36)], which, incidentally, implies 
T=3-2mn2, Т=0, (4.13.37) 


and also 


1(,_3,_ 22), _3/8+6/24+Ts/4_ 
+ ( ( 2° ты + 


2 
ны 6 (2-12-2). (4.13.38) 


Furthermore, let us compute у from (4.13.33) up to terms of value < 63 т 
the domain of matching. With this accuracy we may assume 
8681 


m — 2 pp 8081 
и = 2 3 q 
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and, making use of (4.13.34) and the formula for хо found earlier, we get 


2% — 2 
[3404 Te 1,867 За 12 
4 2 3 
of. 3... 7 \' 
Ee (3 -5а- 2) (4.13.39) 


Now let us turn to similar computations for х = —1- 6z(7), у = (2/3) - 
624(2). For a large т we have 


1 2/3 

; ~ —(2/3)т 
ие (1+0(- =): 

qo = T, 

1 
20(т) = vi-+0(=) у 
win 2\ 25. 1 

"т paren) +3" * што 73/2 


a(r)~ ar +0 (=z) 


(see formulas for 4; and z;). 
Thus, up to terms reaching values < 6? and < 63 for x and у, respec- 
tively, in the matching domain 1 < $ < 1/62, we get 
62 
= -1- 5/7 = rae (4.13.40) 
2 2 2/n 
~=— 621 - 63 (+ и We): 4.13.41 
73 3 Ут (2/8) Res 


Formulas (4.13.38) and (4.13.40) and formulas (4.13.39) and (4.13.41), re- 
spectively, coincide, identically at 


T, = —3a,, =Iné— 2-5 +in (221 (3)). (4.13.42) 


The formula for Тз can be somewhat simplified due to (4.13.32) and 
(4.13.13) the constant ¢ can be written in the form 


See eee | , 
= Жо | Ai? (n) In Ai(n) dn + (9 Г(2/3)}, 
making use of the fact that (7 Ai? — Ai’)! = АР. Now setting 


ы TS ip ” Ai(n)In Ai(n) dn, (4.13.43) 
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we derive from (4.13.42) that Тз = In 6 — 2m - (3/2) + In(2/37). Thus [see 
(4.13.37), 


Те) 3-22 — Зое + зеше- (туш "+... 


where т is defined by (4.13.43) and a А —2, 338... [see (4.13.17)] is the 
maximal zero of Ai(r). 


5 


Equations in Partial 
Derivatives 


Below we generalize the above formalism to make it applicable to equations 
in partial derivatives. 


5.1 Functional Derivatives 


Earlier we have assigned to the system фик /dt = ак(и), where k =1,...,m 
the operator 


AF = ax(u) = lim ИР (и+ 60) — F(u)] 


acting in the space of functions in т variables и1,...,Ит. In problems 
with partial derivatives we deal with functions or vector functions u(x) and 
equations of the type ди/0 = #(и), where é(u) is a differential operator. 
These problems are continua] analogues of those considered earlier. The 
discrete parameter k which indexes indeterminates ик turns into continual 
parameter x which runs an n-dimensional domain. The role of functions 
F(u1,...,Um) is now played by functionals F(u, x) depending on z as on 
a parameter, We may surely speak about operators F'(u; х) that transform 
a vector function u(x) into the function F(u; т). 

Further the following notations are used: U is the linear space of vector 
functions (и1(5),...,ит(т)), @ is the linear space of vector functionals 
ф = (ф1(и;т),...,фт(шт)), where ¢;(u, x) is a functional in U depending 
on т as оп a parameter. As always, we do not specify the domains of 
definition of О, $. 

Let v,y € ®. Put 

vy] = = o(u +ev)| . (5.1.1) 
de e=0 
For a fixed v the expression [$] is a linear operator which assigns v[y] Е ¢ 
to any y € ¢. (This expression is a linear operator that maps ® into itself 
if рёв fixed and v is varied.) 


Definition 5.1.1 vp] ts called the functional derivative of ф along v. 
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Set ф-Ф = Ул <ь<т Фь(и, т)фь(и, т) and define у[ф] by the formula 


(5.1.1). Then 
ule: ¥] = (9 [Ф]) 9+). (5.1.2) 


Clearly we deal here with the direct generalization of the notion of a first 
order differential operator. 

Often instead of v[y] we will write бф = v[p] to stress that 6 is a linear 
operator in ®. We will call v the density of the operator 0, and put ® for 
the space of these densities. 


Lemma 5.1.2 Let 4,6. $. Then 
Каф) — a(bp) = (bla])[¢] — («В = (b[a] — а). (5.1.3) 


This important formula generalizes the corresponding fact of the first 
order operators theory. Its meaning is the statement that if 4,b С ф, then 
ba — 46 С ¢ and the density of this operator is [а] — a[b}, 1.е., 


ba — ab = Ма] — a[6. 
To prove this let us consider 


ф(и + га + 5b; x) = ф(и;х) + cay + dbp + Е?Г(а, y) 
+ 62Г(Ъ, ф) + €6(a,y,b) + O(c? + 52). — (5.1.4) 


Here the right-hand side is simply the development of the left-hand side in 
the power of Е and 6. Clearly 


(a, p, b) = (b, 9, a). (5.1.5) 
Set 


J = (и + 6b + ca(u + 6b)) 
= ф(и + а + 6( + ebfa])) + O(6? + Е?). (5.1.6) 


The expression for J with accuracy up to О(52+Е?) can be computed in two 
ways: first putting 6 = 0 in (5.1.4) we get p(ut+ea) = p(u)+edy+eT(a, ф) 
yielding 


J = ф(и) + бр + eT(a, 9), 5 
~ ф(и) + dbp + 62Г(Ъ, <) + =(@ф + 664) + =?Г(а, ф) 


after substituting и + 66 instead of a. On the other hand making use of the 
right-hand side of (5.1.6) and (5.1.4) we get 


J = p(u,z) + cay + 6((b + ed[a])[~]) + eT (a, p) + 6°T(b, p) + €6(a, ¢p, b). 
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The comparison of coefficients of =б in these two expressions gives 


bay = (а) [$] + (a, ¢,). (5.1.7) 


Interchanging а and 6 in (5.1.7) and using (5.1.5) one gets the proof of 
(5.1.3). 


Remark 5.1.3 For two operators 4,6 С ¢ put (a, 6] = ab — 64. We have 
shown that ¢ is closed with respect to this operation, i.e., 4,5 € ¢ implies 
(4, Ц Еф. 


We can say that ¢ is a Lie algebra with respect to [., -]. Clearly the Jacobi 
identity и | р 
[а, Ы, é] + ([é, а], Ы + (6, a, а] =0 (5.1.8) 
holds. Now for any a,b С ¢ put (a,b) = (а[6] — Ца]). Then (5.1.8) and 
(5.1.3) imply that the Jacobi identity 


((a, 5), с) + ((c,@), 6) + ((b,c),a) = 0 (5.1.9) 


holds also. Unlike the trivial formula (5.1.8), formula (5.1.9) is not trivial. 
We have shown that ¢ is also a Lie algebra with respect to ( ) isomorphic 


to ¢. 
Algebras da and Фо 


In what follows to simplify notations we will only consider functions u(zx) 
but not vector functions and ® will be understood as a linear space of 
functionals ф(и, x). Put D%u for the differential operator 


951+. Нат 
Sern = a zx eee Ен 
дла"... бт (ть. т), 
where а = (б1,..., ат), and consider the subspace фа of Ф consisting of 


functionals of the form ф = y(D®'u,..., Du; т) where ф is any function 
in arbitrary but finite number of some D@u. 
If » € Bg, then, clearly, 


dp = vfy] = > 2“ (®) saan (5.1.10) 


Formula (5.1.10) implies that if a € Фо and фЕ a, then 
ay Е Фо. (5.1.11) 


In particular, this implies that a Е Фо and b € Фо implies (since [а ]р = 
(а[6] — bfa])[~]) that the operator [4,6] has a density generated by the ele- 
ment а[6] — а] which belongs to фо, i.e., operators 4 generated by elements 
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from Фу constitute a Lie subalgebra bo of the Lie algebra & with respect 
to[ , |]. Similarly, Фа is a Lie subalgebra with respect to( , ); this 
algebra is a direct generalization of the Lie algebra with the Poisson brack- 
ets. Finally, note the formula which will be repeatedly used and is subject 
to a straightforward verification: if f Е Фо, then 

ди Of ди 

ee | a ee РОбсй = =1,...,n}. 5.1.12 

f pe) = sot HE = flue), и... бад 

Liouville’s equation 


Now consider two problems: to solve the equations 


ou) = a(v,z), u(r, 0) = u(z); (5.1.13) 
Peles t) _ a(u;z)[y],  p(u,a;0) = u(z). (5.1.14) 


Lemma 5.1.4 If problems (5.1.13) and (5.1.14) have the unique solution 
for an arbitrary initial value u, then y(u, 2; t) = v(z, t). 


A similar lemma is well known in the theory of continuous groups and 
follows from the group property of solutions of (5.1.13) and (5.1.14) which 
in turn follows from the uniqueness theorem. The lemma means that if we 
consider a solution v(z, t) of (5.1.13) as a functional depending on the initial 
value и, i.e., u(x,t) = p(u;a;t) Е Ф, then it satisfies the linear equation 
(5.1.14). 


PROOF 

Write a solution of (5.1.13) as u(x,t) = v(u;2,t) indicating explicitly the 
dependence on the initial condition u. Then v(u; 2, t+7) = v(v(uj 2,7); 2, t). 
Formula (5.1.13) implies that v(u;z,7) = u(x) + та(и; т) + о(т), yielding 

v(u;z,t+7) = v(u(x) + та(и;т);х,®) + о(т) 
= v(u(x); x,t) + та[и] + от). 
But then ду(и; г, t)/dt = a[v] and 5(и; , 0) = и. Q.E.D. 
It is useful to consider a more general problem 


x = a(u, x)[y] = ay, (5.1.15) 


where (и; 2,0) = Yo and yp is an arbitrary functional from Ф. 


Lemma 5.1.5 (Liouville’s equation) If (5.1.15) has a unique solution, 
then 


ф(и; x,t) = Yo(v(u; 2, ); x) (5.1.16) 
where v is a solution of (5.1.13). 
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To prove the lemma it suffices to show that the right-hand side of the 
(5.1.16) satisfies (5.1.15). 
First let us mention an identity which follows directly from definition: 


a(u){p(v(u))] = (a(u)[v(u))[v(v)]. (5.1.17) 


[Dependence of the functional on x is not indicated; whereas in the right- 
hand side an independent variable is v = v(u). This identity is just the 
“Chain Rule.”] Now from (5.1.16) we obtain 


Orolo t),@) _ (Mee) [Фо(и; x)] = a[v][yo(v, =)] 


= а(и) [фо (и, =, t); a]. Q.E.D. 


Lemmas 5.1.4 and 5.1.5 which reduce the nonlinear problem (5.1.13) to 
the linear one (5.1.14) or to (5.1.15) and the existence of ®g make it possible 
to generalize the formalism developed in Chapters 1 and 2 almost literally 
onto the case of equations with partial derivatives. Let us discuss this in 
more detail. 

A solution of (5.1.15) can be formally written in the form 


(и; a, t) = е (и; x) (5.1.18) 
or taking (5.1.16) into account in the form 
ф(и; x,t) = ед (и; х) = 4(е и; т). (5.1.18) 


Formula (5.1.18) shows that e* can be considered аз а change of variables 
operator е (и; г) = w(e%u; 2). Now as in Chapter 2 we can pass from the 
equation dy/dt = aw to the equation 


12 = бету = = e faerie iy 


or putting е-84 = п, e~8ae* = 6 to the equation 

dn > 

ot = bn, (5.1.19) 
where $ = e~4ae4. Note that 6 is well defined since 

el a 1 
e *ae* = 4 + [43] + alle 8] +... 

and @ is a Lie algebra, 1.е., all summands in this sum belong to $. (It goes 
without saying that it is posaible to verify directly that e~#ae* € Ф without 


using this series.) Great difficulties which can arise in the construction of 
a rigorous theory in concrete cases are manifest. For instance the existence 
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of её does not necessary imply the existence of e~*. So if s = 0?u/dx? then 
e*u is a solution of 0y/dt = 92ф/дх2, where v(x, 0) = u(x). Clearly, e~% 
is not, generally speaking, well defined. However, since in formal procedures 
we make use of only finite number of terms of the series её, formal theory 
is still possible. 

Following the reasonings of Chapter 2 we need to define a notion of a 
canonical form of the operator йо + =й1. However, even in Chapter 2 we 
have seen that this notion is only effective if the leading operator possesses 
some specific properties. Therefore in what follows we will restrict ourselves 
to systems of a specific form. 


5.2 Equations with Partial Derivatives Whose 
Principal Part Is an Ordinary Differential 
Equation 


We will consider equations 


d 
oF = ao(u; т) + ва! (и;х), (5.2.1) 
where и = (ч1,..., ит) and 2 = (11,..., т»). Here ao is a vector function 


depending on z as on a parameter and a;(u; xz) Е Фо. (Now we again assume 
that Ф, Фо are the spaces of vector functionals.) If we put = = 0 on the 
right-hand side of (5.2.1), then the system turns into a system of ordinary 
differential equations depending on х as on a parameter. 

First consider the operator Go related with the equation of the first ap- 
proximation. Put F for the linear subspace of Фо consisting of functions 
F(u,2), i.e. the set of elements of фо that do not depend on derivatives of 
u. Then (5.1.10) yields 


OF (u,2) 


Bag = АоЁ. (5.2.2) 


GoF = ao[F] = аок(и; т) 


Formula (5.2.2) means that оп Ё the operator Go acts as а usual first order 
differential operator which depends on х as on a parameter. 

In what follows we will not make the most general assumptions. The 
general scheme is already presented in Chapter 2 and here we will restrict 
ourselves with the following assumptions concerning Apo. 

Suppose that as z ranges a domain PD), u(x) ranges a domain D2 in the 
space @ of variables (и). Let yi(u;z),...,¢p(u; 2); €1(u;x),...,eg(u; т), 
where р + 4 = т and х С Р is fixed, be a basic system of functions in РЗ 
so that e are invariants and are eigenfunctions of До, i.e., 


Аое; = 0, Ао(фь) = Ак(е; х)фк. (5.2.3) 
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Conceding A;(e; г) # Ль(е; т) for 1 # К in the domain D = D, хр. we will 
construct in what follows a formal analogue of the notion of the normal 
form of the operator до + €4, introduced in Chapter 1. Put 


te = фо"... фр = (kK=1,...,7), 
У = D™ Ci, ... D%e;, Dy, sas DP yp, (8; = Вл aes Ву». }, (5.2.4) 
Ne = мкА +++ ИрКАр, 
[18| = Вл +--+ + Bir, 
Call ||G|| = >18; | the weight of Y. 
Lemma 5.2.1 doY — Or forest dr)Y = ae where bay is a finite sum of 


terms of the same form as Y, the weight of each of them being less than 


|8. 


PROOF 
In fact, (5.1.2), (5.1.12), and (5.2.2) implies 


Go(D**e;, ... D*e4,) = D™ (Apei, Dex... D° €:, 
+ Ре, ра? (G@oe;, )D™ Cig ... Dre; +... 
ее (5.2.5) 


Analogously, 
ce ~ i 
GoD™ (Wi) = Р® Gopi = D™ (Aa(e, т)4:) = Ai(e,z)D" pit S> . (5.2.6) 


where }~’ is a finite sum of terms of the same form аз У but whose weights 
are less than |4;|. Now making use of (5.1.2), (5.2.5), and (5.2.6) we imme- 
diately get the statement of the lemma. 

Lemma 5.2.1 implies that 


(ао — (Ar +... + АУ = 0. (5.2.7) 


Formula (5.2.7) is a justification for the following definition. The functional 
феЕ фо corresponds to the eigenvalue Л, where Go(A) = 0 if for some № 


(40 — A)Ny =0. (5.2.8) 


It follows from (5.2.7) that the application of D® to y gives the result 
corresponding to A but with, generally speaking, higher №. As in Chapter 2, 
if y corresponds to A and у corresponds to р, then yy corresponds to A+v. 
Following the scheme considered in Chapter 2, suppose now that all 
expressions encountered are decomposable into series constructed from ex- 
pressions of the form (5.2.4). In this case the following statement holds. 


202 5. Equations in Partial Derivatives 

Theorem 5.2.2 There exists an operator § = ¢§, + Е? 52 +... such that 
е-3(ао + её1)е5 = ao term +... = M, (5.2.9) 

where M е; corresponds to0 and My x corresponds to Xx. 


It goes without saying that this statement is purely formal and should be 

understood in the same sense as the corresponding statements of Chapter 2. 

To prove it, it is necessary as in Chapter 2 to be able to define operators 

§ and т on functionals e and ¢ only so that me, corresponds to 0 and my, 
to Лк and E 

[40,5] +41 = mh. (5.2.10) 


Under these assumptions and due to the linearity of the problem we may 
assume that ay is of the form (5.2.4), ie. де; = У; and ay, = У. First 
let us define Se; so that [до, Sle: + У; = me; corresponds to 0, i.e. so does 
ap Se;,—Saoe, +Y; = добе; +У;. Put Se; = а +. -+A,))¥itgei, where 
У; is defined by (5.2.4). Then GoSe; = а/м + + А2)) оу; + doge;. 

But due to Lemma 5.2.1, доу; = (Ar +... +2, У; + вх where the weight 
of terms in )~’ is less than that of Y;. Therefore do Se; + У; = доде; + 5, 
where the weight of summand in У” is less than that of Yj. Clearly this 
process solves the problem: me; is the sum of terms of the development of 
a,e; that correspond to 0. We will not consider how to search for Эфь. It 
is done according to the already described method. 


Remark 5.2.3 Formula (5.1.12) often enables one to simplify computa- 
tions. In particular it implies that а solution of the problem Gob = Dw is 
= DC, where oC = yp. 


A Connection with N. М. Bogolyubovu’s Ideas 


Now we can literally repeat the said in Section 2.6. From 


d 
Е = = (a + ea; )u (5.2.11) 


it follows that 


de-Su ee, д аа 
Е =е 5 (ао + 6a; )e%e Fu 


or putting e~5u = и* that 


а 


ia = Mu". 2, 
ila u (5.2.12) 
Passing to coordinates y* and e* we get 
de} dy} 
eri = emie; +..., er Pk = Ль(е*, т)фу +emipeEt::+, (5.2.13) 


dt dt 
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where me? corresponds to 0 and my; to Ль. Since 
е; = ee", фу = ey’, (5.2.14) 


then we again arrive to a formulation typical for Bogolyubov’s ideology: 
find a change of variables (5.2.14) such that if e and ф satisfy equations 
derived from (5.2.11), then e* and ф* satisfy (5.2.1). 

It only remains to note that since at each step more and more differen- 
tiations in S arises, it is as a rule more convenient to employ in the search 
of 5, т the indicated here “operator” method. 


5.3 Partial Derivatives. Оп Whitham Method 


(1) PRELIMINARIES 
Consider a linear equation with constant coefficients of the form 
Е ди tofu 
sot Ум (=) Agi =0. (5.3.1) 
0<#<п 


A solution of (5.3.1) can be presented аз a Fourier integral 


u(z,t) = i es (ha—w(k)t) #(k) dk, (5.3.2) 
where 
>> ack’. (5.3.3) 
0<é<u 


Formula (5.3.3) is called a dispersion relation. It expresses the fact that for 
a harmonic wave expi(kx — wt) which is a solution of (5.3.1) Юг = = 1 the 
frequency w is a function of wavenumber k. 

We will suppose that the time (and the period of oscillation) and the 
spatial coordinate (and the wavelength) are measured in units characteristic 
for the given problem. 

Put the following question. Let = = 1 and suppose и(х, 0) is known. How 
will u(x,t) behave at z,t > 1 and с = x/t = const, i.e., what shall we 
observe moving along х axis with a speed с after a sufficiently long time 
after the signal’s emittance? 

We have 


йе | ее F() dh. 


Making use of the classical formulas of the stationary phase method we get 


1/2 * 
u(x,t) = f(k) (тир) ехр (inde + = sgn "(В (5.3.4) 
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where h(k) = ck—w(k) and w'(k) = с = х/ф. [To avoid irrelevant details we 
consider the simplest situation. When several stationary points are present 
in (5.3.4) one has to write the corresponding sum.] Formula (5.3.4) shows 
that for t >> 1 all solutions have a very simple form 


ur ВА) expO(z,t), O(a, t) = w(k)t — ka (5.3.5) 
where k is defined from (5.3.4) and k = k(a/t). Consider (5.3.5) and let 
us find out what speed we should move with to remain on the curve of 
a constant phase or of a constant amplitude. Differentiating the equation 
9(х,+) = const we get 


-. «dr es dk = 
w(k) — ka + (w'(k)t - т). = 


whence, see (5.3.4), dx/dt = w(k)/k. We have obtained an expression 
which coincides with the usual expression for the phase velocity. Concern- 
ing A(x/t) = const, we see that (5.3.4) implies that A is a function of k 
which is constant if so is К. But since tw’(k)— az = 0, then 45/4 = w'(k) for 
a constant К. This is the so-called group velocity, 1.е., the velocity needed 
to observe all the time a constant module of the amplitude. It is the group 
velocity which is connected with the speed of transmission of a signal’s 
energy (far from the source). 

The problem can be solved somewhat differently, putting # = 7/e and 
т = €/e in the formula и = f exp(i(kx - w(k)t)) f(k) dk, ie., in other no- 
tations to return to (5.3.2) and find the asymptotics u(€,7) аз = —+ 0. This 
formulation makes the problem more general. Namely considering & and т 
as initial variables we now simply seek an asymptotics of и(&, т) assuming 
that (€,7) is contained in a bounded domain. Besides we can now assume 
that f(k) depends оп =. For instance, putting F(k) = fo(k) exp(i/e)p(k) 
we obtain an answer in the form 


р ы 1/2 bee 
щет) = Р® (Gores) exp E(k, 6.7), 


where 
h=ké-w(k)r+o(k), — hN(k) = €-w'(k)r + (kK) = 


Note that in this formula it is not necessary to assume that |т|/=_-+ 
oo. Since 6(&,т) = h(k,é,7), then 6 (4&/4т) + 6, = 0 and & = k+ 
h(k)(dk/dé) = К, 6, = —w(k) imply that the formula for the phase ve- 
locity d€/dr = «АВЕ did not change and lines of constant amplitude 
are k = const, 1.е., € — “(сут + y'(c) = 0, and the group velocity is 
dé/dr = w'(k). We have also established the following important fact: if 
6(€,7) is an asymptotics of u(é,7), then 6, = —w(6¢) (dispersion relation 
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between 0; and 9,). This “experimental” fact shows that the phase @ sat- 
isfies a first order equation in partial derivatives which is defined not by a 
concrete solution u(€,7) but only by the initial differential equation. 

Now let us discuss another problem. Consider 


u(a, t) = 5 / etlka—w(k)t) (р) dk 


where f(k) is nonzero only in the interval (ko — 6, Ко + 6) and 6 is small; 
u(z, t) is a so-called wave packet. Then assuming 6?|t| < 1, we easily get 


u(a,t) = ci(kow—w(ko)4) Sin[6(e — (Ко) 
(x,t) = f(ko)e ав) 


A phase that varies quickly as compared with amplitude again appeared 
and phase and group velocities are again given by old formulas. 

Considered examples show that if an equation of type (5.3.1) contains a 
small parameter ¢ or if we seek a solution at |¢| > 1, i.e., far from the source 
as in the first formulation, then a solution is of the form A(z, $, =) exp(i/e) x 
9(т, t) or is а зи of summands of this form. Therefore it is clear that if from 
the very beginning we will seek its asymptotics in the form A(z, t) exp(i/e)@, 
then we can get a considerable amount of information without exactly solv- 
ing the initial equations. Below we will discuss in more details shortcomings 
of considerations of this kind; presently we will distinguish a sufficiently 
broad class of equations in the solution of which these considerations are 
applicable. 

Introduce the standard notations putting 


д д 1 ь 1a\™ 1 0\* 
Pe= (arte)? (G+) = (ат) ~ (Fae) 


@=(%,...;0n), pt =pit...p, Laep)= SY) aa(z)p?. 
| o<|al<m 


Let us consider the equation 


L (= =) и=0. (5.3.6) 


It is linear and we can try to find the asymptotics of its partial solution in 
the form | 
и = ей (®)/*( Ао (т) + =А! (2) +...) = ей8/* А. (5.3.7) 


Since 


Е д — 219 /е = >.) 
те (6.4 + Br. (5.3.8) 
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then (5.3.8) and (5.3.6) yield 


Е ОА OL 1 92. 020 
{Hep д. (4. ) +3 oe Op; Op, Ox; 0x, a 


1<j,kgm 


+(E) ble} 5%, 


p=grad@ 


whence after equating to 0 coefficients of powers of € we have 
06 
L (= in) = (5.3.9) 


and a linear equation with first order partial derivatives for Ао. (In what 
follows, this equation will be considered in more detail. Now we will only 
mention that for А}, Ag, ...similar recursive equations also arise.) Equa- 
tion (5.3.9) is completely analogous to the above constructed “dispersive” 
equation and is called the eikonal equation. 
Now let L(z,u,p) = Do<jal<m Go(2,u)p*. Let us consider a quasilinear 
equation 
L(z,u;eD,)u = 0. (5.3.10) 


[Now we write <«D, instead of (¢/i)D, which is more convenient in the 
general case. Note also that quasilinearity is not necessary and is assumed 
only to simplify notations.] It is no more possible to seek a solution of 
(5.3.10) in the form (5.3.7). However, it is possible to seek it in the form 


и = №(9, 1) = v(z, 2), z=6/e (5.3.11) 


or in the form у(&,х),ё = exp6/e, where the function u is subject to the 
following: 
sh ди m—k 
Condition I: при = F(6,2). 

Condition I means that “large” terms in the computation of 0%u(6, x) /Ox® 
arise only from differentiating with respect to 9. For instance, exp(6@X(z)/eé) 
does not satisfy this condition if Л is not a constant. 

Put ¢(0w/06) = ил, then =(ди/дт,) = wi6, + =(дш/дх,), where 0, = 
00/dx, and putting =(дил /48) = we we get 


gee р gpa egg ee ew 
022026 Ox, " Oz, 1 Ox, 0x4 дт,дхе’ 
In these forrhulas w, м1, ...are considered as functions in independent 
variables 9, 171, ..., Zn. 

Continuing this process further we obtain equations 


dw Оита 
Em = Wy, ..., Е 00 


О 


Е = 20.0, += 


= Шт-ь, 
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у Aa (z,w)Oe? ... ба" Е aaa 


ja|=0 


This system clearly belongs to the type considered in Section 5.2 if @ is 
considered as the time. [This method of reducing the problem to an equa- 
tion of the type (5.2.1) is clearly not unique. Different methods of reduction 
not only lead to different computational procedures but may introduce su- 
perfluous variables.] In what follows we consider corollaries of our initial 
assumptions. 


(2) THE WHITHAM METHOD 


Let us write our equations in the form 


on = ao[wi] + €a,[wi] + ар [и] +..., (5.3.12) 
where ao[w;] = а0(1,6) is a function in @ = (w,...,wWm-1) and х, while 
a, and а2 are some operators in partial derivatives. Let Ао be a first order 
operator corresponding to ag. First consider the case when Ap possesses 
only two purely imaginary eigenvalues Л = +tio(e,z), 1е., Aop = AY, 
Аоф = —М№ and (т — 2) invariants (е1,...,ет-2) = e(x). Note that all 
operators in (5.3.12) contain partial derivatives of an unknown function 9. 
After reducing (5.3.12) to the normal form the equations will take the form 


ce = ioy* + emy[p*] + e?maly*] + .. 
dg* pe, —— 
Е +“ = —iop* +emi[p*] + e?malp*] +. .., 


(5.3.13) 


de; 
= = ета [е*] + =?ть[е*] +..., (5.3.13') 


where т;[е*] corresponds to 0 and m,[p*] corresponds to Л. If we assume 
for simplicity’s sake that the system (5.3.13), (5.3.13’) does not require an 
extension, i.e., m,;[e%] only contains e*, hence (5.3.13’) constitute a closed 
system, then from (5.3.13’) we deduce that её as a function in 6 and x does 
not contain “large” derivatives. 

But then since @ is also a function in 2, we may assume that e* does not 
depend on 9, i.e., е is a function of = (51,..., т») only and the equations 
for e* are 

my[ez] + то[е*] +... = 0. (5.3.14) 
But it is still impossible to solve either (5.3.14) or (5.3.13) since they contain 
partial derivatives of д. However an approximate solution of (5.3.13) is p* = 
* exp(t/e)o6 which shows that in order to fulfill Condition I it is necessary 
and sufficient to satisfy the following generalized eikonal equation: 


o(e;z) =1. (5.3.14) 
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[o(e, x) depends оп z also via У and we may assume that either о = const 
or © = const + 501 (5) + €*09(x) +--+ which is evidently unimportant. The 
condition (5.3.14’) should be imposed after the system is reduced to the 
normal form.] 

Now putting y* = e*9/&y* we get an equation for * 


dy* 

49 
where the right-hand side corresponds to 0. Therefore we again assume that 
w* does not depend on @ and get an equation for ~*: 


= (те fh ema(e9/*y*] bere’ ‘) e i8/e 


ее ие +emale/*ur]+--)eW/*=0, 6.3.14") 


As a result a system of m + 1 equations, (5.3.14), (5.3.14’), and (5.3.14) 
arises to define т functions e and 1), and the function 9. Much more compli- 
cated is the case of several essentially different eigenfunctions. It suffices to 
consider for definiteness sake the situation when eigenfunctions are фт, $1, 
ye and G2 and Аоф: = 10141, Аоф2 = 40242, where о is not a function in 
o,. The reduction of the system to the normal form is carried out without 
alterations and we get an analogue of (5.3.13) and (5.3.13’). However there 
are now two essentially different eikonal equations and they cannot be sat- 
isfied simultaneously with equations for y*, e*. Therefore we have either 
to seek an initial solution as a function in two functions 6 or to restrict 
ourselves with a special case considered below. 
Let the equation for yj and фз be 


ал dps 
ase = i019} + ети [1] + .. ) = = $90242 + =т: [6%] + .: 
Suppose that for the second one ‹р% = 0 is а solution in a domain of initial 
variables interesting to us. Then putting 45 = 0 and taking the eikonal 
equation in the form о! = 1 we can repeat all the above considerations and 
obtain a “1-frequency” solution of our problem. 


Remark 5.3.1 From the very beginning it was evident that we were seek- 
ing partial solutions. The just considered procedure of obtaining a “1- 
frequency” solution diminishes their quantity still more. The principal dif- 
ference from the linear problems is the impossibility in the nonlinear case 
to recover from two partial solutions a new one. 


Remark 5.3.2 Consider the linear case more attentively. In this case the 
popular method is to seek a solution in the form и = е/еа, where a = 
ag + ca; + --- (a geometric optic). If we were seeking a solution using the 
just considered scheme the problem of the form e(dw/d6) = Aw+ea,[w]+ 

- would arise. Then we should expect that some of the eigenvalues of 
the matrix A are real since the eikonal equation should be real. Further, 
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assuming for simplicity that the corresponding first. order linear operator 
has no zero eigenvalues, we will after reducing to the normal form deal 
with equations of the type (5.3.13). Due to linearity each of them has zero 
solution and therefore it is possible to construct a 1-frequency solution. 


(Eikonal equations are clearly the same under arbitrary methods of con- 
struction.) The above-mentioned transform y* = w*e*®/© corresponds to 
the formula и = e*(9/*)a, However later an essential distinction arises: in 
the first case we get a differential equation for ~* of the form то] + 
=тл [4*] +--- = 0 and when we make use of the standard method the 
function а is searched for in the form ag + €a,; +--+ and a recursive sys- 
tem of equations for ao, а1, ... arises. It is not difficult to understand that 
if we seek ~* in the form ~* = 46 + Е +-::-, then systems for a; and 
yj are equivalent. This is the same distinction which takes place between 
the considered in Section 2.7 methods (a) and (b). The domain where we 
can make use of differential equations for ~* should be broader than the 
domain where the decomposition of the type ~* = 46 + = +--- is valid. 

The trivial example which illustrates the difference of the two methods 
is the following one: e(dx/dt) = i(1 += + =?)х. The equation is already in 
the normal form. However, if we will seek a solution in the form z = ей /* у, 
where у = yo + 591 + ---, then Юг у the equation dy/dt = i(1 + =)у arises. 
If now we will seek its solution in the form yo + Е: + ---, then yo = coe”. 
Further, secular terms will arise and this solution will fit only for te < 1. 


Remark 5.3.3 (Grad’s Example) This example also demonstrates the 
difference of both methods. It shows that unsolvable equations can arise. 
Consider the system 


д д 
: (> | 5.) = ee 
(FR я =| ees 
Ox 


Putting 01 = 01(0,2,t), 02 = 02(6,2,t), а = дд: /0# + да2/9т,6 = 
до2 [04 + 00,/Ox and 6, = 06/dt,62 = 00/dx, р = 6? — 63 we will re- 
duce the system to the form 


(5.3.15) 


of 
i = al) (01, 02) + eal} (01,02), 
278 
а 

gant = = ay 2) (64,09) + eat 2 (1,02) 
а9 

where 
M8 A28 А, 0. А20 
ag) = - oi + on, ay” = 0, - Son, 
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9 9 9 9 
al) = --ta+ 0, al?) = —а- 
р р р р 
or €(do/d0) = ао [в] + =а1[с], where ак[о:| = al”) (К = 0,1, $ = 1,2). The 
a for eigenfunctions ф of the operator a9, where ф = poi + 4902, 
pas) + qa?) = (por + 902). A partial solution of the eikonal equation 
is a = t. When 0 is so chosen, eigenfunctions of ag are 01 and on, i.e., 
ao(o1] = —А!101, ао [02] = —А202. 
We can make use of the Bogolyubov method and seek a solution in the 
form 


01 = of +epi(ot, of) + Е?р2(01,0#) +--+, 


02 = 03 + eq (oj, 0%) + e?q2(of, 03) + °°, (5.3.16) 
assuming that equations 
do} 
ey = Aaj + em}? (oj, 03) + т? (01,01) ++, 
do*? (5.3.16’) 
с 
eg = №0} + em" (of, 03) ет? (01,05) ++, 
where m”,...,m\?) correspond to —A,, ~—A2 respectively, are satisfied 


(clearly p, m are not functions, they are operators). 
Rewriting (5.3.16) in the form e(do*/d6) = Ao* tem [01]|+=?т2[0*] and 
inserting (5.3.16) and (5.3.16’) into the equation which under our choice of 


6 is 
do, se 001 дао 
eG = мо: 0 (F ы =?) 
doz _ 002 Oa, 
eg = №0: (F ы 5: 
we get 


(Ao* + em, + Е?т2)[0* + ep, +e? po] 
= —Ax (of + ep] + =?) 


д * д * 
Е (5: + ep, + Е?р2) + Эх (62 +eqt 21а) 


(Ла* + ети + =т2)[0$ + eq, + 242] 
= -№2(03 +41 + €7q3) 


д д 
—= (Fo: + eq, + =242) + (91 + ЕР! + m2) ; 


From here equating coefficients of the same powers of = we get 


‘ ы до* да* 
(Ao*) [pi] + та[01] = —Aipy — > = а, (5.3.17) 
do} _ дез 


(Ло*) [1] + т [23] = -№4 - 4 - 


ве (5.3.17') 
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др, 8 

(Ao* ipa] + тар] + то] = Аи — р - SB, (6.3.18) 
д 

(Ao*)[q2] + та [41] + т2[0] = —А292 — = ~ oP (5.3.18) 


Since ти [oj] = mi) should correspond to —A,, then (5.3.17) gives mi) = 
— (9/0 от and [Ao*}[pi] + Aipj = —(0/dz)o3. Putting р1 = adc} /Or we 
get —A2a003 /0r+aA1003/0x = —O03/Ox, whence р1 = (доз /8z)/A2—-A1. 


Analogously (5.3.17’) gives т?) = —003/0t, а = —(Oot/dz)/r2g — №. 
Inserting these results in (5.3.18) and (5.3.18’), we get 


1 (1) за 1 Oot 
ic) ea aay mas ae 
и ®___1 928} 
malo3] = m; do — Ay O22” 
Now the equations are 
dot . до 1 02 
Sao mea a, eee 
до: _ ‚ 002 1 020 
о са pe ee Et 


Putting of = 77 exp(—A0/e), where j = 1,2, and assuming that ту does 
not depend on 6 we get 


д _ 1 д Org _ 1_ A rz 


Ot  №-№М 02’ — EQ — Ay Oar? ' 


(5.3.19) 


If A2 > № then the second equation in (5.3.19) is unsolvable. Intuitively 
the reason is evident: the solution corresponding to Az is clearly unstable 
and the unsolvability of the equation mirrors this fact. 

Note that if both A are purely imaginary, then both equations (5.3.19) 
are solvable. 

This example shows that if the exponential decreasing plays a role in the 
problem then it is necessary to restrict ourselves with the consideration of 
only the minimal eigenvalue. However, when the domain varies the minimal 
eigenvalues may be interchanged making it impossible, generally speaking, 
to restrict ourselves with a fixed branch of a solution. 
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5.4 Geometric Optics and the Maslov Method 


(A) GEOMETRIC OPTICS 


Under problems of the geometric optics and the ray method we will under- 
stand problems of formal (asymptotic) solutions of equations 


Е 
L(z, = d; c)u=0, (5.4.1) 
where 
$e bon 
х = (21,....а), 4= (52...38), d? = т Goan 
(а = Q4,...,Qn), la| = Уно р“ = ра"... pe, 


L(z, р, =) = То(х, р) + Ел (х,р) anes 


and L;(z,p) are polynomials in р = (pi,...,pn) whose coefficients are 
smooth functions in z provided a solution is searched in the form 


и = e!/€(Ao(x) +e Ai(z) + ...). (5.4.2) 


It is often possible to find a solution of the form (5.4.2) only in a “small” 
domain. Obstructions to its continuation are singular manifolds in the sense 
of Chapter 4 (caustics) since when we reach them it is no longer possible 
to seek a solution in the form (5.4.2). In this section we recite the classical 
method of a solution of the problem in small and give several formulas 
needed in what follows. 


Remark 5.4.1 Instead of (5.4.2) we may seek u in the form и = exp(i/e) x 
(90 + €6, +--+-). This equivalent form is sometimes more convenient. We 
may seek и in the form и = u(6/e, x) and use method (b) from Section 5.3. 
We will get equations for 1-frequency solutions. If we seek their solution in 
the form (5.4.2) we get the usual formulas but near caustics these equations 
can be used for a reconstruction. 


Keeping in mind what will follow let us make use of the following formal 
trick: let us present L in the form 


[= Цх,р, =) = =, v;e)eP) dy. (5.4.3) 
[Formula (5.4.3) is understood in the sense of generalized functions theory; 
1е., the right-hand side of (5.4.3) is defined if (5.4.3), being multiplied by 


an arbitrary smooth function with a compact support, yields an identity.] 
Equation (5.4.1) will turn into 


L (+ =e) и = [ie vee ry dv 


ь ] L(x,v,e)u(z + ev) dv =0 (5.4.4) 
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[we have made use of the formula е* (4) u(x) = u(x + ви). 
Substituting (5.4.2) into (5.4.4) gives 


[ic и; =) ей (2+2) / = ( Ао(х + ev) + eAy(a+ev) +-++-)dv=0. (5.4.5) 
But 


ei(atev)/e — 10 ()/е Ки, 0) [1 + ЧЕ 920 Е (5.4.6) 
2 дтодхв “ 8 : e 


Substituting (5.4.6) and developments of Г and А; into power series in 
= into (5.4.5) we get, collecting terms of the same powers of =, equations of 
which we give below the first two ones: 


Деу, и) Ао(х)аи = 0, 


| : i 029 ue 
Дея (Zola, v) (4 + ео дть = Ао + vv Ao + ло) dv = 0. 


2 
Taking (5.4.3) into account and putting V8 = р we easily get 
[o(z,p) =0 (eikonal equation), (5.4.7) 


OLo(z, p) OAo of 1@Lo(z,p) 920 
Op, Or, 2 Opa Opp 02,028 


Ао + iLi(z, p)Ao. (5.4.7’) 


Equations for other A are easily written and investigated as (5.4.7’). 
Before we proceed further let us make a digression which will be used 
later. The form (5.4.2) in which we seek u can be generalized: put 


и = feerrua.s dp (5.4.8) 

where х = (2,2), 5 = (21,..., 2%), = (Ceq1,---,2n), w = e297 P)/€ (U9 (, p 
ev; (Z,p) + +++). 

As we have already seen, if in (5.4.8) the stationary phase method can be 

used, then computing the asymptotics of u we will come to the presentation 


(5.4.2) which makes it possible to assume (5.4.8) as a generalization of 
(5.4.2). Let us now present L in the form 


L(, &, p,p) = fies и, pei) gilB) dv dé. (5.4.9) 
The equation is 
0 = Ги = fies и, сете" Риз, р) dp dv dé 
= fia &; и, )е 2+6) (5 + cv; р) dp dv dé 


Е ] 2422 /‹ ар ] Кабир ~ e€)w(8 + ev,p ~ e€) dv dé 
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or finally 
|. L (2, é;v,p — c€)w( + ev,p — eb) dé dv = 0. (5.4.10) 


We see that proceeding as above we can obtain equations similar to 
(5.4.7) and (5.4.7'). The matter of principle is the deduction from these 
formulas that the problems of seeking и either in the form (5.4.2) or in the 
form (5.4.8) are local. 

Now let us search for u in the form (5.4.2), i.e., let us solve a (local) 
problem, assuming that u is defined on a (n — 1)-dimensional surface 


S:2;,=H,(01,...,@n-1) fori=1,...,n, 


where 0]5 = 69(a) and A;|s5 = A;(a). 


SOLVING (5.4.7) 
The Cauchy Method. Under certain conditions we may find 


00 


Bax |, PX) 


оп 5. In fact, 0(Z(a)) = 89(a) implies 


90 OZ, = OF, _ 069(a) =. _ 
OF, Oa, = Ра) 5 = Oa, : 8 = 1,...,7 1 (5.4.11) 
and besides 
Го(2(а), (а) = 0. (5.4.12) 


Let us suppose that the system (5.4.11), (5.4.12) is solvable and its Jacobian 
does not vanish 


O(Z, Lo) a OLo OLo 
a a ee #0. (5.4.13) 
The vector N = (М№,..., №) is a normal vector to 5. Thus we demand 


that the vector OL/Op does not belong to the tangent plane to 5. 
Now consider a Hamiltonian system 


dz, = OLo dp, То 


на т. = fork =1,...,n (5.4.14) 


~ Oa 
where хк(0) = 2к(а), рк(0) = fx (a). Denote its solution by z(a,t) and 
p(a,t). We have obtained a manifold С of trajectories in 2n-dimensional 
space [Н:(х,р)] depending on п parameters (a, t). In what follows we will 
assume that CL is n-dimensional, i.e., rank(O(z, p)/O(at)) = п. 

The following statements hold: 
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1. If the required solution 6 of (5.4.7) exists, then (06/0x,)(r(a,t)) = 
pr(a,t) for k =1,...,n. 


2. Additionally suppose T = Oz(a, t)/O(a,t) # 0. Since (1) implies that 


SECs t)) a У `рь пы, (5.4.15) 
then | 
6(x(a, t)) = 9 (<) +f ma dr (5.4.15') 


and 772 0 implies the solvability of equations г(а,{) = у with respect 
to (а, $); hence (5.4.15’) allows us to find 6(2, t) if it exists. 


3. The problem С(х,р) = 0, where рк = 00/Ox%, can be clearly formu- 
lated in coordinates (a, t) as follows: 


Find p(a,t), x(a, $) satisfying £(x(a,t), p(a,t)) = 0, where 
> Px(a, t) da,+Po(a, +) dt is the total differential of a func- 
tion 6(a,t). If 


д. д 
P,(a,t) = У pela, О and = Po(a, t) = У pela, 9-5 


then the following theorem holds: 


Theorem 5.4.2 (The Existence Theorem) /f x(a, t), p(a,t) is a so- 
lution of (5.4.14), then Pi,(a,t)dax + Po(a,t) dt is the total differential of 
a function 6(a,t) and 6(a,0) = во (<). 


We will verify only (1) [the validity of (3) is almost evident when (1) is 
established]. 


PROOF OF 1 


Since p(x) = У8(х) is known as a function in z, then it is possible to solve 


the system 
dt Op; : 


But [0(х,р) = 0 implies 0 = дГо/дхь + (OL0/Ops)(Op,/Oxs), 1е., on 
the trajectory (5.4.16) we have 0 = дГ/дхь + дрь/0%. Then x(t) and 
V,9(x(t)) = p(t) is a solution of (5.4.14) proving (1). 

The final result is as follows: integrating the system of ordinary differ- 
ential equations (5.4.14) and (5.4.15’) we may define the function 6(a, t). 
If = O2(a,t)/8(a,t) # 0, then we may find a desired function 0 as a 
function in z. This is the main result of the local theory. A possibility to 
define 6(x) is based on the condition T = O2z(a,t)/O(a,t) # 0. This condi- 
tion often fails in the large on the so-called caustics and also in boundary 


xp (0) = 5 (а). (5.4.16) 


216 5. Equations in Partial Derivatives 


problems for several points of boundary surfaces, e.g., in the semishade in 
diffraction problems which will be discussed separately. In several impor- 
tant works by У. P. Maslov a method was proposed permitting in several 
problems to extend a solution “beyond the caustic.” It will be considered 
below, but in a preliminary we will discuss a solution of equations of the 
type (5.4.7’) in the local theory. 

oe (5.4.7’) can be rewritten in the form 


a ie O'Lo 4 +1147 


2 ap,Dm 157 a yy Ао + ili (2, р) Ao = (5.4.17) 


where d/dt is understood as a differentiation along the trajectory (5.4.14). 
To show this it suffices to make use of the identity 


1 dT(a,t) _ д 921 029 
T dt = Op, Oz, дрьдре Or, Ox,” 
which is a direct corollary of the following 


Theorem 5.4.3 oe Theorem) For any autonomous system 
da,/dt = f,(x) fork =1,...,n, where тк = ть (а, $), 24 (a,0) = 2к(а), we 


have 
1 аТ(а, t) _ yo ee) Ofx(2) 
T dt - Ox 


PROOF OF THE LIOUVILLE THEOREM 


From dz;,/dt = f;,(x) it follows that 2,(a,t+6) = x,(a,t) + 6f,. The 
differentiation gives 


Oz. (a,t+6) _ дть(а,1) oy ЭЛ» Oxe 


Oa, ~~ да, Oz, Ga,’ 
Ox;,(a,t + 6) = Sauls) t) Of Oxe 
Ot + pi = Oxy Ot’ 
Putting A(t) = (0%x/Oadt) we rewrite this in the form 
A(t + 6) = A(t) + ГА 
ог 9 
А(1+ 5) А-* = (Е+55/). 
But then 
к: Т(Е+ 5) 6 dT Of 
1 = ~ —— Jw a 
det(A(t + 6)A7*(t)) = та“ (147%) = det (2+55/) 


~146Spal =145) oe 
k 
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implying the proof. 
In our case dx, /dt = Ох, р) /дрк, р = Vz9. From (5.4.17) we deduce 


Ao(z,t) = Ao(x(a,0))(\T (a, 0)|/|T (a, t))/? 
axe i Gj у am - ita(2,p)) dt. (5.4.18) 


Equations for А; are similarly solved. From (5.4.18) it is clear that van- 
ishing of |T(a,t)| is an obstruction for a search of an asymptotics in the 
given form even if 9 is known. The manifold T(a,t) = 0 is singular. 


(В) THE MasLtov METHOD 


The singular manifold of our problem is 7 (a, t) = 0. However note the fol- 
lowing: by assumption the manifold [L : x(a, t), p(a,t)] is an n-dimensional 
submanifold in 2n-dimensional space (z,p). It means that the rank of 
д(х,г) /9(о, +) equals п. 

In what follows we will prove the following theorem which serves as a 
base of the method. 


Theorem 5.4.4 There is a numeration of variables х [and consequently 
of conjugate variables p] and a number k (both the numeration and the 
number k depend on the selected point (a,t)) such that at any point (a, t) 
of С we have 


т Жк, Pkt) +++) Pn) 
T(a,t) = ath # 0. 

It is important that variables р in this formula are conjugate to the 
remaining variables %41,...,@n. Nonvanishing of T(a,t) means that the 
function @(a,t) defined in (a) can be considered as a function in (2, p), 
where 

& = (21,..., 2k), L = (Lh41,---, Fn); 


Dp = (P1,---, Dk); р = (Pe41,++-;Dn)- 


The Maslov method consists in the search of a solution in the form 
(5.4.8) in the domain, where T(a,t) # 0. We show that g(Z, р) is connected 
with 6(x) by the Legendre transformation if we can simultaneously make 
use of (5.4.2) and (5.4.8), and formulas are deduced which enable us to 
connect these representations. When the neighborhood of the point where 
T(a,t) = 0 is passed over by this method we may return to the problem 
of the search of a solution in the form of (5.4.2). 

Now let us pass to detailed considerations. Suppose that while computing 
u and integrating (5.4.14) and (5.4.15) along the trajectory starting from 
(ao, 0) we arrive at the point ro(ao, to) where T(ao, №) = 0. Let us draw a 
tube of trajectories from a small neighborhood of ао on So. Now suppose 
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FIGURE 5.1. 
that in the space X = (21,...,2.) it is possible to draw in a vicinity of 


Xo = 2 (а0, to) two surfaces 51 and 52 with the property that if A; and Ag 
are sets of intersecting points of the projections in X of curves of the tube 
with 51 and 52, then |0(x)/O(a,t)| = T(a,t) > y > 0 if a(a,t) Е Aji, Ag. 
For the set [1,2 of points belonging to curves of the tube whose projection 
of X belongs to a domain between 51 and 52 we have 


|T(a,t)| = Eon >7> 0. 


The last requirement may be considered to be satisfied due to Theorem 
5.4.4. 


Remark 5.4.5 A presence of a close to 51 surface 52 on which again 
T(a,t) #0 is a quite serious requirement though often satisfied. 


We seek a solution of (5.4.1) in the domain Z1.2 in the form (5.4.8). 
Making use of (5.4.10) we get 


] L(&, Е; v, p — кб) + (д 4 ev, p — Её) ау =0. (5.4.19) 


A procedure which has led to (5.4.7), (5.4.7) is repeated word for word. 
Let us write out only results: 


+ [= 29 99 5) _ 2,38, 2.9) = 
Ig (2, Op’ Oz’ ) г. Lo (=. Op’ aq’? = 0, (5.4.20) 


9% 914) _ (5% 94 
95’ др Op’ Oz 


le 92 92[* 92 OL 9? 92Г* 
+850 ( Е He р.б 5 85,62 ) : 


OF 05g OP.0Pp O8F.ABe дродув — дродрв Оо 0в 


92% eve 
+ 2 Эра. + [0 = 0. (5.4.21) 
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Let us also require that 5: and 52 be chosen so that det(d?6(z, Z))/ 
(02,.0%3) # 0 on А! and Ag. It means the solvability of 00(Z,#)/0z = p 
in a vicinity of corresponding points of the trajectory. Now assuming that 
и is defined on 51 by (5.4.2) as well as by (5.4.8), where 


ш == (x че) (vo(Z, р) + ev, +...), 


we will establish a connection between @ and g, and A and v. First of all it 
is clear that in the formula 


nee i, e(t/2N(2)+6/2)0(8P) (yo (B, р) + evy +...) dp 


we may make use of the usual stationary phase method. A stationary point 
in this formula is defined by the equation 


д99(2,5) _ 


55 0 (5.4.22) 


+ 
and since by assumption 09/05 = p is solvable, then 9 and g are connected 
by the Legendre transformation 


8(2, 5) = (5,5) + 9(&,5). (5.4.23) 


We must also show that the form (07g/0.0p,)£afg = С is nondegen- 
erate. But д9/дфо = —Za(Z,p), hence (929/др.дбв) = —OZa(Z, 5) /дбв. 
However by assumption on 51 we have T = 0(%,2)/O(a,t) # 0, T = 
8(2, p)/O(a, t) # 0 hence 9(2,5)/9(#, р) = T/T 2 0 immediately implying 
our statement. 

Thus, we know that 9(%,p) = (5,5) - 6(,Z) on 51 may be considered 
as an (п — 1)-dimensional surface in the space (Z,) and we may apply the 
Cauchy method for solving (5.4.20). Putting —% = 09/0p, 0g/0Z = р we 
get equations coinciding with (5.4.14). Moreover as follows from (5.4.21) 
and the equality 06/0 = 09/95 [which follows after we differentiate 
(5.4.22) with respect to Z and take (5.4.21) into account since р = p(2, £)] 
the values of indeterminates coincide on 5; for both systems. Thus we 
deal with the same trajectory @. Values of д on this trajectory are com- 
puted making use of the auxiliary equation д9(2,р)/0 = p(OLo/Op) — 
(0g/0p)(OL/0#) similar to (5.4.15). We obtain д as a function in (a, t) 
but since T(a,t) # 0 in L1,2 we may consider д аз a function in (Z, p). 

Computation of vo,v1,... on 51 is performed making use of the well- 
known formula of the stationary phase method whose first term is given 
below: from 


‘we ] / e(P)/*4(5) dp, — 0(9) = (8,6) + 92,0) 
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* (Sn) 


v(p) exp (Ae +i5 sen > (sm) 


for € > 0. (5.4.24) 


it follows that 
—1/2 


и= (Qme)(r—*)/2 


where sgn(0?0/0p,.0p,) is the difference between the number of positive 
and negative squares of the form (070/0p,0p, )fa&g. (Above we have shown 
that this form is nondegenerate.) This formula (and its subsequent terms) 
allows us to compute vp, v1, ...on 51 and later find them in L1,2 by the 
known method. After we have reached 52 we similarly perform an inverse 
recount to coordinates z and computations are continued according to the 
local theory. 


Remark 5.4.6 We have presented only a “computative” part of the Maslov 
theory, i.e., a construction of a formal solution along a narrow tube of tra- 
jectories. The consideration of the problem in the large gives rise to a 
number of topological questions and respectively deep relations with topol- 
ogy. For instance two trajectories starting from different (“far”) points of 
the surface may have points with the same projection in the space X. If 
the solution is unique the computation of the function by both methods 
should produce similar results thus clearly leading to topological problems. 
The complete theory is discussed in details in the book [33] by Maslov and 
Fedoryuk. 


PROOF OF THEOREM 5.4.4 


When working with determinants it is convenient to make use of the so- 
called Grassmann algebra; introducing п symbols e1,...,é, and defining 
their (associative) multiplication by the formula e,eg = —egeg. We may 
constitute linear forms w = У` a,ex, where a, are numbers and multiply 
them by the usual algebra rules. The product of К forms w),...,w% can be 
uniquely presented in the form 


Aay...a,€1 +++ Ck 
о1<а2<..- Зак 


and the condition ил...шк = 0 is equivalent to Ag,..e, = 0. Put и = 
онкек. The formula ил... ии = (det(aix))e1...en is true and easy to verify. 
It shows a deep connection of this algebra with the theory of determinants. 
Theorem 5.4.4 follows from the next statement. 
Let Pi,..., Pr, Qi,..-;Qs be linear forms depending on e and P;Q, + 
.. + P,Q, = 0. Further, suppose that among forms P there are exactly @ 
linearly independent ones, say P;,..., Pe. 
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Then forms Q,...,Q¢ depend linearly on P;,..., Pe; Qe+i,---; Ок. 

Suppose that this statement is true. Put ao for the variable t and write 
(see the discussion of the Cauchy method) 40 = P,da,, where P, = 
р»(дт, /дак) and OP, /да. = OP; /дак. The last formula is equivalent to 


Boston _ Pv Oty _ 9 
да. дык док да, _ 


which can be written in the form P,Qi tet Р.О = 0, where Р; = 
ds (Opi/Oas)es; Qi = > „(дт/да, es. Assuming that P,,..., Pe are all 
linearly independent forms among P we will see that forms Or... ., Qe and 
Pys1,...,Pq depends linearly on P,,..., Ру and Оша»... Ор. 

On the other hand, С is an n-dimensional manifold meaning that among 
2n linear forms P and Q there are exactly n linearly independent ones. But 
then forms P,,..., Pe, Ол»... Оп should be linearly independent proving 
the validity of Theorem 5.4.4. 

Now let us prove the initial statement. The assumption P, = У. <; < ¢s,iFi 
where s > @ and 7, PQ, = 0, implies 


Р (a + Ул.) +. +P, (2 + +0.) = 0. 


a>e a>e 


Multiplying this equality by P2 ...P, we get 


1 «в (9+ Yo 6419) = 0. 


8>ё 


But forms P,,..., Pg are linearly independent. The reader will easily prove 
that in this case P,...Pyw = 0 implies that w is a linear combination of 
P,,..., Р yielding the validity of the statement for Q; and analogously for 
Q2, ...) Qe . 

Further we consider several problems which are generalizations of prob- 
lems of the geometric optics onto the nonlinear case. What will follow is 
mainly a discussion and an extension of results of Whitham. 


5.5 Problem (Whitham) 


The problem is to investigate a solution u(6, х, t) 


“(G- я) +T"(u) = (5.5.1) 


where 9 = 9(х, {), under the assumption that derivatives of и(9, x,t) соп- 
sidered as a function in three variables with respect to x, t, and @ are 
finite. 
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Set 0; = 61, 6: = 62, cug = v. Then =(ди/дт) = v6, + cuz, where uz is a 
partial derivative of u(6,z,t). Differentiating this relation and computing 
similarly derivatives with respect to t we get the system 


ив =, 
у — 
£09 = _Т“(и) _ 2e(veb2 — v261) (5.5.2) 
q q 
€v(O14 — 0.) =? 
a (ды — Axa) — — (ин — ие), 
Ч Ч 
where 4 = 62 — 02. The 0-th order approximation system is 
/ 
Е\ = 0, EV@ ee OY 


1.е., the system of ordinary differential equations depending via 4 on pa- 
rameters т, $. 
To the system (5.5) the operator 
Qo. т 
Ayer Twa 

ди q Ov 
corresponds. An invariant of Ap is Е = Т(и)+ (9? /2)4. For an eigenfunction 
ф we obtain in coordinates Е, и the equation 


dy du 
3 AV 9/2 JE WT)’ (5.5.3) 
where \ = A(E, 2, t). 

Now, assume that the equation Е — T(u) = 0 has two simple roots 
(Е) < и! (Е) and that up < и < и and Е - Т(и) > 0 in this interval. 
Since v is real, then 4 > 0. Let us make а cut in the u-plane joining points 
Ug and ил. Let us introduce the function 


1 г“ du 
v(u, E ==] ЕН 5.5.4 
Е | aes (5.5.4) 
where В ia ыы 
=. = eee. 
u ~E-T(u) 
In what follows for convenience sake we will assume T(u) to be analytical 
function in a sufficiently narrow domain with the boundary S containing the 
cut {up, uz]. The function ,/E — Т(и) is a single-valued analytical function 


in D outside of the cut. We will assume that \/Е — T(u) > 0 on the upper 
part of the cut. Then 


2т(Е) = ] = =. 
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Ce 


FIGURE 5.2. 


where c is the contour described in Fig. 5.2. 
It follows from (5.5.4) that и is a periodic function in и with period 1 


and 
oun) _ = 27(E)/E-T(u (5.5.5) 


Passing to coordinates и and и we get from (5.5.5) 


_ 1 
— ЖУЕ-Т(ы) 
2 JE—T(u) 

(2/9)(Е — Т(и)) _ 1 


= CELT РИ (5.5.6) 


The formula (5.5.3) gives, taking (5.5.5) into account, 


dp Pas apa 

—=л = А .2т(Е 

ф a/ /Е-Т(и 
Now it is necessary to choose Л во that и could be expressed in terms of Е 
and ф. The evident choice is 


211 


A= 5. 
7 (5.5.7) 
since this choice implies 
goer (5.5.8) 


and a periodic function u is expandable into the Fourier series in e?"**”. 

All is ready to find the normal form of the operator а = ap + €a) + €7a2, 
corresponding to (5.5.2). Below we define in the first approximation the 
normal form 4 of a and the corresponding equations of the first approxi- 
mation will be found. 
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Pass to coordinates Ё and y. We have 


ay[E] = a [T(u) + $0] = ода] 


= [быв - vats) — бий) 
(since а1[и] = 0) ог 
a;[E] = (5261). — (5262), (5.5.9) 
ал [и] = иЕ(и, Еда [Е] = vp((v?61)2 — (5262),). (5.5.9') 
To find the required normal form 


е-=5—=?81—.-. 


а = (ap + Еа1 + €7a2 +. „)ее8+е” 81 +. = +ЕМ, +... 


we should solve two equations 
ao[S[E]] + а1[Е] = = Mi{E], (5.5.10) 
ao[S[v]] — Slao{v}] + ai [vy] = Mi[v}, (5.5.10') 


where М: [Е] corresponds to zero and so does М! (и) since и does. Let us 
rewrite (5.5.10) in the form 


ao[S{E]] + (v761)2 — (262), = МЕ] 


and put S{E] = 51 + 52, 51 = (51), 52 = (52), Mi{E] = йи + ma, 
пи = (m1i)z, та = (m2)t. Consider the equations ao [54] + (9201). = та 
апа а, [52] — (+202), = M2, where ™ and mz should correspond to 0. 
Since ао commutes with differentiation we deduce that these equations are 
equivalent to (ао[91])= + (201). = (ти), (ао [52] + = (v?62)t = (me)t. This 
immediately implies that it suffices to solve equations 


@0[51] + 26, = m1, @0[$?2] _' 29. = то, 
where т: and то correspond to 0, and then put 
S{E] =(Si)2+(S2)t, — МИЕ = (mi)e + (ma). 


The problem is reduced to the usual problem for ordinary differential 
equations. We will not seek formulas for S. For п; we clearly get 


1 1 
пи = a | 52 dy, та = - | v? du. 
0 0 


But for arbitrary F 


: в ди _ Е(Е, и) 
[ F(E, u(v, E)) dv = [ F(E,u) = du = [ Sa th (6.511) 
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where c is the contour depicted on Fig. 5.2. Making use of (5.5.11) we get 


пи = a [a= = [МЕ-Тды 
2 i VE — T(u) du, (5.5.12) 
Now let us deal with (5.5.10’). Passing to coordinates Е, и let us rewrite 
Т = иЕ(9201) + in the form 


T= 26, 


20 
“7 Е: (ив — T'(u)ugve) — T'(u)vgurve] + (vel —T(u)) (=) ) 
Ея 
Since Е, and их correspond to 0, then the same considerations as above 
yield 


мии = Es ( [ Е и) 


- ( | 7A ("(u)vet) dv) ve 


$ (Fy. | и ye(E —T(u)) do. (5.5.13) 


The problem is again reduced to the usual one. [Let us clarify what has 
been done. The expression for J contains a partial derivative with respect 
to an independent variable x. We have the problem that does not contain 
partial derivatives with respect to independent variables making use of the 
passage to variables that correspond to zero as Е and и = (Iny)/27i do in 
this case.] 

It only remains to compute integrals which enter (5.5.13). First note that 
Ни and u_ denote points that belong to upper and lower sides of the cut 
respectively (Fig. 5.2) then 


eh ger =U) yen 
imply that v(u, Е) + v(u_, £) = 1 or 


ve(u, E) = —vp(u_, E). (5.5.14) 


: du 
d = ———— [| 
i ae le 
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since (5.5.14) implies that the integrand takes the same values on both 
sides of the cut. Further, from (5.5.4) we deduce that 


Е. ЕЕ НЕ 
2r(E) /Е-Т(и) _ 


Therefore 


ik T'( (шкив dy = - | (ив)?2т(Е)МЕ-Т(и TEES =0 


(by the same reason). Finally 


1 
] T’'(u)veuy dv = [rus du= [ver (и аи 
0 с ди с 


[2] ; 9 
= OF [т (и) du = -ЭЕ И —Т()) 
д 1 
= ЗЕ [e- Tu) Se du Е a | 2-Е мет dis 
Clearly | 
| иЕ(Е — Т(и)) ак =0 


All these formulas yield 


M,[v] = (55 ar mB) V2 ~ Tw) у) 0214 — ли). (5.5.15) 


It remains to write out а system of equations in the normal form Юг Е and 
и which follows from the above and an equation for 0. 

First in the 0-th approximation y = e**/*. To avoid unbounded partial 
derivatives in х and t of the function y of variables 9, х, and t, we should 
require = const. Returning to (5.5.7) we put 


т(Е)\/24 = 1. (5.5.16) 


Clearly if this condition holds, then y has bounded derivatives in ¢ and x 
in any approximation. Equation (5.5.16) is a generalized eikonal equation. 

The equation =(4р/а9) = Ay + €Mij[y], (5.5.8) and (5.5.12), and (5.5.16) 
being taken into account, gives 


= А = 
oh = (gaz — 1) + eMilnl = ем) 


if we put и = 0/e +7 or 41/48 = Ми [п] for Л = 2mi. Besides, dE /d6 = 
M;,[E]. Since these equations do not contain a small parameter in the left- 
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hand side, we may assume that 7 and E do not depend on @ at all. Therefore 
(5.5.12) and (5.5.15) imply equations of the first approximation of the form 


бит [VIET 
_ (2 |, МУЕ-Т(и) au) =0, (5.5.17) 


bone = 9117 = 0. (5.5.18) 


[We have taken (5.5.16) into account] which together with (5.5.16) gives 
three equations to define three unknowns, Е, 9, and 7. 


Remark 5.5.1 In the above computations we have repeatedly used for- 
mulas (5.1.12), which often enables us to reduce the problem to ordinary 
differential equations. 


5.6 Problem. Diffraction of Short Waves on a 
Circle (Semishade) 


The general diffraction problem of short waves on a convex body is well 
studied and we do not intend to describe it here. In this section we will 
consider without details a simple example of how to apply the “standard” 
approach to problems of this type in the semishade and the shade, where 
difficulties arise. These difficulties were overcome in their time by Fock and 
Keller, respectively, by physical considerations (for detailed references see 
[47]). Only principal terms of asymptotics were found at the time. The 
problem of computing all terms turned out to be nontrivial and had been 
solved mainly by V. M. Babich and his colleagues who developed the so- 
called model equation method. The method is based on an explicit solution 
of a certain model problem. With the help of this solution a general form of 
the asymptotics with undetermined coefficients is guessed and these coeffi- 
cients found afterwards. Below we will show by the model example how to 
find asymptotics without explicitly solving the problem. The general case 
differs from the considered one only by the quantity of needed computa- 
tions. 

Suppose a planar wave up = —e~‘*/€ is incident on the unit circle 5 
with a boundary 5. We wish to find the asymptotics of the arising field 
и = up + Uo satisfying =? Ди + и = 0 outside of S and the boundary value 
и|5 =0 as -+ 0. (Values on infinity are discussed below.) Further, let us 
seek uo. Denoting uo once again by и we get и|5 = e~'*/©. According to 
the usual recipe set 

и = ей /* A, 95 =-х. (5.6.1) 
The eikonal equation is 
62 +62 =1 (5.6.2) 


228 5. Equations in Partial Derivatives 


and the equation for A is 
ie (On А. + OyAy) + ie(AO)A + Е?АА=0, Alg =1. (5.6.3) 


For the circle being defined by x = cosy, у = sin y we easily get, solving 
the Hamiltonian system corresponding to (5.6.2), 


1 = cosy+7 cos 2y, y=sing+7 sin 2y, 
= —cosy +7. (5.6.4) 


To these formulas the construction depicted in Fig. 5.3 corresponds. (The 
plane wave incident from the right to the left is reflected at the point & 
according to the rule “the angle of incidence equals the angle of reflection.” 
The phase is 9 = —cosy + т.) The construction can be performed until 
—п/2 <p < 7/2, ie. in the illuminated domain. In the domain 37/2 > 
yp > 1/2 (Fig. 5.4) the vector z first enters the disc as т varies from 0, then 
crosses the circle in 20 at т = то and goes out. The constructed function 
9 satisfies the equation outside the disc but not on the circle: at z = Zo it 
does not satisfy any more the boundary value. This is due to the fact that 
in the shaded domain characteristics are first directed inside the disc. 

Now let us solve (5.6.3) in the illuminated domain. A solution is sought 
in the form 


А= А +ЕА, +-.., Aolg=1, Axlg =O (К =1,2,...) (5.6.5) 
and Ак are defined from equations 
OA; 92 92 
2 +24, + (= ый 1=0, (5.6.5') 
6 = 6(т,ф) =cosp+2r, Ao = 0,6) Е 
= OT, ф) = Cosy т, о = т, ф) — Уве. 


(5.6.5”) 
Note that in accordance with the said earlier 6 = |0(х, у) /б(т, ф)|, where 
—п/2 < ф < т/2,т > 0. Presently Ак have singularities on the variety 
6 = 0. This variety in the considered domain consists of two points a4 = 
(p = +7 /2,7 = 0). Since points a4 belong to the boundary of the domain, 
the conditions when the Maslov method is applicable are not satisfied. 
The problem should be reconstructed and a new leading operator in a 
neighborhood of a, must be chosen. For this let us make use of some 
general considerations 
L=Pt+T 


formulated in the subsection “Reconstruction.” 
In a neighborhood of 6 = 0, A;’s are of the form 


Ap = HED, Bely.0) #0, Bely.7)=0(1). (6.6.6) 
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[The simplest way to verify (5.6.6) is to substitute (5.6.6) in (5.6.5’). Then 
A being applied to A, —1 increases the order of singularity of A,_1 by 4 
and (2i(0/0r) + 21/6) being applied to Ах increases the order of singularity 
of Ay by 1 proving the validity of (5.6.6).] 

Therefore considering only a neighborhood of a,, the asymptotics (5.6.5) 
can be used in the domain 


Da :(0<y<7/2,6 > A,e/A? «1,4 <1) (5.6.7) 


with e* A, ~ (¢/A%)*(1/A1/2) if the whole ray connecting & and z (Fig. 5.3) 
is contained in Da. 

Let us pass to the study of the problem in a neighborhood of 6 = 0. The 
variety 6 = 0 (in the domain ф > 0, т > 0) is the point (x = 0,y = 1). 
Setting р = 7/2 — у we get 


x = sin wy — 7 cos 24), y=cosy~+7sin 2y, 
(5.6.8) 
6 = sin + 2r, 6 = -siny +7. 


Taking what had been said in the subsection “Reconstruction” into ac- 
count let us parametrize the neighborhood of (0,1) defined by 5 < A so 
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that one of the variables were 6 and the manifold 6 = 0 in new variables 
were defined by the condition 6 = 0 and requiring the change of variables 
not to vanish except at 6 = 0 if ever. 

The most simply way to do this is to replace (5.6.8) by approximate 
formulas 


4? 
х=ф-т, у=1- 5 +2т$ (5.6.9) 
and then considering (5.6.9) аз a change of variables introduce the function 
6=~+2r (5.6.10) 


(and the domain |6| = + + 27| < A). Now for a fixed 6 (5.6.10) is an 
equation of parabola Ру 


У=у-1=-212 +162. (5.6.11) 


We get a parametrization if, e.g., we set 
2 1 
= &t Y=y-1=(-<=t?4+— |] 62. 
т , y ( 3° +5) 


This parametrization is not very convenient and we will use it for the time 
being only to define the order of smallness of variables in a neighborhood 
of 6 = 0. Clearly 

v6, Y=y-1<68. (5.6.12) 


To get the main part of an equation governing the problem in a neighbor- 
hood of (0,1) set 
х=2 Y=y-1=éy, (5.6.12') 


where 
8 =e. (5.6.13) 


(é is a “smallest” value of A: Е/ДЗ < 1.) 
Before we proceed let us make several remarks. 


Remark 5.6.1 In order to use (5.6.5) in Da we need that the ray that 
joins € and z (Fig. 5.3) was contained in Da. In terms of parabolas Ps this 
can be formulated as follows: choose A and let us construct the parabola 
Py and the ray бл. It is easy to see that the whole ray бл is situated 
outside of Рл. Therefore if =/ДЗ < 1, then in the shaded domain we can 
make use of (5.6.5). 


Remark 5.6.2 Formulas (5.6.5) are applicable in a considerably wider 
domain if Ак, where k = 0,1,..., are determined from (5.6.5) and (5.6.5’) 
but with their values given not on S but on Pa. 
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FIGURE 5.5. 


In Figure 5.6 this possibility is shown. The domain where (5.6.5) is ap- 
plicable is bounded by a part of the plane situated over бд outside of Pa. 
In what follows we intend to find these values on Pa making use of the 
reconstructed operator. 


Remark 5.6.3 This purely “technical” remark concerns the parametriza- 
tion of a neighborhood of (0,1). A successful choice of parametrization 
might simplify calculations considerably. General recipes clearly cannot be 
given though it is advisable to parametrize the greater part of the domain. 


In our case the solution is known on a part of a circle that belongs to the 
interior of Pg (it is defined by initial values) and on S, [computed with 
the help of (5.6.5)]. 

It seems natural to choose as new coordinates the distance h along the 
normal from (z,y) to the circle and the angle и between the vector (2, у) 
and the y axis. Then 


д =(1+h)siny, у =(1+h)cosv. (5.6.14) 


The equation of the circle is h = 0. Taking into account that х ~ é, 
У ~ é implies и ~ &, h ~ 22, set (factors are chosen from the convenience 
considerations) 

и = 2023, f= 222-13, (5.6.15) 


However there is one more possibility to simplify calculations. We are 
going to find a solution и in the domain Og defined by |6| < A, Е/А < 
1,4 < 1. It means that variables о and + take values bounded by the 
condition 

в = O(A/é),7 = O(A?/é*) (5.6.16) 
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and actually may take values of order A/é and (A/é)?, 1.е., very large. But 
it follows from (5.6.8) that 


9 —т-+ 2r sin? А 
Е _ Е 
и 1 3 5 

Е. (-m+ = +2ry ) +[15/=+[]7/= + -.., (5.6.17) 
where [ ], stands for the k-th order term. (и, т, and ф are considered to 
be of order 1 with respect to Е and № of the power 2.) 

Formula (5.6.17) shows that in the “principal” part of Од, where o and 
+ are finite, functions e*®/€ and e~*”/€ change with the same speed, i.e., in 


this domain we may put 
u = e—'”/€ B(y,0) (5.6.18) 


instead of и = e'*/©A and find В. [Third order terms entering (5.6.17) are 
already of order =, since 23 = в, hence they contribute a nonoscillating 
factor in и = е8/6 А which is now ascribed to В.] Besides let us put the 
additional constraint 

Ae/Be <1 (5.6.19) 
on A. This condition guarantees the smallness of [ ]s/e, [ ]7/e, ...in 
(5.6.17) in the whole domain of в, у admissible by (5.6.16). 


Now, to calculations. Substituting (5.6.18) in equation which follows from 
e*Aut+tu=0 


=? би, 1 du, 1 ди +u=0 
Oh? 1+ВбЬ (1+h)? Ov? = 
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and making the change (5.6.15) we get 


9? В OB , 1 OB 
Br 18-155 -# (Spam -1) бо 
Fi 9-2/3 А => —) §29-1/3 OB 
(1 + €22-1/3)2 (1 + €221/342)2 Oy 


2-4/8  02В 


Note that the domain T of values of о and y, where the solution of 
(5.6.20) should be sought for, is defined by (5.6.16). 
Due to (5.6.19) coefficients of (5.6.20) except the first three are small in 
T. Hence, in T the leading equation is the Schroedinger equation 
0B 0?В 
= В. .6.21 
a Ao 972 +7 (5.6.21) 
Let us formulate a boundary value problem for (5.6.21). We know that 
В(0, в) = ещо. But що = e~*/*|,<9 hence В(0, 0) = е*-=)/= |5. 
Making use of (5.6.14) we get 


3 5 


+ и и 
Е 
в io? : 5 /=3 ._3 
B(0, 0) = ее = "(1+ O(A5/E°)). (5.6.22) 


Besides, В is known on the line (5, а) (Fig. 5.5). In order not to compute 
too much let us evaluate B only at b. [We will see that it suffices to know 
В (the asymptotics of В) in an arbitrary point of the line (a,b) in order 
to formulate a correct problem.} First of all В = ei¥/€e'9/€ А, hence Bly = 
e'9/e|, Aly (since и = 0 at 5). Besides, see (5.6.8): 


_ sing 
a cos 24’ 
h=rsin2p — (1 — cos 24), 


g=1~siny =siny (55-1) 


at b. Taking h = 2y2—1/3 into account we get after simple calculations 


6 аз) (A? 
oe +0 (= (5.6.23) 


Let us resume: the order of № at the point 6 equals A? and 7 ~ (A/é)? is 
large. Since there were no restrictions on A except A >» Е and A°/& « 1, 
then (5.6.23) can be read simply as a formula for the principal part of the 
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asymptotics of the phase on the line с = 0 when y > 1. Small terms being 
ignored we come to the following boundary value problem for (5.6.21): Find 
a solution of (5.6.21) if it is known that [our notations differ from those in 
(4) by the sign of 4}: 

В(0, с) =e? /3  (-ю<о< +00), 

B(7,0) = ©" /3° 0 (1), ye 1 (5.6.24) 
(let us stress, as it had been already done, that + can take large values). 


Let us show that (5.6.24) suffices to define B uniquely. 
It is natural to seek (5.6.21) in the form 


+00 | 
Bis ] Ena(y +a)e!? f(a) da (5.6.25) 
where €,(7) is an Airy function 

EN (9) + 76а (7) = 0. (5.6.26) 


Recall that (5.6.26) has solutions wi(7), we(y), and u(y) with the following 
properties [A], = O(1) as follows from (5.6.5”) for ф = 7/2—A,7~ A; 
further O(1) is replaced by 1]: 


1 2 т}. 
п дек (+1) 


ТР 3 
12 (7) со © — ехр (- (Fy + т) i) (5.6.27) 
wy (7) ~ W2(7)y+~00 » (—7)7*/4 exp = (-9) : (5.6.27') 


and 


_ wily) — 12(7) _ 1 Г” i(—yy+y?/3) 
v(7) а 2 = 2/т eas е ау, 
1 6-2/3(-7°/7) 7-00 
у ——=е . 5.6.28 
Fi eo 
Putting у = 0 in (5.6.25) and making use of (5.6.24) we get 
+00 . aa 
En(a) f(a)e’®? da = ей 13, (5.6.28') 


—со 


whence inverting (5.6.28) and comparing with (5.6.24) we have 


Ex(a)fla)= = ] gia? /Seiae dg = (a). 
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Hence (5.6.25) yields 


> Ea (y + a) etae 

В(9, в) = ral =. @) v(a) da. (5.6.29) 

Let us define the form of €,. Clearly, Ea(7) = ci1(a)wi(7) + €2(a@)we(7). 
Now we should apply the second condition in (5.6.24), i.e., the asymptotics 
of B(0, y). If putting о = 0 in (5.6.29) we replace w; and шо by the asymp- 
totics (5.6.27) we will see that (5.6.24) is satisfied only if cp = 0. We will 
only verify that the second condition is satisfied at co = 0. 

Thus we should find the asymptotics of 


fe ма) 0 
Oe ] А Кадаа, yd. (5.6.30) 


Choose 0 < 6 < 1, О<а< 1 and present 7(7) in the form 


—6y 
Та) = 2 +f. +f (a) AO da = Ti + Tat Te 
by v4 


Computing 71 we may clearly apply (5.6.27’) and (5.6.28) and show 
that J, exponentially decreases. In 72 we may replace wi(y + а) by its 
asymptotics since у +a > 1 if -dy < a < 74 and get 


: 7" (а) 1 1 : 3/2 
To => и Е ИЯ he 
"Ли ale) о чаая 


Integrating this by parts and replacing v(a)/wi(a) at limit points by 
asymptotics we see that the contribution of —éy exponentially decreases 
while that of 7? can be ignored due to the arbitrariness of д (or it will 
cancel with the corresponding contribution of 73). Concerning 73 we can 
apply the asymptotics 


ы +00 6(2/3)(y+.a)3/?i 
3(7) = [. е(2/3)о2/31 (my + q)1/4 


сы (аа _ зб буи) doy, 
2 


The first summand of this integrand decreases. The second summand is up 
to a factor equal to 


+00 6(24/3)(y+a)*/?i-(4/3) 09/74 
/ da 
4 


бам о 
le 3 4002/31 +a)°/2 (4/3) 08/2 pay? /? 
¥ 


(ee 
Pe (там р 
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Applying the stationary phase method and ignoring the contribution of 
the lower limit of integration we get an expression for 73 coinciding with 
(5.6.24). 

Now let us consider the whole problem. In (5.6.20) we will seek a partial 
solution in the form e’?“£,(7). Then for €, we get the equation 

aE дЕ 2 

ee + (y +а)ё +аНё + foE + hay + faa°E =0 (5.6.31) 
where f; originate from the last four terms in (5.6.20) and all of them 
are small, if у < O((A/é)*) or if (5.6.19) holds. Our goal should be the 
construction of two solutions of (5.6.31), E:(y,a@) and &2(7,a@), such that 
asymptotically they were like wi(y + а) and we(y + а), and then search 
for B in the form 


B= Г” E(7, ae’? 4 (а) da. (5.6.32) 


In this form the problem is clearly impossible to carry on since in (5.6.32) 
the variable a can take arbitrary values and for an arbitrary large a 
there are simply no solutions of (5.6.31) with the needed asymptotics. The 
way out is the following consideration: though 7 takes arbitrary values 
in (5.6.31), still у < (O(A/é)?). If we can find ~(a) and r(A,é) such 
that ~(a) = 0, when |a| > r(A, é), if we can construct solutions &1 (5, @), 
&2(7,@) of the needed form, when |a| < r(A,é), and if at the same time 
we can find y such that B(y,o) defined by (5.6.32) has the given total 
asymptotics (5.6.22) at ~ = 0 and the behavior of B(y,0) coincides with 
the prescribed one on the infinity, then the problem is solved. Let us try to 
fulfill this program. 

Boundary values at 7 = 0 are 


B(0,0) = etl? /B)¢(—iv*/Ble) liv /M2) | = h(a) (v = €02"/3, |v] < A). 
(5.6.33) 
Since in what follows we will only need the value o satisfying |o| < 
(A/é)271/3 = р, we replace h(a) by h(a) = h(c) for |o| < 2p and h(a) = 0 
for |o| > 2p. Choose a function фи(и) with 3n + 2 continuous derivatives 
when —oo < д < +00 and such that 


Yn(u)=0,  Ш>Ь V2ren(0)=1, (0) =0, 


where k = 1,...,n—1. Put 


1 ste. 
Gn(v) = 5 eH on (um) du, 
-оо 


+00 = С 
nn(o)=5 | on (2 ; *) A(v) dv. 
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where 6 is a parameter. The inversion formula implies that 


+00 +00 
] 9%(и) аи =1 and i, gn(v)v* dv = 0, 


—с —со 


when k =1,..., п — 1. Therefore 
х Foo а-и ^ x 
hn(o) ~ ho) = | 5am ( 25”) (HH) - Бе 


~ ce gn(—v) (Ко + bv) — h(a) dy 


—со 


= [| an(-v)(h(o + 6») - в) 


+00 —р he a 
" ] + ] gn(—v)(R(o + 6») — Мо) dv 
р — со 
= [+7 + То. 
But (assuming |6| < 1, |o| < р) we may replace A by № in Ти. Then 
р k,,k eT 
Th =| 9n(-Vv) ( у. BP Oia) + aan) dv 
k! ni 
-Р 1<k<n-1 


(\c| < 1). It is easy to verify that |1) (c)| = O(|o|?*) and |g,(v)| = 
O(1/|v|2"+2) as |v| — oo. This immediately implies 


6k i 9n(—v)v*h* (ав) dv f° +f gx(—v)v* dy 
= 0(6*(é/A)8"+1-*(A/2)?*), (5.6.34) 


= 6* 


where k = 1,2,...,п — 1. Further 


р 
Й Qn(—v) 6} и" (д + сби) dv 
-p 


<6" f Ion \9n(—v)||v|"o2” dv - O(1) = O(6"0?"). (5.6.35) 


Finally, it is clear that 
|T>,3| = O(€/A)?"*1, (5.6.36) 
Inequalities (5.6.34)-(5.6.36) show that if 


5p? = 6(А/Е)22-2/3 € 1, (5.6.37) 
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then (о) can be approximated however good by №» (о) for sufficiently large 
п (assuming |o| < р) which allows one to replace h by hy in the conditions 
of the problem. 

Setting у = 0 in (5.6.32) we get 


Г co E(0, де (a) da = ha(o) = : | — > € | . bea, 


(5.6.38) 
Inverting (5.6.38) we have 
1). FE 
(О, (а) = ya(a8)- ee | ета 
= yn(06)H(a), 
where i ue 
H(a) = Jin [ e~ ’2h(v) dv. 
Thus +2 (а) | | 
B(y, в) = : £(0,a) n(ad)H (ae? da (5.6.39) 


and y,(a6) = 0 for |а| > 1/6. The last fact allows one to consider only 
values a that satisfy 
Ja] < 1/6. (5.6.40) 


To conclude the consideration of the general case we should study the 
behavior of coefficients in (5.6.31). First of all we easily get that 


fil = O(A?), 
et A® Aé 
fo =O (max (2%, В )) =O (max (ге) .a?) = O(A?), 
Е Е 
fal = O(€"), 
fa = O(€). 
(5.6.41) 
Besides &, A, and 6 satisfy 
6(Д?/Е)? «1, é&/A«K1, 45/28 <1. (5.6.42) 
Since |a| < 1/6, then all coefficients in (5.6.31) are small if 
42 <65 Е«б. (5.6.43) 


But ДЗ /Е3 = (A?/é)?A/é < 1 implies 


A? «2. (5.6.44) 
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Therefore it suffices to choose б satisfying the condition 
E<6 « (€/A)? (5.6.45) 


which due to (5.6.44) is not self-contradictory. 
Now note that 


A\? 1 1 A\? 1 
< — -= = = - 
Ital +в < (2) ee 5 (о (<) +1) o(5). 


Therefore we can put у + а = in (5.6.31) and seek a solution of (5.6.31) 
with asymptotics 


3/4 expi (3 + 4 


assuming |s| < 1/6. Clearly this very solution should be inserted in (5.6.39). 
Since we only intended to present main principles, we will not dwell on the 
construction of a needed solution, &. It is a well-known process. 


Diffraction of Short Waves on a Circle Shade 


As had been mentioned earlier, it is impossible to define 6 in a shaded 
domain so that boundary values were satisfied since characteristics grow 
into the exterior part of the domain (i.e., inside of the circle). However in 
the shade the setting of the problem clearly should be modified: first, split- 
ting of a solution onto the incident wave plus the reflected one becomes 
meaningless; hence, in the shade we should seek the solution itself and ac- 
cordingly its boundary value will be vanishing. Further, since the wave goes 
along characteristics, the physical intuition hints that in the shaded domain 
a “flow about” the boundary must take place, i.e., in this domain, char- 
acteristics should be tangent to the boundary; in other words the shaded 
part of the boundary must be a caustic. The latter requirement corresponds 
also to the mathematical intuition: the requirement for characteristics to be 
tangent is a compromise between requirements that characteristic should 
be reflected by a boundary and that it should go out of the domain. 

Let us try to solve the eikonal equation under this condition. We should 
solve the system 


dx _ ау _ dp, _ ар, _ 
= 2рь, = 2ру, Е = 0, = 0. (5.6.46) 


dt dt 


On the circle х = sinw, у = cosy the tangent condition is (dz/dt)n, + 
(dy/dt)n, = 0, where (nz, пу) is the normal vector to the circle, ог хр, + 
уру = 0, where (fz, ру) is the value of (pz, py) at the point (z,y) belonging 
to a circle. Since (pz, py) are constants on the characteristic due to (5.6.46), 
then pz = pr = —а(4) cosy, py = ру = а(ф) sin y and the eikonal equation 
yields that we can put а(ф) = 1. Then integrating (5.6.46) we get for 7 = # 


z=siny—Tcosy, y=cosp~+rsiny, р, = —с08ф, ру =siny. 
(5.6.47) 
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Now we can find 9, which is natural to seek in coordinates у, т 


49 06 dx — Ob dy _ 2 ОС 
dr дай dydr — а, 


or 9(х,т) = 8(4,0) — т. But since characteristics are tangent to the circle 
we can define 6(7),0). In fact, 


96(4,0) _ 00(4,0) Ox | 00(4,0) ду _ 


2 2 — 
Oe 9% OW By pp 8 А+ 11" 4) = —1 


or 9(4,0) = —w + const. Choosing the constant equal to 0 we get 
9 = ф-т. (5.6.48) 


Thus, the condition that characteristics are tangent to the circle defines, 
actually, 9 uniquely. (In the three-dimensional case we get Юг 9 on the 
surface the eikonal equation.) 

Formulas (5.6.47) define the coordinate system depicted in Fig. 5.7. Note 
that 0 defined by (5.6.48) is a many-valued function in (2, y). 

As earlier, let us define a solution in the form 


и = ей /* А. (5.6.49) 


From the beginning let us make an important, though trivial, remark. 
Usually when a solution is sought for in the form (5.6.49) or in an analogous 
form corresponding to the nonlinear problem, they say that A should vary 
slowly meaning that partial derivatives of A should be bounded. In fact, one 
must only require that A should vary slower than e'9/€, i.e., |egradAl,o — 
0. Now we will encounter this very situation. 
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The equation for A in coordinates (7,7) is 


A 1+7?  2Apw . Avy 
(4. 2 + 3 


QA, + +e( Ap + 
T T 


+ a, EM) = + Ay(-1/r°)) =0 (5.6.50) 


where (4) = 1 — 2cos? ф. The following formulas follow from (6.47): 


_ cosy _ cosy +7siny | _ эту 
by = т ’ Ty = т ’ ф = т ’ 
_ siny — тс08ф O(z,y) _ a" 
Tz = 7 у Any 49 = =. 


Choose A|g = 0 аз boundary values for A. We should learn to “glue” this 
solution with the one obtained earlier in the semi shade, i.e., for small т. 
For finite and “large” 7 the solution of (5.6.50) can be chosen in the form 


Az=Ap+eA,+67Agt:-:. (5.6.51) 


If |r| <1, then Ag ~ 1/,/7 and А, ~ 1/т3+1/2. Thus, the same argu- 
ments as in the study of the semi shade yield that (5.6.51) is the asymptotic 
series if |r| > A and c/A? <1. 

_ This shows that to find an equation which governs the problem for |r| < 
1 we should set 
r=és, € =. (5.6.52) 


However, let us stress that in our arguments we have implicitly assumed 
that differentiation along ~ does not “spoil” the boundedness of derivatives 
along 9. For the present we have no reasons for such an assumption. Hence 
we should keep the most possible generality and consider the problem of 
constructing (5.6.51) in more detail. Equations for Ак are 


A 
i (2(40). 4 =) =0, i (лы + “*) +LA,-1=0, (5.6.53) 


where К = 1, 2, ..., and Г is the operator in square brackets in (5.6.50). 
Then Ao = а0(4)т-1/2. For € Ay, we have 
_ 33 40 ($) Eao() 2 
ЕА: = 71/243 71 + туза 72 + 71/2+2 9 ($) 7s 


& Bao (b)h(y) 
+ 17100 (0) V4 + cee, 


where *,'s are some numbers. Now ¢€A, is small if |т| > A and é/A «1 
and if at the same time &а,(4) and é2a//() are bounded. 
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The last condition means that we can assume ao(v) = (4/2), where 
bo(n) is a smooth function in 7. 

The trivial consideration of other equations (5.6.53) shows that, in gen- 
eral, one should seek a solution in the form 


A= Ay (7, %) +€A, (> 5) +... (5.6.54) 
indicating the necessity of additional change 
y = en. (5.6.55) 


Final deduction: the master equation for the problem in the neighbor- 
hood of 7 = 0, у = 0 is obtained from (5.6.50) after the change of variables 
(5.6.52), (5.6.54). 


Remark 5.6.4 The necessity of studying separately the domain of small 
parameter 7 follows also from the fact that small values of р correspond to 
the already solved problem in the semi shade, hence should define a further 
step in constructing of a solution. 


The indicated change being performed, we derive from (5.6.50) 
SA ee ea Arg Ae Ay OY Gace 
8 82 3 8 
= (5.6.56) 


The leading equation is again “parabolic”: 
iA 1/8. д\’, 1/9 @ 
2A, +—+ р (5. + 5) А- B (5 + >) A=0. (5.6.57) 
The change s = 3, 3—7 = р gives an equation 
OA 0А А 10А 110A _ 


7 patil nce alc eae 
"8s +a Теа“ 33 Os 


The change 

s=2/3Vh, —-n+s=p, А=е "2/3 в (5.6.58) 
gives the equation for В: 

ЭВ 92 В 
1/3; = 0. 6. 

| 2 ay + Dh? 0 (5.6.59) 

After the change 3 = 3, s — 7 = p, Equation (5.6.57) takes the form 
994 494 4 A 1 6A 1 0A 6. 


д Gp t's * Oe” Я 
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FIGURE 5.8. 


[It is advisable to kill terms containing 0A/0s. The imaginary summand 
is killed by the change A = ей (8) В and the real one is killed afterwards by 
the change s = s(h). The result is given by the change (5.6.58).] 

In our problem negative values of w are needed. Therefore, we can assume 
further that p > 0. Let us find a solution of (5.6.59) in the form 


В=ехр (2-1/*ipa) B(h). (5.6.60) 


Then В = w(a—h), where w is a solution of the Airy equation 428 /dt? — 
t€ = 0. If B is in the indicated form, then В(0) = w(a) = 0. In what follows 
we will denote Airy functions as in [4]. Figures 5.8 and 5.9 are taken from 
[4] also. In the shaded domains function w; exponentially decrease. Crosses 
mark zeros of corresponding functions. Thus a must be a zero of an Airy 
function. 

But (5.6.60) implies that Rea > 0, since p > 0, and can be large. There- 
fore taking Figures 5.8 and 5.9 into account we should put 


w(t) = cw; (t). (5.6.61) 


For a one should choose a zero of w;(t) with the minimal real part. In fact, 
the solution В is in the long run a function in (7/é,/é), whereas both ф 
and т can take finite values, or one can say that р and № can take large 
values. 

Formula (5.6.61) shows that B exponentially decreases as p grows and 
therefore, though, generally speaking, we might have looked for a solution 
in the form of the sum of summands of the form (5.6.60) corresponding to 
different a, zeros with large real parts give no contribution to asymptotics. 
In this connection we should make the following remark: we can count the 
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angle 4 from the lines (0,a’), see Fig. 5.7. A new coordinate system (w’, 7’) 
would arise. Then only the greatest summands are left in the asymptotics 
corresponding to the new system. 

Let us show how to define the constant c in (5.6.61). 

We know a solution of the problem on the line (A, а), see Fig. 5.6, the 
case of semi shade. It is defined by coordinates o and 77 from (5.6.15) and 
a? ~ yon (A,a). 

Variables o and 7 can then take large values and х ~ и = &021/3. On the 
other hand in coordinates (5.6.58) (in the shade) we have p = s = 7» = 0 
and x = &s on (A,a), implying s ~ 0213. 

Now making use of the solution of the Shroedinger equation for the semi 
shade on (A, a) and comparing it with cw,(a—h) for large s, 1.е., computing 
asymptotics of both formulas, we define c. 

We will confine ourselves to the principal term of the asymptotics con- 
structed this way. Examination of the complete equation (5.6.56) in which 
we should again perform the change (5.6.58) enables one to make correc- 
tions. Then as it had been done in the case of semi shade, we obtain a 
solution for large, but not too large, р and № and then pass to solving 
(5.6.53). 

In the following problem as in the Section 5.5, arguments from Section 5.3 
are used but in the “boundary layer” situation. Unlike in Section 5.5, we 
will not use the canonical reduction of the corresponding system to the 
normal form and will seek a solution directly in the form (5.3.11). The 
method of constructing the asymptotics is similar to the one used in the 
simple example, Section 3.9. 
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FIGURE 5.10. 


5.7 One-Dimensional Shock Wave [7] 


Introduction 


Consider the system of differential equations 


a + 2 (a(w) — ° =0 (5.7.1) 


where w is a vector, a(w) and b(w) are vector functions z,t € D, where D 
is a domain on the plane (5,1). 
An eaterior solution of Equations (5.7.1) is the formal series in 


W=Wotety+---, №, = W;(t, x), (5.7.2) 
where j = 0, 1, ..., satisfying (5.7.1) in each order in powers of =, 1.е., 
до д EN 
a a) 
00, O f,_ os Ob(tio) \ _ 


[here and in what follows (pV)c(q) means componentwise application of 
Ук рк(д/даь) to с(а)] 

А solution w(t, х;=) of (5.7.1) in D is a shock wave if there is a smooth 
curve Г separating D into two parts Р, and D2 and two exterior solutions 
20) and 52) which do not coincide in the principal order on Г, 1.е., [00 — 
op # 0 and such that ш(Ьт;Е) asymptotically coincides with w) in 
each interior subdomain D, (i = 1,2). Thus in the limit w = wo) in D, at 
= = 0 and w(t, z; 0) has a first-type discontinuity on Г. 


Remark 5.7.1 We will not strictly follow the given definition conceding 
without proof that the formal asymptotics (of the boundary-layer type) 
which satisfies the definition is the asymptotics of w(t, z,¢). 
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Assuming exterior solutions ©) and w) to be known we will seek a 
uniform in D asymptotic representation of a solution of the shock wave 
type under certain assumptions on properties of Equations (5.7.1). 


Remark 5.7.2 For the scalar equation (5.7.1) 20) and (2) can be defined 
in an arbitrary way. For systems it is not so; in particular, vectors [wo es 
op and [a(w”) - a( a?) )]г should be collinear (in gas dynamics it is 
the so-called Gugonic condition). Therefore we should bear in mind that 
problems of constructing asymptotics of a shock wave and constructing 
exterior solutions are, generally speaking, related with each other. 


First, recall several known (see, e.g., [36]) considerations on the structure 
of a shock wave. 

The shock line Г; д = xo(t) being known, putting у = (1/e)(x — zo(t)) 
and passing from t,z to t,y we get e(Ow/0t) + д/ду[-5(ш + a(w) — 
0b(w)/Oy] = 0. Assuming that Ow/Ot is bounded as = — 0 we see that 
the principal term of the asymptotics in a neighborhood of I is defined by 
equations (д/ду) [—zo(t)w + a(w) — (и) /ду] = 0 with boundary values 
w(t, —00) = wo Yip, w(t, со) = a? lr. Integrating once with respect to у 
we get —xo(t)w + a(w) — 0b(w)/dy = m(t), where due to the boundary 
values we have, on the one hand, m(¢) = [-2, (6602 +а(5 (г and, оп the 
other hand, m(t) = [—a«/,(t)w® + а(&@))г. Thus, the so-called conditions 
on the shock line should be satisfied, 


[200 — 2-2 (в) = [a(w!?) — а); (5.7.4) 


see Remark 5.7.2, which can be also obtained integrating both parts of 
(5.7.1) with respect to x along the segment containing х = zo(t) and pass- 
ing to the limit as = — 0. Conditions on the shock (5.7.4) give the equation 
for the shock line Г: x(t) = F(t, zo(t)) [and constraints for exterior solu- 
tions on Г if (5.7.1) is a system] which allow one to find хо(# if one of the 
points of I is known, e.g., zo(to), where to is the moment when the shock 
wave is born. 

Further, to obtain the principal term of the asymptotics we should solve 
the ordinary (in y) system of equations 


абы + a(w) — ACO) = т 


with the above-mentioned boundary value. If the phase trajectory of this 
system, connecting points wo Ip and ow Ir exists and is unique (assump- 
tion of this kind will be important in what follows) then w (the principal 
term) as function in Бу can be found up to the change of y by y — c(t), 
where c(¢) is arbitrary. 

Thus these arguments enable one to find the form of the shock wave in 
the principal order up to a shift along y-axis by c(t) or up to values of w 
on Г. It remains also unclear how to construct higher approximations. 
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In what follows we indicate a regular process of recovering a uniform in 
D asymptotics from known exterior solutions with accuracy up to perhaps 
one constant defined by values of w and playing the same role as хо(%) 
(see above). 


Remark 5.7.3 For systems the knowledge of w in one of points of Г is 
often termed to be formally unnecessary, e.g., zo(t) can be often found 
from (5.7.4) excluding 2}(t) if #) and © (2) are known; see Remark 5.7.2. 


ASYMPTOTICS IN D; UT 


An essential feature of this problem is that the desired asymptotics is rep- 
resented by different uniform developments ш(1) and ш(?) in Dj UT and 
D2 UT. Cases admitting a “uniform” asymptotic development, e.g., the 
known Burger’s equation, are very rare exceptions. 

In formulas of this section the index i, where i = 1,2, indicating the 
domain D; UT is omitted for brevity’s sake but will be restored later. The 
line Г is assumed to be known. [The shock line Г can be found from (5.7.4) 
which will also follow from further constructions.] 

Asymptotics of w(t, z,¢€) will be sought in the form 


w(t, x, Е) = wo(t,2,¢) +eur(t,2,0) +..., (5.7.5) 
where © = e9(+8)/€ under the following assumptions: 
1. Olr = 0, 0, 4 0 (9 < 0 outside of Г). 
2. wj(t,2,¢) = w;(t,2) + ОФ 2) + O(C?) as ¢ — 0 (|tbo| # 0). 
(5.7.6) 
3. There exist Шино Wo < 00, Шис--+ ¢(Awo/OC) = 0 and w;’s do 
not grow faster than O(In¢)’) for fixed t,2 аз © -+ +00. 


4. The series (5.7.3) formally satisfies equations (5.7.1) in the following 
sense. Functions 1; ($, х, С) are differentiated according to the rule 
_ 6 Ow; ди; _ вх „би; ди; 
(№;) == = ((w;)x)z 


and Equation (5.7.1), which is (м), + (a(w))z — €(b(w))zx = 0, is 
satisfied in each order in powers of = identically in Ь г, С. 


Let us elucidate these assumptions. If (3) in (5.7.6) is not mentioned then 
we are evidently speaking of a direct generalization of the method indicated 
in Section 3.9 of constructing boundary-layer type asymptotics. Regularity 
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conditions (2) in (5.7.6) will lead, as in Section 3.9, first, to the fact that 
w = wo + 6%; +... is actually an exterior solution of (5.7.2) satisfying 
(5.7.3) which gives w “far” (© — 0) from Г and, second, will give equations 
for 6 (eikonal equation) and w, [since the condition (1) 9|г = 0 gives а 
boundary value for 6 ; boundary values for w, will be discussed later]. 

As to condition (3) in (5.7.6), it deals with the possibility of extending 
(5.7.5) across Г into another domain D;, where 6 > 0, but only for “small” 
distances of order = from Г [since In¢ = 0/e, then (5.7.5) can be applied 
for a positive 6 ~ e*, К > 0, according to (3) in (5.7.6); the critical value 
of k is 0]. 


Remark 5.7.4 Condition (3) in (5.7.6) as will be clear in what follows is 
essential: it will follow from formulas themselves that one should expect 
that ш; = O((In¢)’) аз ¢ + +00. 


Though the general scheme of computations should be clear from Sec- 
tion 3.9 nevertheless we will dwell on equations for wo, ил, .... Inserting 
(5.7.5) in (5.7.1) and taking (4) in (5.7.6) into account and equating coef- 
ficients of e~1 to 0 we get 


wx: (= + a(wo) -— я = 0, (5.7.7) 
where 
и) = 00/dz, —ш = 00/0 (5.7.8) 


[in fact (5.7.7) is already known from the Introduction to this example— 
equation for the principal term of the asymptotics]. 

First, let us make use of the regularity condition (2) in (5.7.6): wo = 
Wo + Со + O(C?) аз С > 0. Since (5.7.7) turns into a trivial identity at 
С = 0, then equating to zero coefficients of © we get only one corollary 
(recall that w = 6, 4 0): 


(woV)(—kwWo + a(Wo) - wb(wWo)) =0 (5.7.9) 


[here, as had been said in the remark to (5.7.3) V is the grad-operation 
with respect to wo ; in particular (w&oV)Wo = 0]. 
Considering (5.7.9) аз a system of linear equations for wo let us write it 
in the form 
T(w, Е, чо) = 0, (5.7.9') 


where T(w, К, wo) is the corresponding matrix. 
Since we have assumed that || 4 0 we should have 


det T(w, К, tip) = 0. (5.7.10) 
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Let us postpone for the time being the discussion of this (important) 
equation and turn to (5.7.7). Dividing it by w¢ let us integrate it from 0 to 
¢. We will get 

Ob(wo) 


—kwo + a(wo) - Be = —kitig + aw). (5.7.11) 


Put wi = lim¢_.4coo wo which exists due to (3). Then 
— о + a(tio) = —kwo + a(wg). (5.7.12) 


Further, we should make several assumptions, one of which is the exis- 
tence of a solution wi = w}(k, wo) of (5.7.12) different from wo. For the 
sake of simplicity we will assume that the solution wi # Wo of (5.7.12) is 
unique. 


Remark 5.7.5 Cases of nonuniqueness of wg are possible though we do 
not give such examples. 


Now considering (5.7.11) as a system of ordinary equations [k, w, and 
Wo are parameters related by (5.7.10)] which should be solved with initial 
values Wo|c=o0 = Wo, Wol¢=+oo = wo. Let us call the following statement 
the Main Theorem: There exists the unique phase trajectory of the system 
(5.7.11) (in the space of wo) passing through points Wo and wi for any 
admissible values of parameters. 

If the Main Theorem is valid, which will be assumed in what follows, 
then it is possible to recover wo from (5.7.11) as a function in Mo(t, x)¢ 
and in parameters k, и, and о, where Mo(t, г) is arbitrary [the change of 
¢ by Мос does not affect (5.7.11)]. 

Parameters К, w, wo should be related in a quite definite manner: to real 
roots w(k,@o) of (5.7.10) directions tg/|to| in the space wo tangent to 
phase trajectories of (5.7.11) passing through wp correspond and one can 
only pick the root 

и = 2(k, wo) (5.7.13) 


corresponding to the direction wo/|w&o| tangent to the trajectory connecting 
Wo and wi. We will assume that such a root Q(k, wo) is unique and smoothly 
depends on k, two. Further we will also assume that rankT(Q;k, wo) = 
N — 1, where N is the dimension of the space of w’s. 

Before we turn to other equations let us indicate what is and what is not 
known about wo (in a fixed domain D;). Until now we have not established 
that 20 is in fact the corresponding exterior solution satisfying the first of 
Equations (5.7.3). However, it is clear that it is so and it will easily follow 
from regularity conditions in the next order (recall Section 3.9). Further, 
we have assumed the shock line Г to be known, i.e., have not as yet derived 
(5.7.4). Below it will be obtained from continuity considerations for the 
desired solution оп Г but it is already clear from the introduction that 
(5.7.4) takes place. 
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Remark 5.7.6 It does not follow from (5.7.4) and (5.7.12) that w is 
another exterior solution. 


Now note that (5.7.13) is, if we take (5.7.8) into account, an (eikonal) 
equation for 9 in partial derivatives of the first order (i.e., actually, ordinary 
differential equation) with the known boundary value 6|r = 0. Hence, 9 can 
be assumed to be known. 

Thus a true unknown as yet function in wo is the factor Mo(t, x) which 
plays the same role as the shift y(t) in a nonuniform approach described 
earlier. The search for Mo(t,x) is now the main problem in constructing 
the principal term of asymptotics. 

Now consider equations arising from terms with = in (5.7.1) after sub- 
stituting (5.7.5). They are of the form 


WC Fe (ви (лаб) - AEP? — ион) ) 


= = ss i (a(we) Е uc | ; (5.7.14) 


Just as above let us first make use of the regularity conditions (2) in (5.7.6). 
Comparison terms containing ¢° yields 


He + Hyalto) = 0, (5.7.15) 


1.е., the first of Equations (5.7.3), as had to be expected |similarly, next 
equations imply the second equation of (5.7.3), etc., 1.е., @ is actually the 
exterior solution]. 

Further, comparing coefficients of ¢! we get 


T(w; К, Wo) = Ri (5.7.16) 


and T(w;k, wo) is the already known matrix and the right-hand side of 
(5.7.16) can be written in the form 


Ry = (во) (6о) ~ «ово + [do V)H(o) 


if we make use of (5.7.8) to simplify terms arising from the right-hand side 
of (5.7.14). To avoid a misunderstanding, note that here V is grad with 
respect to Wp and the first square bracket should not be replaced by kwo 
and also substitute w from (5.7.13) in it before differentiation is performed. 

Now note that in В: only one unknown function actually enters. It is the 
factor Mo(t,z) up to which tip had been determined above and А! can be 
written in the form 


ЭМо 9Мо 


Е = Ay Ot De 


+ с1 Мо, 
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where Аз, В1, and С! are known vectors. 
The linear system (5.7.16) is compatible if and only if 


(QRi) = 0, (5.7.17) 


where (T*Q) = 0, if T* is the transposed of T [for w = Q(k, w)]. Due to 
our assumption on the rank of T(w;k, wo) the vector О is unique up to a 
multiple. 

Thus we get for Мо a first order linear differentia] equation 


(Q, A) + 


+ (©, Be + (©, Ci)Mo = 0, 
ie., (5.7.17). 

To find Мо we now should need Mo|r (boundary value) and it is for the 
time being the unique arbitrariness in wo. 

Let us return to (5.7.14) and dividing it by w¢ integrate from 0 to ¢. 
Inserting w¢(0b(wo)/0¢) from (5.7.11) in the right-hand side and making 
use of (5.7.15), we will get 


—kw, + (wi V)a(wo) — 26 5 ((wrV)(wo)) _ Эш] 
= —ki, + (1 V)a(to) _ Go) (5.7.18) 
¢ Ш 
= =f ею Е ВЕ = во) 4. 


Like (5.7.11) for wo, this is ordinary and now linear system for ил. Note 
that the integral in the right-hand side grows, generally speaking, like In ¢ 
аз ¢ > +00. 

Let us assume the validity of the main-theorem-type assumption about 
(5.7.18): the solution w; satisfying ил |‹—о = w; at ¢ = 0 and |wi| = O(In¢) 
аз ¢ — +00 exists and is unique up to a scalar multiple М: (6 2) [it is clear 
from (5.7.9’) and (5.7.16) that №: is defined up to a summand М! tio]. 

Thus, in w; only one arbitrary function Mj(t,x) remains for which in 
the next order we will find the equation (Q, Е2) = 0 of the form (5.7.17), 
etc. Further arguments (we hope) are clear. 

Thus we have indicated the process of construction the asymptotics in a 
fixed domain D; UT with accuracy up to values Mo|r and Миг which are 
to be found and (5.7.4) is to be derived. 


Matching Conditions. Conservation Laws 


Now we will endow the quantities introduced above with the index i = 1, 2, 
indicating the domain D; UT. 

Matching conditions consist first of all in the continuity of the obtained 
solution on Г. Since 6) = 6) = 0 on Г, ie, С) = ¢(?) = 1, the continu- 
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ity of w(t, 2;¢) on Г is the condition of coincidence of wi (t, z,¢)) and 
wy) (t, 2, 6): 

О (Ь 20 (0), 1) = w))(t, 20(t), 1), (5.7.19) 
where 7 = 0,1,..., or in short ree M2 = 2о(#)] = 0. These 


conditions give one relation between м and mM?) |r, where j = 0,1, 2, 
Since 


(b(w))2 = Oe) + 2655 ((wr¥)8(we)) + oreo) Нам 


the continuity condition of (b(w)), takes the form 


: (2) 
ии) 
(бе о =0 
< ¢ ac) 2=20(t) : 
6=1 1 (1) 
(2) 
i) 
(4) () apt? Эш) ) =0 5.7.20 
(0 ОА ит о (5.7.20) 
= 1 (1) 


The first of these conditions, аз is clear from (5.7.11), (5.7.19) and 
Кг = k(|p = zG(t), is the condition on the shock line (5.7.4) and Г 
is now known. 

Other conditions will give the second relation between М ie jp and М = Ir, 
where j = 0,1,2,.... 

Conditions (5.7.20) can be considered as conservations laws on the shock 
line. Let us illustrate this by the example of the first two of these conditions. 

For the exterior solution, let us introduce the notion of a vector potential 
U =U) + ЕП: + +--+, where U; = U; (t,x), setting 


=a (5.7.21) 


which is possible due to the divergent form of (5.7.1). Then the first of con- 
ditions (5.7.20), 1.е., the condition on the shock line (5.7.4) can be written 
in the form 


(2) 
(1) 


(2) : 2 
< ( Uo lr ras 
7 at =; 2 
z=z0(t) (1) 


(1) 


[у + (85?) 


‚90%, aU? 
- (во. 
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ie., in the form of the conservation law for Up, i.e., [U® jr] = 0 (the 


(1) 
constant of integration is included in U). 
Further, the second of the conditions (5.7.20) is of the form 


= (4) ; : : 
( й ae ) _ Ral + (ааа) 


_ 1 Це = 20") 
wt) Jy С ot 


д и, (i) ont 
+ 5 (KO (wf? - wf ) \ ac) 


due to (5.7.18) and (5.7.19). Set 


(2) 
=0 (5.7.22) 
z=29(t) - (1) 


ОАО 
ТО = | 0 6. (5.7.23) 
0 
Then 


1/9 д wo — 89 д 
es pt) ON О: (2) (7) 
55 (# +52 ) [= =e ag = (5 +k aks 


since иль + (kw), = 0 due to (5.7.8). 
Now, according to (5.7.21), formula (5.7.22) takes the form 


9 9 | : (2) 
(Ga 2) oP -т 7) ) ‚= 
qa 


and since (9/04) + k(0/0x) = d/dt on Г, then integrating and including 
the constant of integration in U we get the conservation law 


ту) _ 
(uf? -7; Ir), =°. (5.7.24) 


Note that Mr enter explicitly in (5.7.24), 1.е., there are no derivatives 
of Mo in (5.7.24). (Мо only enters in Ту.) 

Similar conservation laws take place also in all orders. 

Thus (5.7.20) produces the second relation between мг and Мг, 
where 1 = 0,1,2,..., and we can now terminate the constructing of азутр- 
totics with accuracy up to a constant (potentials, and therefore M | г, are 
defined with accuracy up to a constant). 

Notice also that (5.7.20) implies new conditions on the shock line (one 
might say conditions of the second order) relating 0 Би) and @ Vas 

In conclusion, let us give several examples. 
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EXAMPLE I 


The generalized Burger’s equation и; + h(u)uz = 2и,х, where h(u) is a 
monotonous (increasing) function. Equation (5.7.11) is 


—Кио + Q(uo) -—w Fe = +9 0)0 u) = fo hn) h(n 
Equation (5.7.12), ie., —kiio + Q(tio) = —Киб + 9(иб), has the unique 
root us # ito since h(u) is monotonous. Further, (5.7.9’) is of the form 
Tio = [-k+h(to) —w]do = 0 so that (5.7.10) has the unique root и = Q = 
h(iip)—k. This is the equation for 6. In more details 6® = h(a) +0 /a”, 
where $ = 1,2. The equation for the shock line is 
wo(t) = [Q(@5”) — 9 (Дб — BE Me=z0(- 


The solution of the equation for up, where w = h(itio) — &; uoleso = 
tip, Uol¢=co = Ud, i.e., of (Up — tio )G(up; Ho, К) = Mo(t, x)¢ is 


= “0 / h(tio) — К 1 ) 
G(uo§ t,t) = exp | ee - — | dn, 
я | Vint) ate) 
where V(uo; ay К) = Q(uo) — Q(tio) — К(ш — tig). 
ees м “wp baad i = 1,2, are related on the shock line Г first by 
(5.7.19): и Mi, = Ug = uo|r (а common value), 1.е., 
(uolr — 5 Ir)G(uolr = ug? Ir, a(t) = Мг (= 1,2). 


Further, since we consider scalar equations, Equation (5.7.17) is of the 
form В: = 0 (% = Mo) and we have 


(4 $ _(i am) 1 aM) [6 $ $ 
— af) Mg? ni (ap?) + - Sy [| а + OMS) | = 0, 


Ox wrt) at 


where h’(u) = dh/du. 

The boundary value for this equation is given by the preceding formula 
if uo|r is known. We find this quantity from (5.7.22) in the integrated form; 
we do not introduce a potential: 

(2) 
it) = c(to), 
r 


(ee 
ul ir V(n; 4” |p, 24 (9) to Ox (1) 


where c(t) is defined from the value of uo|r at the fixed point of Г. 


Remark 5.7.7 For the classical Burgers equation h(u) = и all computa- 
tions can be carried out explicitly [c(to) = 0, where to is the moment when 
the shock wave is born] and obtain the asymptotics of the exact Hopf-Cole 
solution. In this case we get “uniform” asymptotics: in D a single function 
9 can be introduced so that 6() = 9, 0(2) = —@ and М) = 1/М®) = Мо. 
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The essential feature of the case h(u) 4 и is that there can be no “uni- 


form” asymptotics. It is clear from the formula w = h(a‘) — k® and 
the equation for the shock line 


= [Q(a)?) — 9 (а) Г/Р — a? Ir. 


If we would have ms = -0(2) = @, then simultaneously we would have 
и = h(a ye К, -w = nia? ) — №, ie, К = $h(u + (a) which is 
incorrect when №(и) 4 и even on Г [and holds for h(u) = uJ. 


EXAMPLE II 
(See [42]). 
м 9 бы, Hu _ 
9 5’ 0 "бд > 
The corresponding system (5.7.11) is 
ise oye 1 Ou р Г. 
— Кио — vp = —Ё 0 — to, —kvo — 5 + та = —kivo — 5 


The first of these equations is a “ready-made” equation of the trajectory 
passing through (0,900) and (ug,vj), where uf = 2k? — tio, vf = Uo + 
2k(tio — k?) is a solution of (5.7.12). The formula (5.7.9’) is 


—k —1 


а —tig tw —k 


Equation (5.7.10) has the unique root w = tig — k? giving the equation for 
6. Conditions on the shock (5.7.4) are 


2 2 

ое 2 @F=(0) 

10(#) = - в Ето и _@ 
о. ® Oe 


т=то(#) 


[they can be obtained changing 25 and иб by ol) [г and GO Ip and k by 
xo(t) in (5.7.12)]. Solutions of (5.7.11) are up = tip + uf Mo¢/1+ Моб and 
Vo = Uo + v6Mo¢/1 + Моб where tip = {20,00} = —2wMo{1, —k}. 
Further, we easily find Q = {k,—1} and (5.7.17) takes the form 
„ (9Мо($) „9Мо(2) 9 (ри 
(i) [0 И) (мо 
2k ( Bt +k On 9 Му’) 


+M? (о ais + — 9 + +07) =0 fori=1,2. 


To find values of М(®|г we require first the coincidence of uf!) and 
uf) with ul?) and v(?) on (5.7.19). Due to the formulas for uo, vo, ug, 
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and vj and conditions on the shock (see above) we find one condition 
MO |p = 1/M|p = u(t) and should also find p(t). 

As we have seen Molr, hence y(t), enters only TO lp. We find Tp. We 
find T |p = —2In(1 + Mo lp) {1, —25(t)}. 

Formulas (5.7.22) (we do not integrate them) after certain simplifications 
take the form 


raat = (О — af + [of — ap In, 
7 ee te — 220 (t) ши 
a alt) “a (2282600) sa 5D + oIr) 
+ sah? = a?) (a) 4 a) Ip 


[the value of 0b(wo)/Ox|r can be found expanding 160 in powers of 5 — хо(#) 
with the help of (5.7.3)]. 

This shows that if the shock line is not a straight line, 1.е., g(t) 4 0, 
then y(t) can be recovered from @ and © without integration (see once more 
Remarks 5.7.3 and 5.7.2). 

In [43] the last conditions are absent. The author’s solution corresponds 
to the case р = 1. 


EXAMPLE III. ONE-DIMENSIONAL GAS FLOW 


Equations of one-dimensional motion of a heat-conducting perfect gas with 
viscosity, without mass forces and supply of heat can be written in the form 
(5.7.1) where 


w = {р,0,т}, 
от ah 
b(w) = 0, —, TS eee oe 2) 
и { г" 2 p 
_ 3-yo? то y-10? 
a(w) = от TRS}, 


Here o = pu, р is the density and и the velocity, т = р(с,Т + $u?), Т is 
temperature, and С. is heat capacity at constant volume; = = 4/3, where 
р is the viscosity coefficient, y = cp/cy, ср is heat capacity at constant 
pressure, В = 37/4p,, р, is the Prandtle number. Let us assume parameters 
y, 9, and = to be constant and = < 1 and equations will be considered as 
dimensionless. 

The main theorem for equations of one-dimensional gas flow had been 
proved by R. Mizes under certain restrictions (see [41], pp. 155-176, 483- 
488). 
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For the case р, = 0, 75 (В = y) the phase trajectory had been obtained 
in analytical form by Becker (see, i.e., p. 168). Below we will discuss only 
this case. 

Setting —kwo + a(wo) = {e1, e2, ез} so that е1 = —kfip + до, etc., we find 
that (5.7.12) has the unique solution 5 # tp. In particular (we give only 
main formulas) 


peels 1/2) 9+1 e?/Bo 
+1 e? = рр у 
ео — Ке! — ah a y — 1 2e3 + k*e, — 2keg 


The phase trajectory of (5.7.11) connecting wp) and w exists and is 
unique as had been already said and condition (5.7.4) in our notations are 


of the form e“! lr = ew In, where j = 1, 2,3 [recall that they are obtained 


j 
from (5.7.12) changing wo, w5 and k by ow” Ip, wl? and 50 (#) respectively]. 


The Becker trajectory is 
то = + -90 + —— , Jo = Кро + е1. 
0 


The system (5.7.11) is reduced to the equation 


—2yPops „дро _ a _ at 
Ge Dea” aC = ро(ро — Po)(Po — po): 


Equation (5.7.10) turns out to be a quadratic equation in w so that the 
choice of a root in this problem is essential (rankT is 2 for both roots). 
Equation (5.7.10) is of the form (В = 7) 


~—k 
(w = €1) (»- oa + a= = py) = 0. 
7 е1 


It turns out that only for 


€2 — key _ 
— —————— PO 
ey р 


1 
eee alee 
Y 


the vector ti defined by (5.7.9’) is parallel to the tangent to the Becker 
curve at the point (ро, бо, 70). 
Inserting w = О and making use of the expression for рб we find 


__й 1- 0*/ д Po/Po 
(ро — Po) (Ge) = Mo(t, x)¢. 


This equation gives the principal term of the asymptotics of ро. 
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How to search for Mo(t,z) should be clear from previous examples: the 
equation for Мо is given by (5.7.17) and we get boundary values from 
(5.7.19) via ро|г. As to polr we will find it from (5.7.22). Namely 


_ _ 27Po polr Po — Pb (3 — y)(e3 — kez) + 2е2К?е1 
Ty = ——— In (| ————_ ) 41,4, 
(y + 1)ex Po polr — 25 (y + lex 


ое (в). 
Зе рог Ро 


This makes it clear that since k and е; are preserved when the shock line 
is crossed then ро|г enter (TR - т?) only in the form 


(2 1 
51) In oe Po Min = p Ip 52) _ро|г_ Po 2) — pM Ip 
Pen | a eo | г Form reer 
ог Polr - p95 Ir г polr — 9 Ir 
If 2% and wi are known, this difference can be computed and ро|г can 
be found. 
Recall once more that problems of constructing exterior solutions and 


shock wave are related with each other, see, e.g., the case of gas before 
piston in a tube. 
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